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Abstract: This paper studies the product of total and range fuzzy edge labeling for path, cycle, star, and ladder graphs.
Particular emphasis is given to the construction and analysis of their corresponding fuzzy middle graphs. The study is further
extended to fuzzy splitting, shadow, line, total, and subdivision graphs. It is established that all these graphs admit the product
of total and range fuzzy edge labeling. The results extend fuzzy graph labeling theory and provide a unified framework for
analysis.

Keywords: Product of total and range fuzzy edge labelling , Fuzzy path, Fuzzy cycle, Fuzzy middle graph, Fuzzy splitting
graph, Fuzzy shadow graph, Fuzzy line graph, Total fuzzy graph, Fuzzy subdivision graph.

1. Introduction

Managing uncertainty is a crucial aspect of many real-world applications. To ad-dress such
uncertainty, Lotfi A. Zadeh proposed the concept of fuzzy sets in 1965, which established a mathematical
foundation for representing imprecise and vague in-formation. Since then, fuzzy set theory has been
extensively utilized in various fields including control systems, communication networks, optimization,
medical diagnosis, and decision-making processes.

Fuzzy graph theory generalizes classical graph theory by incorporating uncertainty through
membership values assigned to vertices and edges. In this context,[2] A. Nagoor Gani and his collaborators
developed the concepts of labeling and magic labeling in

fuzzy graphs, which significantly contributed to the growth of fuzzy graph labeling theory.
Nevertheless, conventional fuzzy graphs may not be adequate to model more complex systems, leading to
the exploration of several derived fuzzy graph structures. Subsequently,[8, 5] numerous researchers have
examined different aspects and ex-tensions of fuzzy graphs, including middle graphs, splitting graphs,
shadow graphs, line graphs, total graphs, and subdivision graphs. These derived structures are es-
sential for analyzing structural characteristics and labeling behaviors under uncertain

environments.

Recently, considerable attention has been given to edge labeling methods in fuzzy graphs. [7] In particular,
the concept of product of total and range fuzzy edge labeling has been introduced, where edge membership
values are assigned based on vertex memberships while satisfying the condition

S(uv) < min{p(w),p(v)}
ensuring consistency between vertex and edge values.
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Motivated by these developments, the present work examines the existence of prod-uct of total and range
fuzzy edge labeling for fundamental graph classes such as path graphs, cycle graphs, star graphs, and ladder
graphs. Special emphasis is placed on the construction and study of the corresponding fuzzy middle graphs.
In addition, the analysis is extended to other related fuzzy graph structures, namely fuzzy splitting graphs,
fuzzy shadow graphs, fuzzy line graphs, total fuzzy graphs, and fuzzy subdi-vision graphs. It is
established that all these graphs admit the product of total and range fuzzy edge labeling under appropriate
conditions.

2. Preliminaries

Definition 2.1. (Fuzzy graph [3]) A fuzzy graph G = (V,p, ) is a pair of functions (p,§),
wherep : V — [0, 1] is afuzzy subset of a non-empty setV,and § : V xV — [0, 1] isasymmetric fuzzy
relation on p, such that the relation

S(vu,v;) < p(w) A p(v))
is satisfied for all v;, v; € Vand (v;, v;)eE €V X V.
Here, p(v;) denotes the degree of membership of the vertexv;, and §(v;, v;) denotes
the degree of membership of the edge e;; = (v;,v;)onV X V.
Note: In this paper, we denote
p(v) A p(v;) = min{p(vy),p(v))}

Definition 2.2. (Fuzzy path [5]) Let G = (V, p, J) be a fuzzy graph with underlying crisp graph G™.
A fuzzy path P, in G is a sequence of distinct vertices v, vy, ... ... , U, such that

6(vi_,v) >0, 1<i<n.

Here, n > 1is called the length of the path P,.

Definition 2.3.(Fuzzy cycle [5]) A fuzzy path B, in which vy = v, and n = 3 s called a fuzzy
cycle G, of length n.

