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Abstract: This paper studies the product of total and range fuzzy edge labeling for path, cycle, star, and ladder graphs. 

Particular emphasis is given to the construction and analysis of their corresponding fuzzy middle graphs. The study is further 

extended to fuzzy splitting, shadow, line, total, and subdivision graphs. It is established that all these graphs admit the product 

of total and range fuzzy edge labeling. The results extend fuzzy graph labeling theory and provide a unified framework for 

analysis. 
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1. Introduction 

Managing uncertainty is a crucial aspect of many real-world applications.  To ad-dress such 

uncertainty, Lotfi A. Zadeh proposed the concept of fuzzy sets in 1965, which established a mathematical 

foundation for representing imprecise and vague in-formation. Since then, fuzzy set theory has been 

extensively utilized in various fields including control systems, communication networks, optimization, 

medical diagnosis, and decision-making processes. 

Fuzzy graph theory generalizes classical graph theory by incorporating uncertainty through 

membership values assigned to vertices and edges. In this context,[2] A. Nagoor Gani and his collaborators 

developed the concepts of labeling and magic labeling in 

fuzzy graphs, which significantly contributed to the growth of fuzzy graph labeling theory. 

Nevertheless, conventional fuzzy graphs may not be adequate to model more complex systems, leading to 

the exploration of several derived fuzzy graph structures. Subsequently,[8, 5] numerous researchers have 

examined different aspects and ex-tensions of fuzzy graphs, including middle graphs, splitting graphs, 

shadow graphs, line graphs, total graphs, and subdivision graphs.  These derived structures are es-

sential for analyzing structural characteristics and labeling behaviors under uncertain 

environments. 

Recently, considerable attention has been given to edge labeling methods in fuzzy graphs. [7] In particular, 

the concept of product of total and range fuzzy edge labeling has been introduced, where edge membership 

values are assigned based on vertex memberships while satisfying the condition 

𝛿(𝑢𝑣)  <  𝑚𝑖𝑛{𝜌(𝑢), 𝜌(𝑣)} 

ensuring consistency between vertex and edge values. 

mailto:geethamat2010@gmail.com
mailto:fuzzysansrmvcas@gmail.com
mailto:fuzzysansrmvcas@gmail.com


1422  

Motivated by these developments, the present work examines the existence of prod-uct of total and range 

fuzzy edge labeling for fundamental graph classes such as path graphs, cycle graphs, star graphs, and ladder 

graphs. Special emphasis is placed on the construction and study of the corresponding fuzzy middle graphs. 

In addition, the analysis is extended to other related fuzzy graph structures, namely fuzzy splitting graphs, 

fuzzy shadow graphs, fuzzy line graphs, total fuzzy graphs, and fuzzy subdi-vision graphs. It is 

established that all these graphs admit the product of total and range fuzzy edge labeling under appropriate 

conditions. 

2. Preliminaries 

Definition 2.1. (Fuzzy graph [3]) A fuzzy graph 𝐺 =  (𝑉, 𝜌, 𝛿) is a pair of functions (𝜌, 𝛿), 
where 𝜌 ∶  𝑉 →  [0, 1] is a fuzzy subset of a non-empty set V , and 𝛿 ∶  𝑉 × 𝑉 →  [0, 1] is a symmetric fuzzy 

relation on 𝜌, such that the relation 

𝛿(𝑣𝑖 , 𝑣𝑗) ≤  𝜌(𝑣𝑖) ∧  𝜌(𝑣𝑗) 

is satisfied for all 𝑣𝑖 , 𝑣𝑗 ∈  𝑉and (𝑣𝑖 , 𝑣𝑗)𝜖𝐸 ⊆ 𝑉 ×𝑉. 

Here, 𝜌(𝑣𝑖) denotes the degree of membership of the vertex𝑣𝑖, and 𝛿(𝑣𝑖 , 𝑣𝑗) denotes 

the degree of membership of the edge 𝑒𝑖𝑗  =  (𝑣𝑖 , 𝑣𝑗) 𝑜𝑛 𝑉 ×  𝑉 . 

