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Abstract:In this study, we propose a new frame work of strongly regular Fermatean neutrosophic fuzzy graphs using Dombi
operators. The Dombi operator introduced by Jozsef Dombi provides a flexible aggregation mechanism, while Fermatean
neutrosophic sets effectively capture truth, indeterminacy, and falsity under uncertainty. By combining these concepts, the
notion of strong regularity is extended to a more generalized graph structure. Various fundamental properties, operations, and
conditions related to strong regularity are established and analysed. Suitable examples are presented to illustrate the proposed
concepts. The developed model is useful for handling complex decision-making and network problems in uncertain and
imprecise environments.
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1. Introduction:

Fuzzy logic was introduced by Lotfi A. Zadeh[22] in 1965 to handle uncertainty. Tapan Senapati and
Ronald R. Yager[20] introduced Fermatean fuzzy sets, where the sum of cubes of membership and non-
membership is in [0,2]. This idea was further extended by C. Anthony and Jansi to Fermatean neutrosophic sets
with three membership degrees bounded by [0,2]. A graph is formed by nodes and arcs, traditionally based on
crisp set theory introduced by Georg Cantor. In 1975, Arnold Kaufmann[11] introduced fuzzy graphs using fuzzy
relations. Later, Krassimir T. Atanassov[6] (1983) extended this to intuitionistic fuzzy graphs. Paul and Ghori
(2017)[9] proposed neutrosophic graphs. Furthermore, S. Naz and S. Ashraf [S]expanded fuzzy graphs into
neutrosophic fuzzy graphs.

The Dombi operator was introduced by Jozsef Dombi[8] in 1982 with a flexible parameter.
Hamacher[10] emphasised that by taking the solution of associativity oper- ational equality, these operators can
be created. Later, he obtained the rational structure of disjunctive and conjunctive operators in accordance with
Kuwagaki’s[12] results. From that moment on, the researchers working in the field of fuzzy theory proposed a more
general form, i.e., triangular norms (t-norms) and triangular conorms (t-conorms).

The concept of Dombi fuzzy graphs was later developed by S. Ashraf et al. (2018). Due to its
effectiveness in handling real-life decision-making problems, Mijanur Rahman Seikh and Utpal Mandal
(2021)[13] applied Dombi operations to intuitionistic fuzzy graphs in multi-attribute group decision-making .
Recently, Akram and Habib[4] discussed regularity of g-rung picture fuzzy graphs with applications. Further
advancements include neutrosophic Dombi graphs by Tejindar singh Lakhwani and Karthick[21], and
Pythagorean neutrosophic fuzzy graphs proposed by Ajay et al[1]. Recently, Fermatean neutrosophic Dombi
fuzzy graphs have been introduced, and D. Sasikala and B. Divya [17,18,19] further developed their properties
and fundamental operations with illustrative examples.

The structure of this paper is as follows.

6 Section 1, outlines the essential definitions and preliminary concepts used throughout the study.

(i1) Section 2, presents the newly proposed strongly regular fermatean neutrosophic dombi fuzzy graph
concepts and their associated operations, along with established propositions supported by suitable
graphs and illustrative examples.
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2. Preliminaries:
Definition : 2.1

Let 9, be a non-empty set. A Neutrosophic set (NS) A in 9pis determined by a truth-membership
function @, , an indeterminacy-membership functionf, ,and a falsity - membership functiony,  is
a,,(9p), Bup (9p), ¥y, (9p) are real or non-standard subsets of ] 07, 1" [on ¥p,.

i), Pp):9p =107, 14 5 By @p): 95 107,14 5 ¥, (8p):9p =107, 1%;
Definition : 2.2

A fuzzy graph of the graph D*= (¢p, Sp) is a pair of D = (up,vp), Where pp, = [0,1]is a fuzzy seton
¢@p and vp:ppX@p — [0,1] is a fuzzy relation on @ such that vy (n, £)< pp(n)app(t),Y(n,t)€ @pX@p.

Definition : 2.3

A binary function ¥ :[0,1]X[0,1] — [0,1] is referred to as triangular norm (t-norm) if for all n,t,s € [0,1],
It fulfilled the requirements listed below.