Definition 2.4. (Fuzzy middle graph [8]) The fuzzy middle graph My (G)(Vi , pm ,6um ) Of a fuzzy

graph G(V, p, §) is a fuzzy graph with underlying crisp graph M (G)(Vy, , Ey ), Where the vertex set is
VM =V UVijl
where

V ={v;|v; eV}, Vi; ={Vij |(vi,v;) EE}.
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Hence, the number of vertices is
VM (G)) = n+ (n+ 1) = 2n + 1.
The edge set is defined as
Em = {(vi;, vy), (vij, v;) Vi, j3U{(v;}, vys) if the edges (v;, v;) and (v, vs) are
adjacent in G}.
The membership functions are defined as follows:
o) =py),ifveV, 0<i<n,
pm (Vi) = (v, v),if (v,v;) € E,Vi,j,
Sy (vij, vrs) = 0(vy, vj) AS(vy, vs5),
if the edges (v;, v;)and(v,., vs) are adjacent in G,
6y (i, vij) = 6y (v, vij) = 6(vy, vj), vi, j.

Example 1. The fuzzy middle graph of C4 is given in Figurel.

U23

)a,
U112 + U3a

(2F}

U14

Figure 1:

Definition 2.5. (Fuzzy splitting graph [8]) The fuzzy splitting graph S (G)(Vs, ps, 65) of a fuzzy
graph G(V, p, 8) is a fuzzy graph with underlying crisp graph S(G)(Vs, E5), where the vertex set is

Where
Ve =V uv’,

V = {vi |Vi EV},V’ = Ul’ |ULEV}
The edge set is defined as
Es = {(v;,v)) | v; and v; are adjacent in G}U{(v;, v;) |[vi€V’, v; €V and v; is

adjacenttov; € V

The membership functions are defined as follows:

pS(vy) = p(vy), v, EV,

pS@) = p(w), vV eV,
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(vi,v;) = 6(v;,v;), if v; and v; are adjacent in G,
8S(V',v;) = pS(W") A pS(v;)),

i i
ifv/eV'and v; €V are adjacent to v; €V.

Example 2. The fuzzy splitting graph of C,4 is given in Figure 2.

Figure 2:

Definition 2.6. (Fuzzy shadow graph [8]) The fuzzy shadow graph

Df (G)(VDZ,pDZ, 6D2)of a fuzzy graph G(V, p, 9) is a fuzzy graph with underlying crisp graph
DZ(G)(VDZ,EDZ),obtained by taking two copies of G, namely G’ and G".
The vertex set is
Vp, = V' uv”,

where

V' ={v{|v,eV} V" ={v]'|v; eV}
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he edge set is defined as

Ep, = {(v{,v}), (v, v;") |v; and v; are adjacent in G}
U{(vi, v/")|vi, € V', vj' € V" and v; is adjacent to v; in G}.
membership functions are defined as follows:

pp, (V") = P @ = pw), forveV, v eV’ v
8, (vi,vj) = 8(vi, v)),

for v}, vaeV’ and v;’, va'e v,

eV II’
8p,(v{',v]") = 8 (v, v)),

8p, (Wi, v;")=p(wDNp(v}'),
if vieV’ and v;'eV"" are adjacent corresponding to v;, v;eVinG.

Example 3. The fuzzy shadow graph ofC, is given in Figure 3

Figure 3:

Definition 2.7. (Fuzzy line graph [8]) The fuzzy line graph L, (G)(V., p.,6,) of afuzzy
graph G(V, p, &) is a fuzzy graph with underlying crisp graph L(G)( V., E), where the vertex set
is

V, ={v; | (Wi,vj) € E},
and the edge set is

EL = {(vi,vys) | the edges v;, v;and (v,,v;) are adjacent in G}.
The membership functions are defined as follows:

PL (vij) = 6(171',17]‘), lf vij € VL,

6L(vij'vrs) = 5(”1’1”}') A Wy, vs),

if the edges (v;,v;) and (v, v) are adjacent in G.