Note: In this paper, we denote 

𝜌(𝑣𝑖)  ∧  𝜌(𝑣𝑗)  =  𝑚𝑖𝑛{𝜌(𝑣𝑖), 𝜌(𝑣𝑗)} 

Definition 2.2. (Fuzzy path [5]) Let G = (V, ρ, δ) be a fuzzy graph with underlying crisp graph 𝐺∗. 
A fuzzy path 𝑃𝑛  in G is a sequence of distinct vertices 𝑣0, 𝑣1, …… , 𝑣𝑛 such that 

     𝛿(𝑣𝑖−1, 𝑣𝑖) > 0,   1 ≤ 𝑖 ≤ 𝑛. 

 

Here, 𝑛 ≥  1 is called the length of the path 𝑃𝑛.  

Definition 2.3.(Fuzzy cycle [5]) A fuzzy path 𝑃𝑛 in which 𝑣0 = 𝑣𝑛 and 𝑛 ≥  3  is called a fuzzy 

cycle 𝐶𝑛 of length 𝑛. 

Definition 2.4. (Fuzzy middle graph [8]) The fuzzy middle graph 𝑀𝑓  (𝐺)(𝑉𝑀  ,  𝜌𝑀  , 𝛿𝑀  ) of a fuzzy 

graph 𝐺(𝑉, 𝜌, 𝛿) is a fuzzy graph with underlying crisp graph 𝑀 (𝐺)(𝑉𝑀 , 𝐸𝑀  ), where the vertex set is 

 

where 

𝑉𝑀 = V ∪ 𝑉𝑖𝑗, 

 

V = {𝑣𝑖 | 𝑣𝑖 ∈ V }, 𝑉𝑖𝑗 = {𝑉𝑖𝑗 | (𝑣𝑖, 𝑣𝑗) ∈ E}. 
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Hence, the number of vertices is 

𝜈𝑀𝑓  (𝐺))  =  𝑛 + (𝑛 +  1)  =  2𝑛 +  1. 

The edge set is defined as 

EM = {(𝑣𝑖𝑗, 𝑣𝑖), (𝑣𝑖𝑗, 𝑣𝑗) ∀i, j}∪{(𝑣𝑖𝑗, 𝑣𝑟𝑠) if the edges (𝑣𝑖, 𝑣𝑗) and (𝑣𝑟, 𝑣𝑠) are  

adjacent in G}. 

The membership functions are defined as follows: 

      𝜌𝑀(𝑣𝑖) = 𝜌(𝑣𝑖),if 𝑣𝑖𝜖𝑉,      0 ≤ 𝑖 ≤ 𝑛, 

                𝜌𝑀  (𝑣𝑖𝑗)  =  𝛿(𝑣𝑖, 𝑣𝑗), 𝑖𝑓 (𝑣𝑖 , 𝑣𝑗)  ∈  𝐸, ∀𝑖, 𝑗, 

𝛿𝑀 (𝑣𝑖𝑗, 𝑣𝑟𝑠)  = δ(𝑣𝑖, 𝑣𝑗) ∧ δ(𝑣𝑟, 𝑣𝑠), 

if the edges (𝑣𝑖, 𝑣𝑗)and(𝑣𝑟, 𝑣𝑠) are adjacent in G, 

𝛿𝑀 (𝑣𝑖, 𝑣𝑖𝑗) = 𝛿𝑀 (𝑣𝑗, 𝑣𝑖𝑗) = δ(𝑣𝑖, 𝑣𝑗), ∀i, j. 

Example 1. The fuzzy middle graph of C4 is given in Figure1. 

  

 

 

Figure 1: 

 

Definition 2.5. (Fuzzy splitting graph [8]) The fuzzy splitting graph 𝑆𝑓  (𝐺)(𝑉𝑆, 𝜌𝑆, 𝛿𝑆) of a fuzzy 

graph 𝐺(𝑉, 𝜌, 𝛿) is a fuzzy graph with underlying crisp graph 𝑆(𝐺)(𝑉𝑆, 𝐸𝑆), where the vertex set is 

 

Where 

𝑉𝑆 = V ∪𝑉′, 

 

V = {𝑣𝑖 | 𝑣𝑖 ∈ V },𝑉′ = 𝑣𝑖
′ | 𝑣𝑖∈ V }. 