(Neutral property or boundary condition) #(n,1) = n
(commutativity) #(n,t) = F(t,n)

(associativity) #(n,(t,s)) = F((n,),s)
(monotonicity) F(n,t)<#(s,d) if n< s and t< d

o O O O

Definition : 2.4

A binary function M:[0,1]X[0,1] — [0,1] is referred to as triangular conorm (t-conorm) if and only
if there exists a t-norm Z for all #(n,z)€ [0,1]X[0,1], M(nt)=1-F(1-n,1-t).
For t-norms, the preferred possibilities are:

o The minimum operator M (n,t)=MIN(n,t)
The product operator P(n,t)=nt
1

1-n\1® | /1-t l'6>0
(5] +(FN8

The recommended possibilities for correlated t-conorms are:

The dombi’s t-norm,

o The maximum operator M *(n,t)=MAX (n,t)
o  The Probabilistic sum P*(n,t) =n+t-nt
1

The Dombi’s t-conorm: — ] =,0 >0
((FI)] -3
o  An additional pair of F-operators is %"(n,t)=n+:int
P(n,t)=%_nztm,lt is acquired by replacing § = 1 in dombi’s t-norm and t-conorm. Also P(n,t)< n:int < M (n,z)
and M*(n,)< “E22 < P g,

1-nt
Definition : 2.5
A pair is a dombi fuzzy graph with the elementary set being a countable set ¢, . D=(up, vp),where pup —

¢p(M)@p(t)
@p(M)+ep(t)—epM)ep(t)’

[0,1] is a symmetric fuzzy on ¢ such thatg,(nt) < vn,t € @p.

Definition : 2.6

Let D*= (¢pp,sp) be a crisp undirected graph contain no self loop and parallel edges. Let up =
(@up Bup Yup )such  that @, 05 = [0,1].8,, :0p = [0,11.y,, 09p = [0,1] @,y 9p = [0,1], B, : Op = [0,1]
Y Up 2 [0,1] .Here Aupr Ay — The membership function, BHD,BVD — The indeterminacy function,
Yupr Yop The falsity function in the neutrosophic dombi fuzzy graph, ¢z € 9pX9, Then the neutrosophic
dombi fuzzy graph, D = (@p up, Vp)
Apr(M)agp, ()
%ep (nt) < a(pD(n)+aZL;(t)—zZD(n)a(pD(t)’

B#D (n)BuD (t)
vVnt e
Bup )+ Bup (O)=Bup By, © 5o

vV nt € gp, B, (nt) <
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(nt) < Yvp M +yyp (O-2yyp (M yyp, (0

v nt €
1= vy M1y ©) > VL ESp

Yop

Definition: 2.7

A fermatean neutrosophic fuzzy dombi graph is defined [its indicated by FNDFG] with a finite
elementary se UYpof its order pair D = (¢p,sp) where ¢p: 9, = [0,1].Here we consider, y, = (a,pDﬁuD‘va)
such thata, : 9p = [0,1] , B, : 9p = [0,1] ;1 9p = [0,1], a0 = [0,1], Byt 9p = [0,1] Ly 0 Up =
[0,1].Here a,,,a,, — The membership function, B, ,B,, — The indeterminacy function, y, ,¥,, — The
falsity function in the Fermatean neutrosophic fuzzy dombi graph, ¢ € 9, X9, Then the fermatean neutrosophic
fuzzy dombi
Apn(M)ay(t)
< op(M%pp
%sp (nt) T appMtap, (O)-ap,(Map, ()

Bup W Bup (©)
vVnt e
Bup W +Bup (O—Bup WPy O 5

vV nt €¢gp Be, (nt) <

(Tlt) < Yvp M +yyp (O—2yyp (Myyp, (0

vnte
1= vy My (O ’ 5p

Yop

And 0< a,, 3(nty+B,, *(nt)+y,, 3(nt) < 2 0< @, 3(nt)+y,, 3t) < 15 0< B, ()< 1.
Definition : 2.8

Consider, {p = {nt,@;, (nt), uz, (nt),v¢, (nt), nt € gp} be a fermatean neutrosophic dombi fuzzy edge
setin D:

e The order of Op is established by p(0p) =[Xnep Dy ) Xnep hp » Xineqp Vo] from illustration 3.1, order of
D, p(0p) =[3.4,4.3,2.9]

e The size of O, is symbolized by ps(0p)=[ Xnep B (L), Xney He (ML), Xney Vo(nt)] from illustration
3.1, order of D,ps(0p) =1[5.33,4.71,6.95]

*  The degree of vertex n€ ¢, is denoted by dspits described by dip, =[dsg, (n), oy, (n), dy,, (n)], where

_ _ app(Mapy (1)
djtz)q, (n)_Zn,tqtnE(p Q); (Tlt) - Zn,t¢ne<p 2y (n)"'awD (t)‘“wo (n)a¢D(t) >

Z ﬁuD (n)ﬁuD (t)
WEENER g o By (O—Bup (MBup ()