Example 4 The fuzzy line graph of C, is given in Figure 4.

U9 V23

(251 . .
) U4 U14
Figure 4:

Definition 2.8. (Total fuzzy graph [8]) The fuzzy total graph Ty (G)(Vy, pr,8r ) of afuzzy
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graph G(V, p, &) is afuzzy graph with underlying crisp graph T (G)(V; , Er ), where the vertex set
is

where
VT =V u Vij!

V = {Ui |17i € V}, Vl] = {Uij |(vi,vj)eE}.

The edge set is defined as
Er = {(v;,v)) | v; and v; are adjacent in G}
U {(ij, vi), (Wi, v) | (vi,vy) € E}
U {(vij, vrs) | the edges (v;, v;) and (v, vg) are adjacent in G}.
The membership functions are defined as follows:

pr(v) = p(vy), Vi E V,
pr (vij) =6, v), if(v,v) € E,

61 (vi,v;)) = 6(v,v;), ifv; andy; are adjacent in G,
ET (vij:vrs) = 6(vi'vj) A 6(177”‘ vs)'

if the edges (v;, v;) and (v,, vs) are adjacent in G,

Ot (v, v5) = 67 (v, vy5) = 6(v, 1), Vi, .

Example 5. The total fuzzy graph of C, is given in Figure 5.

Figure 5:

Definition 2.9. (Fuzzy subdivision graph [8]) The fuzzy subdivision graph
Sdf (G) Vs, psy Msy) of afuzzy graph G(V, p, p) is a fuzzy graph with underlying crisp graph

Sd (G)(Vsd' ESd)'
where the vertex set is
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where
Vsd =V UVi,

V = {v;|v, eV} Vij = {vl-j | (vi,vj) € E}.
The edge set is defined as
Es, = {(vi, v)), (Wi, vj) | (v, v;) € E}.

The membership functions are defined as follows:

psy ) = p(vy), v; €V,

Ps, (i) =6(vy, vy), if (v, vy) € E,

bs,(ivi) = s, (v, viy) = 8, v)), V0.

Example 6 The fuzzy subdivision graph of C4 is given in Figure 6.

U2 U3 Vo U23 U3

V12 ¢ ¢ U34

Figure 6:

Definition 2.10. A graph G = (V, E) admits a product of total and range fuzzy edge labeling if there
exist bijections p(v) : V — [0,1]and §(uv) : E — [0, 1] satisfying

S(uv) < min{p(w),p(v)}
and

forall uv € E.
S(uv) = p(u)?* — p(v)?

3. Computation of Fuzzy Labelling under Uncer-tainty
using the Product of Total and Range Method

Theorem 3.1. Let P, be a fuzzy graph. Then the middle graph of fuzzy path M, (P,) admits a product
of total and range fuzzy edge labeling forn > 2.

Proof. Let B, be a fuzzy path. Then by the middle graph of fuzzy path the vertex set of B, is define as,
V(B) = {vi|lv;, eV}
and the edge set is defined as,
‘/]' = {Ul'jV(vl', 'IJ])GE}
Clearly, and

p(Ms(P)) =n+1+n=2n+1
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(o), (wijowy) Vi j, }

E,, =
M {(uij,urs) if the edges (ui,uj) and (u,,ug)are adjacent in G
The membership function for the vertices,
p):V - [0,1]

is defined as
n+i .
p(ui)—g. 1<is<sn

and

2n+2i+1

p(ui(i+1)) =
The membership function for the edges,
§(uv): E(P,) - [0,1],
is defined by
8(e) = lp(w)? —p(uy1)?1<is<n-—1
5(f) = P(ui)z - p(ui(i+1))|

Hence, the middle graph of fuzzy path M, (P,) produces a product of total and range fuzzy path. The
membership value of each edge satisfies

S(uv) < min{p(w), p(v)}.

an

Remark: Similarly, splitting graph, shadow graph, line graph, total graph, subdivision graph of
fuzzy path also admits the products of total and range fuzzy edge labeling.