The edge set is defined as  

𝐸𝑆  =  {(𝑣𝑖 , 𝑣𝑗) | 𝑣𝑖 𝑎𝑛𝑑 𝑣𝑗 are adjacent in G}∪{(𝑣𝑖
′, 𝑣𝑗) | 𝑣𝑖

′∈ 𝑉′, 𝑣𝑗 ∈ V and 𝑣𝑗 is 

adjacent to 𝑣𝑖 ∈  𝑉 

  

The membership functions are defined as follows: 

𝜌𝑆(𝑣𝑖) = 𝜌(𝑣𝑖), 𝑣𝑖 ∈  𝑉, 

 

𝜌𝑆(𝑣′) = 𝜌(𝑣𝑖), 𝑣′ ∈  𝑉 ′, 
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 (𝑣𝑖 , 𝑣𝑗)  =  𝛿(𝑣𝑖 , 𝑣𝑗), if 𝑣𝑖 and 𝑣𝑗 are adjacent in 𝐺, 

𝛿𝑆(𝑣′, 𝑣𝑗) = 𝜌𝑆(𝑣′) ∧ 𝜌𝑆(𝑣𝑗), 

i i 

if 𝑣𝑖
′∈ 𝑉 ′ and 𝑣𝑗 ∈ V are adjacent to 𝑣𝑖 ∈ V . 

Example 2. The fuzzy splitting graph of C4 is given in Figure 2. 

 

 

Figure 2: 

 

Definition 2.6. (Fuzzy shadow graph [8]) The fuzzy shadow graph 

   𝐷𝒇
𝟐(𝐺)(𝑉𝐷2 , 𝜌𝐷2 , 𝛿𝐷2)of a fuzzy graph G(V, 𝜌, δ) is a fuzzy graph with underlying crisp graph 

𝐷2(𝐺)(𝑉𝐷2 , 𝐸𝐷2),obtained by taking two copies of G, namely 𝐺′ and 𝐺′′. 

The vertex set is 

 

where 

𝑉𝐷2  =  𝑉 ′ ∪  𝑉 ′′, 

 

 

𝑉 ′ = {𝑣𝑖
′ | 𝑣𝑖∈ V }, 𝑉 ′′ = {𝑣𝑖

′′|  𝑣𝑖 ∈ V}. 
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he edge set is defined as 

𝐸𝐷2  =  {(𝑣𝑖
′, 𝑣𝑗

′ ), (𝑣𝑖
′′, 𝑣𝑗

′′) | 𝑣𝑖 and 𝑣𝑗 are adjacent in G} 

∪ {(𝑣𝑖
′,  𝑣𝑗

′′) | 𝑣𝑖
′, ∈  𝑉 ′, 𝑣𝑗

′′  ∈  𝑉 ′′ and 𝑣𝑗 is adjacent to 𝑣𝑖 in G}. 

membership functions are defined as follows: 

 
𝜌𝐷2(𝑣′)

 = 𝜌𝐷2  (𝑣′′) = 𝜌(𝑣), for 𝑣 ∈  𝑉, 𝑣′ ∈  𝑉 ′, 𝑣′′ ∈  𝑉 ′′, 

  𝛿𝐷2(𝑣𝑖
′, 𝑣𝑗

′) = 𝛿(𝑣𝑖 , 𝑣𝑗),     𝛿𝐷2(𝑣𝑖
′′, 𝑣𝑗

′′) = 𝛿(𝑣𝑖 , 𝑣𝑗), 

      for 𝑣𝑖
′, 𝑣𝑗

′𝜖𝑉′ and 𝑣𝑖
′′, 𝑣𝑗

′′𝜖 𝑉′′, 

        𝛿𝐷2(𝑣𝑖
′,  𝑣𝑗

′′)= 𝜌(𝑣𝑖
′)⋀𝜌(𝑣𝑗

′′), 

if 𝑣𝑖
′𝜖𝑉′ and 𝑣𝑗

′′𝜖𝑉′′ are adjacent corresponding to 𝑣𝑖, 𝑣𝑗𝜖𝑉in G. 

Example 3. The fuzzy shadow graph ofC4 is given in Figure 3 

 

Figure 3: 

Definition 2.7. (Fuzzy line graph [8]) The fuzzy line graph 𝐿𝑓 (𝐺)(𝑉𝐿 ,  𝜌𝐿 , 𝛿𝐿) of a fuzzy 

graph 𝐺(𝑉, 𝜌, 𝛿) is a fuzzy graph with underlying crisp graph L(G)( 𝑉𝐿, 𝐸𝐿), where the vertex set 

is 

𝑉𝐿 = {𝑣𝑖𝑗  | (𝑣𝑖, 𝑣𝑗)  ∈  𝐸}, 

and the edge set is 

EL = {(𝑣𝑖𝑗 , 𝑣𝑟𝑠) | the edges 𝑣𝑖, 𝑣𝑗and (𝑣𝑟 , 𝑣𝑠) are adjacent in G}. 