Yvp MW +yyp (O—2yy, (M yy, (6

Definition:2.
1= vy My (O efinition:2.9

Zn,t#nap

A fermatean neutrosophic dombi fuzzy graph [ FNDFG] with a finite elementary set Jpo0f its order pair
D = (¢p,sp) where @p:9p — [0,1].Here we consider, ¢, = (a<pDﬁuD,va) such thata, : 9, - [0,1] , B, :
9p = [01] vy, 9p = [01] @y, 9p = [01] , By, 9p — [0,1] ,»y,: Op = [0,1] Here a,,,a,, — The
membership function, B, , By, — The indeterminacy function, y,,¥,, — The falsity function is defined as the

regular of degree
Rop, Rup» Ryp) - If

= - appMaep(t) _
Do, (M= teneg Os (M) = Lntxney app M +agp, (D-ap,Mapy ) Row, -

Buup By (©) —q
b W+Bup (O=Bup (WBup, () kD>
Yvp ) +Yvp (t)_ZVvD (n)YvD (t)
1-yp (n')va ()

dJ(Z)u (n):Zn,tqtne(p (Z)g (nt) = Zn,t¢n€qo By

d’(bv (n):z:n,tinap (Z)q (nt) = Zn,t:#netp = ERVD~FOI' all neg

Definition : 2.10

A fermatean neutrosophic dombi fuzzy graph D = (@p, tp vp) on the crisp graphs D*= (¢p,Sp) is
defined as the totally regular of degree (3, , 315 Sv)p)- If

* Fup (n):Zn,t¢nEtp Spp (nt) + Q)(pD (n)
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appMaeep (L)
appO)=appMaen®)

Fup (M= X txnep Sup (18) + @y (1)

_ Bup (WBup () ~
Zn,t¢n6¢ ﬁ#D (n)+ﬁﬂD (t)_ﬂ#D (n)ﬂ#D (t)+®<ﬂlLD (n) ‘s#D

:Zn,tineqz gy (+ + ®<pD m) = S(pD,

T1/D (Tl): Zn,t¢n6¢ gvD (Tlt) + ovD (Tl )

Yvp M +yyp (O—2yy, (W yyp, (0
1= vy MWy (0

= Ynt#nee +0,,(n) =3, foralln € ¢.

3. Strongly regular fermatean neutrosophic fuzzy dombi operators
Definition : 3.1

A fermatean neutrosophic dombi fuzzy graph [FNDFG] D = (¢p,Sp) on n vertices is said to be strongly
regular if the following properties are satisfied:

@) D is regular of degree R = (R,,,, Ry, Ry )

(i1) The sum of the membership and non-membership grades of the common neighbouring vertices of
any pair of adjoining vertices of D are equal and represented as © =(6,, 6,,6).
(ii1) The sum of the membership and non-membership grades of the common neighbouring vertices of

any pair of non-adjoining vertices of D are equal and represented as £=(£4, £,, £3).
A Strongly fermatean neutrosophic fuzzy Dombi operators D = (¢p, p) is represented as D = (D,
R,0,£)

Example: 3.1

Consider a graph D*= (©p,S$p), where @p={ny, Ny, N3Ny N5, Ng } and
Sp= 1M Ny Ny N3 Ny Ny Ny N5 NyN3 NyNg |, NN N3Ny N3N ,NyNs NN, NsNe ). Let @y, By, ¥y, be fermatean
Dombi fuzzy vertex set and fermatean Dombi fuzzy edge set defined on ¢, and ¢, respectively.

ny My, N3 MNg N Ng
[0.3 03 03 05 05 0.5]

In1 mz nz ng ns Mg
Pp~ 04 04 04 07 07 07|’
ng nz Nz nNg N5 Ng
09 09 09 06 06 0.6
ninz MNqNz NNy NqNs  NaN3  MN2Ns  NaNg N3Ny N3Ne  TN4Nls  NyNe  Nshg
0.15 0.15 0.2 0.2 0.15 0.2 0.2 0.2 0.2 0.15 0.15 0.15
ninz MNiNz NNy NiNs NNz NaNs  NaNe N3Ny N3Ng NyNs  NyNg  NsNe
§D= 0.25 0.25 0.34 0.34 0.25 0.34 0.34 0.34 0.34 0.53 0.53 0.53
niny nins ning nNqNng nang NaNs  NyNg N3Ny Nn3zNg MNyNg NgNg NgNg

07 07 065 065 07 065 065 065 065 07 07 07

dipy=[dog, (ny), iy, (ny), dyy,, (n)]1=(0.7,1.18,2.7) foralli=1,2,3,4,5,6, D is a (0.7,1.18,2.7) regular FNDFG.
Meanwhile, the sum of the membership, indeterminacy, non-membership grades of the common neighboring
vertices of each pair of the adjoining and non-adjoining vertices of D are equal. i.e) © =(60,,0,,05) =
(0.75,0.8,2.7) and £=(£,, £,, £5) = (1.6,2,3.2). Hence D = (N, R, 6, £) is a strongly regular FNDFG.
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ns (0.15,0.65,0.7)

ny
D
& oD (0.2,0.34,0.65)
N N
& o P
& S
% >
2 N
%, &
o
2 (0.2,0.34,0.65)
Ng ng
“f;p‘“
0 o
2 0
¥4, W
o) K
e
@.
(0.15,0.25,0.7)
ny n,
Strongly regular FNDFG
Definition:3.2 A
FNDFG D = (¢p, Sp) is known as bipartite if 0 = { ty, t,, ... ...., t,} can be partioned into two non-empty disjoint

sets 0;and o, such that @, (n;,n;) =0, p, (ni, nj) =0 andvg, (n,-,nj) =0.Ifn;,n; € oyorn,n; € o, .
Furthermore, if
LN UHLIING)
a. (nmn;) < #D D , nn;) <
gD( ' J) app(M)+ap, (nj)-ap, e, ™) ﬁgD( ' ])
E#D (ni)ﬁuD nj)
Bup @) +Bup (nj)=Bup MdBup (n))