Example: Consider a fuzzy path graph P,

v1(0.63) v2(0.75) v3(0.87) va(1)
\ /ﬁ\ /\ Va
\ \ /
v1(0.63) 02(0.75) e (087) i) \ / \\ / \\ //

v12(0.68) v03(0.81)  v34(0.93)

Figure 7: Fuzzy path P4 and its middle graph M, (P,).

Theorem 3.2. Let C, be a fuzzy cycle. Then the middle graph of fuzzy cycle M, (C,)admits a product
of total and range fuzzy edge labelling graph forn = 3.

Proof. Let C, be a fuzzy cycle . Then, the vertex set of the middle graph of fuzzy cycle C, is defined
as,

V(€ = {u,uy, ... Uy}
\ (Mf (Cn)) = Cn @ CZn

and the edge set
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E(Cy) ={uwui41 |1 <@ < n — 1} U {uuy}
\/(A4f (C%)) = VV(CH) Y Lﬁj

Where

V (Cp) = {v1,v5,V3,...,0,}
Vii = {v1 V13 V3 Va3 ...V, Upq U1}
The vertex membership function for the fuzzy cycle,
p(w): V(C) — [0,1]
Case (i): n is even.

1, ifi=1
2n—i s
{ _EZi’ ifi=24,..,n—-2,
p(uy) itz ifi=35,..n—1,
2n
n+3 if i
k2n+1‘ yi=n
Case (ii):n is odd.
1;
2n—1i
2n
pu){2n—i+2
2n '
n+3
\2n+1’

The Vertex membership function for the middle graph of fuzzy cycle,

pu (W) = p(w) — 10

ifi=24,..,n—2,

ifi=35..n—1,

The defined the edge membership function for fuzzy cycle and middle graph of fuzzy

cycle,
§(uv): E(C,) — [0,1] and Ey, (C,,) — [0,1]
o(e) = |P(ui)2 - ,D(ui+1)2|-
§(e) = lp(w)? — p(W')?|.
8(e) = lp(W')? — p(uir1)l
8(e) = lp(W')? — p(uir1)l

Hence, the middle graph of the fuzzy cycle graph My (C,) produces a product of total and range fuzzy

graph. The membership value of each edge satisfies

S(uv) < min{p(w),p(v)}-
Remark Similarly, splitting graph, shadow graph,line graph,total graph,subdivision graph of fuzzy cycle

also admits the products of total and fuzzy edge labeling
Example

Consider the fuzzy cycle Ca.
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) 1(0.74)
u2(0.75) u3(0.875) ta .
i (0752t o 0218 o (0:875)

0.417 0.026
1} (0.99)s u’(0.86)

0.019 0.131

up (1) 14(0.78) up (1) 0.40 0.015 u4(0.78)

uy (0.77)
Figure 8: Fuzzy cycle C4 and its fuzzy middle graphM,(C,).

Theorem 3.3. Let S;, be a fuzzy graph. Then the middle graph of fuzzy star M, (S,,) admits a product
of total and range fuzzy edge labeling.

Proof. Let S,, be a star graph with vertex set
V (Sn) = {170, V1, V2, weey vn}
and edge set
E(Sn) = {(vg,v)|1 <i<n}.

The middle graph M, (S,,) is obtained by introducing a new vertex v’y; corresponding
to each edge (v, v;).

Hence, the vertex set of My (S,,) is
V(My (82))={vo, V1, V2, o, Uy U {00, 01,V 5, o, ' 0

The edge set of M, (S,,) is

E(My (Sn))={(vo, v'DI1 < i = n} U {(Wor, vo;) i # j}

Define the vertex labeling function
p: V(My (S.)) — [0,1]

by

p(vo) = Z_E.

p(v) =ZZ—:,1 <i<n,

2n—i+2 ,
p(') = m.l sisn

Define the edge labeling function

Swv) = lpw)? — p(w)?|.
Now we verify the condition

8(uv) < min{p(u), p(v)}.
For edges (vq, v';),

8o, v') = |p(we)? — p(v')?| < min{p(vo), p(v' D}
For edges(v';, v;),

S, v)=lp('D? — p(v)?| < min{p ('), p(v)}.
For edges (v';,v';),

W) = lp(')? — p(W')? <minf{p(v'), p(v';)}.
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Thus, all edges satisfy the condition
S(uv) < min{p(w),p(v)}-

Hence, the middle graph of the fuzzy star graph M:(S,) admits a product of total and range fuzzy
edge labeling.