The membership functions are defined as follows: 

 𝜌𝐿 (𝑣𝑖𝑗) = 𝛿(𝑣𝑖, 𝑣𝑗), 𝑖𝑓 𝑣𝑖𝑗  ∈   𝑉𝐿 , 

 

 𝛿𝐿(𝑣𝑖𝑗, 𝑣𝑟𝑠)  =  𝛿(𝑣𝑖, 𝑣𝑗)  ∧  µ(𝑣𝑟, 𝑣𝑠), 

if the edges (𝑣𝑖, 𝑣𝑗) and (𝑣𝑟 , 𝑣𝑠) are adjacent in G. 

 

Example 4 The fuzzy line graph of C4 is given in Figure 4. 

 

Figure 4: 

Definition 2.8. (Total fuzzy graph [8]) The fuzzy total graph 𝑇𝑓  (𝐺)(𝑉𝑇  ,  𝜌𝑇  , 𝛿𝑇  ) of a fuzzy 
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graph 𝐺(𝑉, 𝜌, 𝛿) is a fuzzy graph with underlying crisp graph 𝑇 (𝐺)(𝑉𝑇  , 𝐸𝑇  ), where the vertex set 

is 

 

where 

𝑉𝑇 =  𝑉 ∪  𝑉𝑖𝑗 , 

 

𝑉 = {𝑣𝑖 | 𝑣𝑖  ∈  𝑉 },𝑉𝑖𝑗 = {𝑣𝑖𝑗 | (𝑣𝑖, 𝑣𝑗)𝜖𝐸}. 

 

The edge set is defined as 

𝐸𝑇 = {(𝑣𝑖, 𝑣𝑗) | 𝑣𝑖 and 𝑣𝑗 are adjacent in G} 

∪ {(𝑣𝑖𝑗, 𝑣𝑖), (𝑣𝑖𝑗 , 𝑣𝑗) | (𝑣𝑖 , 𝑣𝑗) ∈ E} 

∪ {(𝑣𝑖𝑗 , 𝑣𝑟𝑠) | the edges (𝑣𝑖, 𝑣𝑗) and (𝑣𝑟 , 𝑣𝑠) are adjacent in G}. 

The membership functions are defined as follows: 

𝜌𝑇(𝑣𝑖) = ρ(𝑣𝑖),  vi ∈ V, 

𝜌𝑇 (𝑣𝑖𝑗) = 𝛿(𝑣𝑖 , 𝑣𝑗), if (𝑣𝑖, 𝑣𝑗)  ∈  𝐸, 

𝛿𝑇 (𝑣𝑖 , 𝑣𝑗)  =  𝛿(𝑣𝑖, 𝑣𝑗), if 𝑣𝑖 and𝑣𝑗 are adjacent in G, 

 

𝛿𝑇 (𝑣𝑖𝑗 , 𝑣𝑟𝑠) = 𝛿(𝑣𝑖 , 𝑣𝑗)  ∧  𝛿(𝑣𝑟, 𝑣𝑠), 

if the edges (𝑣𝑖, 𝑣𝑗) and (𝑣𝑟 , 𝑣𝑠) are adjacent in G, 

𝛿𝑇 (𝑣𝑖, 𝑣𝑖𝑗) = 𝛿𝑇 (𝑣𝑖, 𝑣𝑖𝑗) = 𝛿(𝑣𝑖, 𝑣𝑗), ∀𝑖, 𝑗. 

 

 

 

 

 

Example 5. The total fuzzy graph of C4 is given in Figure 5. 

 

 

Figure 5: 

 

Definition 2.9. (Fuzzy subdivision graph [8]) The fuzzy subdivision graph 

𝑆𝑑𝑓  (𝐺)(𝑉𝑆𝑑 ,  𝜌𝑆𝑑 ,  𝜇𝑆𝑑) of a fuzzy graph 𝐺(𝑉, 𝜌, µ) is a fuzzy graph with underlying crisp graph 

𝑆𝑑(𝐺)(𝑉𝑆𝑑 , 𝐸𝑆𝑑), 

where the vertex set is 
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where 

𝑉𝑆𝑑 = V ∪ Vij, 

 

𝑉 = {𝑣𝑖 | 𝑣𝑖  ∈  𝑉 }, 𝑉𝑖𝑗 = {𝑣𝑖𝑗 | (𝑣𝑖, 𝑣𝑗)  ∈  𝐸}. 