Yvp (ni)ﬂ’vD (nj)_ZVVD (ni)VvD (n])
1- vy, )y (1))

Vep (i) <

V n; € oy and n; € 0,.Then D = (@p, 5p) is known as complete bipartite, represented by ¥ 94, @, 93, where g4,
Q2, Q3 are the restrictions of ¥ to o; and ¥ to g, , respectively.

Definition: 3.3

A bipartite FNDFG D = (¢p, ¢p) is known as biregular if each vertex in oy and o, have equal degree y
= (X1, X2,X3) and Q = (Q,, Q,, Q) respectively, where x and Q are constants. Further, a biregular FNDFG is
represented by D = (n, %, Q).

Example: 3.2

Consider a graph D*= (¢p, 5p) ,where p={n,n,,n3 1, ns } is partitioned into two non-empty disjoint
sets @p, ={nq, Ny} and @p,={nzny ns } such that ¢p_ {n;n3 nyn, nyng nyng, NNy Nyns §. Since each vertex in
¢p, and @p, have equal degree x = (X1, X2, X3) = (0.8,1.2,1.7) and Q = (£, Q,,03)=(1.3,0.9,1.9) respectively ,
D = (n, y, Q) is a biregular FNDFG.

nq nz nz NnNg nNg
05’ 0.7 03’07’05

_ | ny _ _|n3 ng ng
¢p,={n, N2} =35 oa $p,={nzNy Ns |} =200 0
o Nz N3 M4 Ma
04’ 05 0.4’05 ’0.6

NNz NNy NqNs NNz NNy NpNg

02 " 04’ 03’02’05 04

_ _|Mn3 nqng NyNg NNz NNy N2Ns
Sp={nny, Nyng, NNy, Ny} = |~

0.5 0.4 0.2 0.3 0.3 0.2
Nning NNy NiNg NNz NaNg NNs

06 ' 06 ' 06 06
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0.5,0.6,0.4) ny n, (0.7,0.4,0.5)

2
53
g
ks

K7
2

ny

N
S
N
S
N (0.7,0.6,0.5)

n3  (0.3,0.8,0.4)

ns  (0.5,0.4,0.6)

Biregular FNDFG

Theorem: 3.1

Let D = (¢p, 5p) be a FNDFG .If D is complete with a,, B, Vv, Dep s Mgp Ve as constant functions,
then D = (¢p, Gp) is strongly regular FNDFG.

Proof:

Assume that D = (¢p,Gp) is a complete FNDFG with 0 = { t1,t5, ... ..., tn} - As @), By Vo D2y »
K¢y, »Vep are constant functions, a,, = Cy, B, = C3, vy, = C3,0¢, = Cu, Ug, = Cs,vg, = Ceny,n; € {p.To
prove that D = (¢p, Gp) is strongly regular FNDFG, we must show that D is (R, , Ry, Ry,) regular FNDFG.

Further, the adjoining and non-adjoining vertices have equal common neighborhood © =(6,,6,,63) and
£=(£,, £,, £3) respectively.

As D is complete FNDFG, we must have
° dJDN: [dJ(Dw (ni)l djy,(p (ni)l d’vq, (ni)]a Where
d’@«; (n):[ZninjE(D a(qu (nln]) ) ZninjE(D #(pDg (nln]) ’ ZninjE{D ]/(ng (nlnj) ]

-y app (e, ™))
MIFHED ag (n)+agp (n))-ae, M)ap, )’

Bup M)Bup (nj)
M) +Bup () ~Bup MDBup ()

Zni_njznieqp BHD

Yvp M) +rp (n) =2y, (M (1))
1= Y ()vp (1) '

=[(n = 1DC,, (n = 1)Cs, (n — 1)Ce]

Hence D is a [(n — 1)C,, (n — 1)Cs, (n — 1)Cg] regular FNDFG. Further, the sum of the membership,
indeterminacy and non-membership grades of the common neighboring vertices of any pair of adjoining vertices
0 =(0,,0,,05)=[(n — 2)C;, (n — 2)C,, (n — 2)C;] are equal. As D is complete, the sum of the membership,
indeterminacy and non-membership grades of the common neighboring vertices of any pair of non-adjoining
vertices £=(£4, £,,£35) = [0,0] are equal. Since all the properties are satisfied, we conclude that D = (¢p,sp) is
strongly regular FNDFG.