Remark: Similarly, splitting graph, shadow graph, line graph, total graph, subdivision graph of fuzzy star
also admits the products of total and fuzzy edge labeling

Example
Consider the fuzzy star Ss.

l'_g(()?’)) l';(()()Z'))

v1(0.875) v2(0.75)  v3(0.625)
0.099

S ol S v:
~—A N [ o N
(0.071 = 2 -f\c
0116\ P \e
(§ ;(“r)) \1 (() r)
‘ ).33: 0. U4\U.0
00(0.833)  (0.443) v0(0.833) 0.943 v4(0.6) L1

Figure 9: Fuzzy star S4 and its fuzzy middle graph M,(S,).

Theorem 3.4. Let L,, be a fuzzy graph. Then the middle graph of fuzzy ladder M, (L,) admits a
product of total and range fuzzy edge labeling.

Proof. LetL,, be a fuzzy ladder graph consisting of two parallel paths

Uq, Uy, oo, Uy
and

V1, Vg, e, U
with edges (u;, u;41), (v, ;1) for 1 < i < n — 1and rungs (u;,v;) forl < i < n.

The middle graph Mg (L,) is obtained by introducing a new vertex for each edge of L,
Hence, the vertex set of M, (Ly,) is
V (M (Ly)) =V (Lp) UV,

where V(L)) ={u,vi|l <i < n}

and .
Vij = {Wiis1) Vig+), Wi |1 < & < — 13,

The edge set of Mg (L,) is
E(Ms (Ly)) = {(up vigie1))» (igie1), Uis}
U {(vi, vigsn)s Wigen), Vie)}
U {(uwi), (Wi, vp)}

U {(wicia1) Vi)
Define the vertex labeling function
p: V(M (Lp)) — [0,1]
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i

p(u;) = G2’ p(v;) =

n+i

(51)?’
2n+i 3n+i
pUi+1)) = TR P(Wii+1) = G
2n—i
p(w;) = Gn?

Define the edge labelling function

S(wv) = |pw)? — p()?|.
and verify the condition

S(uv) < min{p(w),p(v)}.
Thus all edges satisfy

S(uv) < min{p(w),p(v)}-
Hence, the ladder middle graph M,(L,) admits a product of total and range fuzzy edge labeling.
Example

0
Consider the fuzzy ladder Ls.

w1 (0.003)

4

N \ 2
d 2]
0.00029 . - ; -
wy (0.0044} v1(0.0177) \\\(}MU-“U 14) 1 (0.0177)
N 7
Qe '(///OD
o1 (0.005 &
0.000058 0.00017 112(0.007)
N
\\\\\\x
0.00042 £ ) gk
0.000099 0.00021 ; 193(0.008)
5 ana 13(0.0133) e
u3(0.0133} 0-00053 v3(0.0266) i 75(0.0266)
G /
g7 VAN

Q

w33(0.002)
Figure 10: Fuzzy star L3 and its fuzzy middle graph Ms(Ls3).

Remark: Similarly, fuzzy ladder of splitting graph , shadow graph, line graph,
total graph, subdivision graph also admits the products of total and fuzzy edge labeling
4. Conclusion

In this paper, we studied the product of total and range fuzzy edge labeling for path, cycle, star,
and ladder graphs, with special focus on their fuzzy middle graphs. The study was extended to fuzzy
splitting, shadow, line, total, and subdivision graphs. It is established that all these graphs admit the

proposed labeling. The results strengthen fuzzy graph labeling theory and provide a basis for further
research.
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