The edge set is defined as 

𝐸𝑆𝑑 = {(𝑣𝑖𝑗 , 𝑣𝑖), (𝑣𝑖𝑗, 𝑣𝑗) | (𝑣𝑖 , 𝑣𝑗)  ∈  𝐸}. 

The membership functions are defined as follows: 

 𝜌𝑆𝑑 (𝑣𝑖) = ρ(𝑣𝑖),  𝑣𝑖 ∈ V,  

 𝜌𝑆𝑑 (𝑣𝑖𝑗) = δ(𝑣𝑖, 𝑣𝑗), if (𝑣𝑖, 𝑣𝑗)  ∈  𝐸, 

 𝛿𝑆𝑑(𝑣𝑖, 𝑣𝑖𝑗)  =   𝛿𝑆𝑑(𝑣𝑗, 𝑣𝑖𝑗)  =  𝛿(𝑣𝑖 , 𝑣𝑗), ∀𝑖, 𝑗. 

Example 6 The fuzzy subdivision graph of C4 is given in Figure 6. 

 

 

Figure 6: 

Definition 2.10. A graph 𝐺 =  (𝑉,𝐸) admits a product of total and range fuzzy edge labeling if there 

exist bijections 𝜌(𝑣) ∶  𝑉 →  [0, 1] and 𝛿(𝑢𝑣) ∶  𝐸 →  [0, 1] satisfying 

𝛿(𝑢𝑣)  <  𝑚𝑖𝑛{𝜌(𝑢), 𝜌(𝑣)} 

 

and 

 

for all 𝑢𝑣 ∈ 𝐸 . 

                 𝛿(𝑢𝑣)  =
 
𝜌(𝑢)2  −  𝜌(𝑣)2

  

3. Computation of Fuzzy Labelling under Uncer-tainty 

using the Product of Total and Range Method 

Theorem 3.1. Let 𝑃𝑛 be a fuzzy graph. Then the middle graph of fuzzy path 𝑀𝑓(𝑃𝑛) admits a product 

of total and range fuzzy edge labeling for 𝑛 ≥  2. 

Proof. Let 𝑃𝑛 be a fuzzy path. Then by the middle graph of fuzzy path the vertex set of 𝑃𝑛 is define as , 

V (𝑃𝑛) = {𝑣𝑖 | 𝑣𝑖  ∈  𝑉 } 

and the edge set is defined as, 

     𝑉𝑗 = {𝑣𝑖𝑗∀(𝑣𝑖 , 𝑣𝑗)𝜖𝐸} 

Clearly, and 

 

𝜌(𝑀𝑓 (𝑃𝑛))  =  𝑛 +  1 +  𝑛 =  2𝑛 +  1 
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   𝐸𝑀 = {
(𝑢𝑖𝑗, 𝑢𝑖), (𝑢𝑖𝑗, 𝑢𝑗) ∀𝑖, 𝑗,

(𝑢𝑖𝑗, 𝑢𝑟𝑠) 𝑖𝑓 𝑡ℎ𝑒 𝑒𝑑𝑔𝑒𝑠 (𝑢𝑖 , 𝑢𝑗) 𝑎𝑛𝑑 (𝑢𝑟, 𝑢𝑠)𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑖𝑛 𝐺 
} 

The membership function for the vertices, 

                        𝜌(𝑣) ∶  𝑉 →  [0, 1] 

 

is defined as 

  𝜌(𝑢𝑖) =
𝑛+𝑖

2𝑛
, 1 ≤ 𝑖 ≤ 𝑛 

and 

 𝜌(𝑢𝑖(𝑖+1)) =
2𝑛+2𝑖+1

4𝑛
 

The membership function for the edges, 

 𝛿(𝑢𝑣): 𝐸(𝑃𝑛) → [0,1], 

is defined by 

 𝛿(𝑒𝑖) = |𝜌(𝑢𝑖)
2 − 𝜌(𝑢𝑖+1)

2|, 1 ≤ 𝑖 ≤ 𝑛 − 1 

 𝛿(𝑓𝑖) = 𝜌(𝑢𝑖)
2 − 𝜌(𝑢𝑖(𝑖+1))| 

Hence, the middle graph of fuzzy path 𝑀𝑓  (𝑃𝑛) produces a product of total and range fuzzy path. The 

membership value of each edge satisfies 

𝛿(𝑢𝑣)  <  𝑚𝑖𝑛{𝜌(𝑢), 𝜌(𝑣)}. 