Remark:1

Zni_njznieqp

If D = (¢p,sp) is a strongly regular disconnected FNDFG, then the sum of the membership,
indeterminacy and non-membership grades of the common neighboring vertices of any pair of non-adjoining
vertices is £=(£4, £,, £5) = [0,0]

Remark:2
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If D = (¢p,sp) is a strongly regular complete bipartite FNDFG with equal bipartition, then the sum of
the membership, indeterminacy and non — membership grades of the common neighboring vertices of any pair of
non — adjoining vertices £=(£,, £,, £5) =[0,0].

Theorem:3.2

Let D = (¢p,Sp) be a FNDFG. If D is strongly regular and strong, then D is a Rypr Rupr Ryp) —regular
FNDFG.

Proof:

Assume that D is strongly regular FNDFG; then by definition D is a (R, , R, R,,) — regular
FNDFG. Further, as D is strong, then D is also strong. Therefore, we must have

%op (ni)alpu(ni) .
- if a.,(nin;) = 0,
Aep (nlnj) = appm)+agy (n)-ap,magy (n)) f gD( ' 1)

if0 < agD(ninj) <1
Bup m)Bup (nj)
B, (nn) = Bup @) +Bup (nj)=Bup dBup (1))

if 'BCD(ninj) =0
if 0 < B, (nnj) <1

Yvp M) +vyp (n)=2vv, M)y, (n)) i
ifvgp,\nng) = 0,
Yep(uny) = 1= Yyp Y (1) fYep (iny)

0 if 0 < y,(nmn) <1

In D , the degree of a vertex n; is defined by
d’% 5 (M) =[digp(ny), g, (ny), d’%(ni)]

- [Zninje(u aCD(nan) 'Zninjeib ﬁCD(nln]) 'ZninjEZD VCD(nlnj) ]
app()apn ()
i)+a(pD(nj)_a(pD(ni)a<pD(nj) ’

dj% (n):Z"i."j*niE<D ®< (nt) = z:ni.nj;"ni‘fw app®

D Bup m)Bup (1))
nin;j#n;Ep Bup d)+Byup (nf)_ﬁl‘D DBy )
YvD(ni)+YvD (nj)—Zva(ni)va (Tl]) _
1= yup vy (1)) Ry, Ry Rop)

As dj%ﬁ(n) = Rop, Rup Rop), D is (R, Ry, Ry,) — regular FNDFG.

Sy enicso
Up’
Corollary:1

Let D = (¢p,<p) be a FNDFG. If D is strongly regular and strong, then D is a Rypr Rup» Ryp) —regular FNDFG.

Theorem:3.3

Consider D = (¢p, Sp) be a strong FNDFG. Then D is a strongly regular FNDFG if and only if D is a
strongly regular FNDFG.

Proof:

Suppose that D is a strongly regular FNDFG. Then by definition, D is (R, ,%R,,,R,,) — regular
FNDFG. Further, the adjoining and non-adjoining vertices have equal common neighborhood © =(6,,6,, 65)
and £=(£,,£,,£3), respectively. To prove that D is a strongly regular FNDFG. We must show that D is
(ER(,JD', R, Ryp) —regular. Since D is strongly regular and strong, then by theorem 3.2, D is (SR(,,D‘, Ryupr Rop) —
regular. Moreover, assume that #; ={(n;,n;)/(n;,n;) € {p} and ¥, ={(n;,n;)/(n;,n;) € {p} be the sets of all

adjoining and non- adjoining vertices of D, where n;and n; have equal common neighborhood (S}
=(0,,6,,05) and £=(£;,£,, £3), respectively. Then #; ={(n;n;)/(n;n;) €} and N,
={(n;,n;)/(n;,n;) € {p}, where n; and n; have equal common neighborhood ©=(64,8,,083) and

£=(£,,£,,£3), respectively. Hence D is strongly regular FNDFG.

Conversely, D is a strongly regular FNDFG; then by definition, D is a Rop, Ryup Ryp) — regular.

Further, the adjoining and non-adjoining vertices have equal common neighborhood. To prove that D is a strongly
regular FNDFG. we must show that D is a (ER(PD', Ry Ryp) — regular. Since D is a strongly regular and strong,

then by corollary 1, Dis (R, , R, Ry ,) — regular. Furthermore, assume that N ={(n;, n;)/(n;,n;) € 7p} and

61



N, ={(ny,n;)/(n,n;) € {p }be the sets of all adjoining and non-adjoining vertices of D , where n; and n; have
equal common neighborhood © =(8,,0,,05) and £=(£,, £,, £5), respectively. Hence D is a strongly regular
FNDFG.

Theorem:3.4

Consider D = (¢p,sp) be a FNDFG such that the underlying graph D*= (¢p,sp) is strongly regular
graph; then D is strongly regular FNDFG if a,,, B, Vvp,» @gp, » Hep, Vg, are constant functions.