 

Remark:  Similarly, splitting graph, shadow graph, line graph, total graph, subdivision graph of 

fuzzy path also admits the products of total and range fuzzy edge labeling. 

Example:  Consider a fuzzy path graph 𝑃4 

 

 

Figure 7: Fuzzy path P4 and its middle graph 𝑀𝑓  (𝑃𝑛). 

 

Theorem 3.2. Let Cn be a fuzzy cycle. Then the middle graph of fuzzy cycle 𝑀𝑓  (𝐶𝑛)admits a product 

of total and range fuzzy edge labelling graph for 𝑛 ≥  3. 

Proof. Let Cn be a fuzzy cycle . Then, the vertex set of the middle graph of fuzzy cycle Cn is defined 

as, 

 

 𝑉 (𝐶𝑛) = {𝑢1, 𝑢2, … . . 𝑢𝑛} 

           V (𝑀𝑓  (𝐶𝑛)) = 𝐶𝑛  ⊕ 𝐶2𝑛 

 

and the edge set 
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 𝐸(𝐶𝑛) = {𝑢𝑖𝑢𝑖+1 | 1 ≤  𝑖 ≤  𝑛 −  1} ∪  {𝑢𝑛𝑢1}. 

             V (𝑀𝑓  (𝐶𝑛)) = 𝑉 (𝐶𝑛)  ∪ 𝑉𝑖𝑗 

 

Where 

  
𝑉 (𝐶𝑛)  =  {𝑣1, 𝑣2, 𝑣3, . . . , 𝑣𝑛} 

𝑉𝑖𝑗  =  {𝑣1 𝑣12 𝑣2 𝑣23 . . . 𝑣𝑛 𝑣𝑛1 𝑣1} 

The vertex membership function for the fuzzy cycle, 

𝜌(𝑣) ∶  𝑉 (𝐶𝑛)  →  [0, 1] 

 Case (i): 𝑛 is even. 

  𝜌(𝑢𝑖)

{
 
 

 
 
1,                                             𝑖𝑓 𝑖 = 1,
2𝑛−𝑖

2𝑛
,                    𝑖𝑓 𝑖 = 2,4,… , 𝑛 − 2,

2𝑛−𝑖+2

2𝑛
,               𝑖𝑓 𝑖 = 3,5,… . 𝑛 − 1,

𝑛+3

2𝑛+1
,                                          𝑖𝑓 𝑖 = 𝑛.

 

 

  Case (ii):𝑛 is odd. 

𝜌(𝑢𝑖)

{
  
 

  
 

1,                                             𝑖𝑓 𝑖 = 1,
2𝑛 − 𝑖

2𝑛
,                    𝑖𝑓 𝑖 = 2,4,… , 𝑛 − 2,

2𝑛 − 𝑖 + 2

2𝑛
,               𝑖𝑓 𝑖 = 3,5,… . 𝑛 − 1,

𝑛 + 3

2𝑛 + 1
,                                          𝑖𝑓 𝑖 = 𝑛.

 

The Vertex membership function for the middle graph of fuzzy cycle, 

 𝜌𝑀 (𝑢𝑖) = 𝜌(𝑢𝑖) −
1

100
 

The defined the edge membership function for fuzzy cycle and middle graph of fuzzy 

cycle, 

 𝛿(𝑢𝑣): 𝐸(𝐶𝑛) → [0,1] and 𝐸𝑀(𝐶𝑛) → [0,1] 

 𝛿(𝑒𝑖) = |𝜌(𝑢𝑖)
2 − 𝜌(𝑢𝑖+1)

2|. 

 𝛿(𝑒𝑖) = |𝜌(𝑢𝑖)
2 − 𝜌(𝑢′𝑖)

2|. 