Proof:

Assume that D* = (D, R, 6, £) is a strongly regular graph. Also, assume that Aop

C1,Bup = Co, ¥y, = Cs forall n € ¢ and @;, = Cy, g, = Cs,v;, = Cent € {p .Then the degree of the vertex
n is given by

appMaeep (L)
ppM+app (O-ap,Magp,(t)

dJ(Z)(p ) = Zn,t:tneqo 2

:Zn,t¢n6<p C4:dJD*¢, (n) Cy= m‘PD Cy ’

Buup (MBup (©)
o By (O=Bup (W Bup (O

djtz)l,_ (n) = Zn,t#nE(p Bu

ZZn,tqtnE(p CSZdJD*H ) Cs = SR#D Cs,

_ Yvp MW +yyp (O—2yy, (MW yy, (6
Lo, (V)= Lnrancy 1= yyp Wy (©)

=Zn,t¢n€(p Ce= dJD*V(n)CG = SRVD Ce.

This implies that dip, =[dsg, n), doy,, n), dy,, M] = (Ry,Cs R, Cs, R, Cs). Therefore, D is a
(RypCa Ry, G5, Ry, C ) — regular FNDFG. Likewise, since a,,, By, ¥y, are constant functions, the parameters

are (06C,,0C,,06C;) and (£Cy,£C, £C5).Hence D is a strongly regular FNDFG with parameters
(m(pDCAI-' myDCS’ 911/DC6) s (ecll ech eCS) and (£C11 £C2'£C3)'

Remark: 3

Converse of the theorem 3.4 need not be true as seen in the example given below:

Definition: 3.4

Let D = (¢p,Sp) be a FNDFG and (CIJD(p)l , (CIJD(p)Z e, (dJD<p)rb€ the degree of the vertices of D.

Then the degree sequence is represented by

(dw«,)1 , (d’Dw)z (dJD‘P)r:
[(djw"’)l ' (dJ“"P)z ""’(d’%)r’(d’mp)l ’ (d’mp)z "“’(d"ll(l’)r,(d"V(p)l ’ (dlwp)z (dlwp)r]
(@0,), 2 (o,), = oz () .

Where | () = (dog,), =2 () and
)

(a,), 2 (a,

Definition: 3.5

N

v
v
~/~
&

NI
<
~—r
<

2

The set of different positive real values arising in the degree sequence of a FNDFG is known as degree
set.

Example: 3.3

Consider a graph D*= (©p,$p), where @p=1{ny, Ny, N3Ny N5, Ng } and
Sp=1MN3 Ny Ng NoNs , NyNy N3Ng, NN ). Let g, By, ¥y, be fermatean Dombi fuzzy vertex set and fermatean
Dombi fuzzy edge set defined on ¢, and ¢, respectively.
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ni Nz N3 Ny N5 N N3z  NiNe MN2aNs NNy N3Ns  Nyle

04 03 05 07 09 06 0.28 0.31 0.29 0.26 0.47 0.47
_|m nz n3 ng Nsg Ng ninz MNyNg NN NNy  NgNs  NyNe
(pD_ 0.6 08 04 05 0.3 0.5]° GD= 0.31 0.37 0.27 0.44 0.2 0.33
N, Nz N3 Ng MNg Ne ninz MNg MN2Ns NNy N3Ns  Nylg
05 02 06 06 04 04 0.7 0.62 0.47 0.63 0.68 0.68

ny (0.4,0.6,0.5) n, (0.3,0.8,0.2)

ng

(0.5,0.4,0.6)

ny

(0.7,0.5,0.6)
gb\
g/}

Q.
0
.6‘ Q.
2. A
8] o

(0.9,0.3,0.4) ng DEGREE SEQUENCE OF A FNDFG ne  (0.6,0.50.4)

The degree of the vertices are dip,(n;) =(0.59, 0.68, 1.32) ,dp,(n,) =(0.55,0.71,1.1), dop,(n3)
=(0.75,0.51,1.38),dsp, (n,) =(073,0.77,1.31),dsp, (n5) =(0.76,0.47,1.15) ,dsp, (ne) =(0.78,0.7,1.30).Hence the
degree sequence of the membership grades, indeterminacy grades, non-membership grades are
(0.78,0.76,0.75,0.73,0.59,0.55) , (0.77,0.71,0.7,0.68,0.51,0.47) and (1.38,1.32,1.31,1.30,1.15,1.11) whereas the

corresponding degree sets are (0.78,0.76,0.75,0.73,0.59,0.55),(0.77,0.71,0.7,0.68,0.51,0.47)and
(1.38,1.32,1.31,1.30,1.15,1.11)

Theorem: 3.5

Let D be a (D, R, 6, £) strongly regular FNDFG. Then the degree sequence of n elements of D is a
constant sequence (Ry,,, Ry oo veee o, Ry s Ry Ry e v, Ry Ry, Ry yRyp)-

Proof:

Assume that D is a (D), R, 6, £) strongly regular FNDFG; then by definition, (R, , R, R, ) — regular.

Thus, all the vertices have same degree dip,, (n;) = (ER(pD', Ry Ryp), wherei=1,2,....... , n. Hence we conclude
that the degree sequence of D is a constant sequence
Ropr Rop v Roop s Rups Rups oo s Ry s Ry, Ry e yRup)-

Theorem: 3.6

Let D = (1D, R, 6, £) strongly regular FNDFG. Then the degree set of membership and non-membership
grades of D is a singleton set {R,, },{R,,} and {R,,}, respectively.

Proof:

Assume that D is a (D, R, 6, £) strongly regular FNDFG; then by definition, D is a (R, , R, Ry)) —
regular. Thus, all the vertices have same degree dip, (n;) = Rypr Rupr Ryp), where i=1, 2, ... , n. As the

degree sequence of D is a constant sequence
(ER(,JD',ER(,)D' R ..,ER(pD'; Rup Rups eve e s Ry s Ry Rups von e ,Ryp) » then the corresponding membership and
non-membership degree set is {‘R(pD'}, {R,,} and {R,,}, respectively.

Definition : 3.6

Let {p = {nt,@;, (nt), pg, (nt),ve, (nt), nt € Gp} be a fermatean Dombi fuzzy edge set in FNDFG D.
then

e  The degree of an edge set nt € ¢ is symbolized by

dip,, (nt) = [dj% (nt), oy, (nt), dsy,, (nt)], where
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dwq; (nt) = ane;nlq# Q)(D (nq) + anecnrq# ®5D (at)
= dog,, (1) +dog,, (£)-2dsg,, (nt)
- app(Magpp () )
- + -
qu)(p (n) dJ‘D(p (t) z(awD(n)+a¢D(t)_a(pD(n)a‘PD(t)
d’uq; (nt) = anegn,q# Kep (nq) + anegD,q;tt Hep (qt)
= doy,, (1) +dy,, (£)-2dy,, (nt)

- Bup (Bup (O )
=ds +ds, (t)-2
Ho (n) #q)( ) <ﬂ[,¢D (n)+ﬂ#D (t)_ﬁ#D (n)ﬁuD ®

d’v¢ (Tlt) = anegD,qit V(D (nq) + anegD,qit V(D (qt)
= dJth (Tl) +d’vq, (t)'ZdJV(p (Tlt)
Yvp MW +1vp (O-2yy), (n)va(t)>
= + -
Dy, (1) +doy,, (©) 2( = Yy 7p O
The total degree of an edge nt € ¢p is symbolises by

the totally regular of degree (3, 315 Svp)- If

¥op (nt) = aneCqu# Q)(D (nq) + an‘Kquit Q)(D (a)+ Q){D (nq)
= g, (n) +dog,, (t)-dog,, (t)
- a(pD (n)a(pD ®) ) .
- + -
dl(z)(p m) d’0<p (®) <a¢,D(n)+a(pD(t)_a(pD(n)a(ﬂD(t) ’
T, (nt) = anecp,q#-f'u(D (nq) + ane;D,q#-t Hep (gt) + Hep (nq)
= oy, (1) +doy,, (8)-do,, (nt)

Bup (WBup, () )
—ds, (n) +ds, (£)- :
up () oy, () ([;MD M)+Bup OBy MBpp, (O

?vD (Tl) = anEqD,q¢tv(D (nq) + anegD,qitV(D (qt)+ + V{D (nQ)
= djv(p (Tl) +d’v(p (t)'djv(p (Tlt)

_ Yvp M+ (O -2vy (MY (1)
h dlvq’ (n) +d)v(p (t)-( 1- Yvp (n)va )

Example: 3.4

Consider a FNDFG over @p={ny,n,,n3ny ns,Ng, Ny, Ng,Noj. Then (i) the degree of an edge set ngng is
dipy(nsne) = [dog,, (nt), dyy , (nt), dy, , (nt)];

dj% (nsng) = dj% (ng )+cb% (ng) —ZdJ% (nsng )=0.89

d’uq, (nS Ng ) = dJI»‘(p (nS ) +d};¢¢, (n6 ) -2 d—’ﬂ(p (nS Ng ) =0.56 d’v(p (nS Ng ) = djv(p (nS )
+dJV(p (n6) -2 dJV(p (n5 n6) =1.52

(i) the total degree of an edge set ng ng is , Fdop,(nsng) =
(%o, (516 ), ¥y (s 16), %y (ns 16 )]s Fop(Msng) = dog,, (ns )+d1% (ng) -
dj% (nsng)=1.33 ¥ ,(nsng) = d’mp (ng )+d;#(p (ng) _d’mp (nsng )=0.87
Fop (15 726) = oy, (15 )4y, (25) b (11 )=2.34 ie))
dip,, (nsng) = [0.89,0.56,1.52] and Fdop, (nsne) = [1.33,0.87,2.34]