 𝛿(𝑒𝑖) = |𝜌(𝑢′𝑖)
2 − 𝜌(𝑢𝑖+1)| 

            𝛿(𝑒𝑖) = |𝜌(𝑢′𝑖)
2 − 𝜌(𝑢𝑖+1)| 

Hence, the middle graph of the fuzzy cycle graph 𝑀𝑓  (𝐶𝑛) produces a product of total and range fuzzy 

graph. The membership value of each edge satisfies 

𝛿(𝑢𝑣)  <  𝑚𝑖𝑛{𝜌(𝑢), 𝜌(𝑣)}. 

Remark Similarly, splitting graph, shadow graph,line graph,total graph,subdivision graph of fuzzy cycle 

also admits the products of total and fuzzy edge labeling 

Example 

Consider the fuzzy cycle C4. 
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Figure 8: Fuzzy cycle C4 and its fuzzy middle graph𝑀𝑓(𝐶4). 

Theorem 3.3. Let 𝑆𝑛 be a fuzzy graph. Then the middle graph of fuzzy star 𝑀𝑓  (𝑆𝑛) admits a product 

of total and range fuzzy edge labeling. 

Proof. Let 𝑆𝑛 be a star graph with vertex set 

V (𝑆𝑛) = {𝑣0, 𝑣1, 𝑣2, … , 𝑣𝑛} 

and edge set 

 E (𝑆𝑛) = {(𝑣0, 𝑣𝑖)|1 ≤ 𝑖 ≤ 𝑛}. 

 The middle graph 𝑀𝑓  (𝑆𝑛) is obtained by introducing a new vertex 𝑣′0𝑖 corresponding 

to each edge (𝑣0, 𝑣𝑖). 

 Hence, the vertex set of 𝑀𝑓  (𝑆𝑛) is 

  V(𝑀𝑓  (𝑆𝑛))={𝑣0, 𝑣1, 𝑣2, … , 𝑣𝑛} ∪ {𝑣
′′′0, 𝑣

′
1, 𝑣

′
2, … , 𝑣

′
𝑛}. 

The edge set of 𝑀𝑓  (𝑆𝑛) is 

 E(𝑀𝑓  (𝑆𝑛))={(𝑣0, 𝑣
′
𝑖)|1 ≤ 𝑖 ≤ 𝑛} ∪ {(𝑣0𝑖 , 𝑣0𝑗)|𝑖 ≠ 𝑗} 

Define the vertex labeling function 

𝜌 ∶  V(𝑀𝑓  (𝑆𝑛))  →  [0, 1] 

by 

 𝜌(𝑣0) =
𝑛+1

𝑛+2
, 

 𝜌(𝑣𝑖) =
2𝑛−𝑖

2𝑛
, 1 ≤ 𝑖 ≤ 𝑛, 

 𝜌(𝑣′𝑖) =
2𝑛−𝑖+2

2𝑛+2
, 1 ≤ 𝑖 ≤ 𝑛. 

Define the edge labeling function 

 𝛿(𝑢𝑣) = |𝜌(𝑢)2 − 𝜌(𝑣)2|. 

Now we verify the condition 

 𝛿(𝑢𝑣) < min{𝜌(𝑢), 𝜌(𝑣)}. 

For edges (𝑣0, 𝑣
′
𝑖), 

 𝛿(𝑣0, 𝑣
′
𝑖) = |𝜌(𝑣0)

2 − 𝜌(𝑣′𝑖)
2| < min {𝜌(𝑣0), 𝜌(𝑣

′
𝑖)}. 

For edges(𝑣′𝑖 , 𝑣𝑖),  

 𝛿(𝑣′𝑖 , 𝑣𝑖)= |𝜌(𝑣
′
𝑖)
2 − 𝜌(𝑣𝑖)

2| < min{𝜌(𝑣′𝑖), 𝜌(𝑣𝑖)}. 

For edges (𝑣′𝑖 , 𝑣
′
𝑗), 

 𝛿(𝑣′𝑖 , 𝑣
′
𝑗) =  |𝜌(𝑣

′
𝑖)
2 − 𝜌(𝑣′𝑗)

2| < min{𝜌(𝑣′𝑖), 𝜌(𝑣′𝑗)}. 
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Thus, all edges satisfy the condition 

𝛿(𝑢𝑣)  <  𝑚𝑖𝑛{𝜌(𝑢), 𝜌(𝑣)}. 

Hence, the middle graph of the fuzzy star graph Mf (Sn) admits a product of total and range fuzzy 

edge labeling. 

Remark: Similarly, splitting graph, shadow  graph, line graph, total graph, subdivision graph of fuzzy star 

also admits the products of total and fuzzy edge labeling 

Example 

Consider the fuzzy star S4. 

 

Figure 9: Fuzzy star S4 and its fuzzy middle graph 𝑀𝑓(𝑆4). 

Theorem 3.4. Let 𝐿𝑛 be a fuzzy graph. Then the middle graph of fuzzy ladder 𝑀𝑓  (𝐿𝑛) admits a 

product of total and range fuzzy edge labeling. 

Proof. Let𝐿𝑛 be a fuzzy ladder graph consisting of two parallel paths 

𝑢1, 𝑢2, … , 𝑢𝑛 

and 

𝑣1, 𝑣2, … , 𝑣𝑛 

with edges (𝑢𝑖 , 𝑢𝑖+1), (𝑣𝑖 , 𝑣𝑖+1) for 1 ≤  𝑖 ≤  𝑛 −  1 and rungs (𝑢𝑖 , 𝑣𝑖) for 1 ≤  𝑖 ≤  𝑛. 

The middle graph 𝑀𝑓  (𝐿𝑛)  is obtained by introducing a new vertex for each edge of 𝐿𝑛

 Hence, the vertex set of 𝑀𝑓  (𝐿𝑛) is 

V (𝑀𝑓  (𝐿𝑛)) = V (𝐿𝑛) ∪ 𝑉𝑖𝑗, 

 

where 

and 

 

V (𝐿𝑛) = {𝑢𝑖, vi | 1 ≤  𝑖 ≤  𝑛} 

𝑉𝑖𝑗 = {𝑢𝑖(𝑖+1), vi(i+1), wi | 1 ≤  𝑖 ≤  𝑛 −  1}. 

The edge set of 𝑀𝑓  (𝐿𝑛)   is 

E(𝑀𝑓  (𝐿𝑛)) = {(𝑢𝑖, 𝑢𝑖(𝑖+1)), (𝑢𝑖(𝑖+1), 𝑢𝑖+1} 

  ∪ {( 𝑣𝑖   , 𝑣𝑖(𝑖+1)), (𝑣𝑖(𝑖+1), 𝑣𝑖+1)} 

  ∪ {(𝑢𝑖,𝑤𝑖), (𝑤𝑖 , 𝑣𝑖)} 

  ∪ {(𝑢𝑖(𝑖+1), 𝑣𝑖(𝑖+1))}.  

Define the vertex labeling function 

𝜌 ∶  𝑉 (𝑀𝑓  (𝐿𝑛))  →  [0, 1] 
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 𝜌(𝑢𝑖) =
𝑖

(5𝑛)2
,        𝜌(𝑣𝑖) =

𝑛+𝑖

(5𝑛)2
, 

       𝜌(𝑢𝑖(𝑖+1)) =
2𝑛+𝑖

(5𝑛)3
,             𝜌(𝑣𝑖(𝑖+1)) =

3𝑛+𝑖

(5𝑛)3
, 

  𝜌(𝑤𝑖) =
2𝑛−𝑖

(5𝑛)3
. 

Define the edge labelling function 

 𝛿(𝑢𝑣)  =  |𝜌(𝑢)2  −  𝜌(𝑣)2|. 

 and verify the condition 

𝛿(𝑢𝑣)  <  𝑚𝑖𝑛{𝜌(𝑢), 𝜌(𝑣)}. 

Thus all edges satisfy 

𝛿(𝑢𝑣)  <  𝑚𝑖𝑛{𝜌(𝑢), 𝜌(𝑣)}. 

Hence, the ladder middle graph 𝑀𝑓(𝐿𝑛) admits a product of total and range fuzzy edge labeling. 

Example 

Consider the fuzzy ladder L3. 

 

Figure 10: Fuzzy star L3 and its fuzzy middle graph Mf (L3). 

 

Remark: Similarly, fuzzy ladder of splitting graph , shadow graph, line graph, 

total graph, subdivision graph also admits the products of total and fuzzy edge labeling 

4. Conclusion 

In this paper, we studied the product of total and range fuzzy edge labeling for path, cycle, star, 

and ladder graphs, with special focus on their fuzzy middle graphs. The study was extended to fuzzy 

splitting, shadow, line, total, and subdivision graphs. It is established that all these graphs admit the 

proposed labeling. The results strengthen fuzzy graph labeling theory and provide a basis for further 

research. 
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