64



0.5,0.6,0.7) Mo 0.7,0.4,0.5  n,

0

ng

(0.5,0.6,0.4)

LN

(0.7,0.6,0.5)

(0.3,0.8,0.4)

(0.5,0.6,0.7) n,

(0.52,0.25,0.76)

n, (0.5,0.4,0.6)

(044,95 052 ng  (0.8,0.4,0.7)

FERMATEANDOMBI FUZZY EDGE SET IN FNDFG

Theorem 3.7:
Let (¢p,Sp) be a strongly regular FNDFG with @ (nt), pg, (nt),ve, (nt) as constant functions. then
the edge degree sequence and edge degree set are constant sequence and singleton set, respectively.

Proof:
Assume that @7 (nt) = Cy, pg, (nt) = C,,vg, (nt)= C5. Also, suppose that D is a strongly regular

FNDFG. Then by definition, D is (R, , R, Ry,) -regular such that

_ 2ppMapp () _
d’% (n) Zn,t:tnap appMW+ap, (O-ap, MWag, () - m(pD P
Bup M)Bup ()
dig (n) = =R, ,
2, (M) = L tneq Bup (M+Bup (D=Bup MWBup () D
VvD(n)+YvD(t)—ZVvD(n)YvD(t) - R
UD

dJ(DV (n) = Zn,t¢n6¢ 1= vy MWy, (0
Therefore, the degree of edge is dsp, (nt)= [dog,, (nt), iy, (nt), dsy,, (nt)], where as
dig,, (nt) = dog,,(n) +dig,, (£)-dog, (n)

Ay M)Ay, ()
+ 2 YD YD )
d’%’ (Tl) dJ@w (t) ((x(pD(n)+a(pD(t)—a(pD(n)a¢,D ®

=Ry, T Rypp- 201 =2 Ry,- C1) =Ry,
dfu(p (nt) = anegD,qit Hep (nq) + ane;D,q::t Hep (qt) + Hep (nq)

= o, (n) +ds, (£)-d, (nt) = o, (n)
Bup MBuy, () )
+ds, (t -2(
kp (6 Bup (W+Bup (O)=Bup (WBup, (£)
= ERMD * 9{MD' 26;=2 (mﬂD_ C2) = 2R#D
d’v¢p (nt)= anegD,qit Y¢p (nq) + ane;D,q::t Vep (gt)++ Y¢p (nq)
= d’v(p (n)

:djv(p (n)+d1v(p (t)'djv(p (Tlt)
Yvp M)+ () =2y, (MY, (£)
+ 2 (o D D D )
D, () ( 1= Yy (Myyp (8)
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= qu’D + ERV(PD_ 2C3 =2 (mv(pD' 263) = iRv(pD

Hence the edge degree sequence of membership , indeterminacy and non-membership grades are constant
sequence and its corresponding edge degree set 12 Ryp- €} 12 Ry,- G2} and {2 (meD' 2C3)} are
singleton sets.

Definition: 3.7

A FNDFG D = (D, R,06,£) on crisp graph D*= (¢p,Gp) is said to be edge regular of degree
(Rop, Rups Rup) of Ry, Rup, Ryy) — edge regular. If

dJ@(p (Tlt) = dJ@(p (Tl) +d}¢¢ (t) -Zdjq)q) (Tlt)

(M), (t)
= dig,, (1) +d1%(t)—2( i 42 ) =Ry,

appM)+ap,(O)-ap,(Magy ()

oy, (nt) = dy, (n) +dy,, (t)-2 iy, (nt)

_ Bup WBup (©) ) ~
- & +dy, (t)-2 ( - R
ke () H o, (- 2 s 6 B ©

d’p.(p (Tlt) = d’v(p (Tl) JrC‘Jv(p (t)' 2 d’vw (Tlt)

HD

_ Yvp MW +yy, (O—2yy, My (O .
= d;vw n) +d"’w (t)-2 ( =g vy © = m% for all nt € ¢, Example: 3.5

Consider a graph D*= (¢p, Gp) where where @p={n;,n,,n3n, } and gp-{nyn, nyn3,n3n, nyn, }. Let
Ay Bup Vv, be fermatean Dombi fuzzy vertex set and fermatean Dombi fuzzy edge set defined on ¢p and ¢
respectively.

ny
(0.6,0.5,0.4

n;

(0.4,0.4,0.5 (0.7,0.7,0.4)

(0.6,0.5,0.4)

nz

(0.8,0.6,0.4) (0.9,0.5,0.3)
EDGE REGULAR FNDFG

nq Ny ns Ny nin, ning Nnzng MNyNy
06 0.7 08 09 0.47 0.52 0.73 0.64
> Sp=

|m m2 nz ng ning MNqNz NzNg NaNg
$p=|os o7 06 o0s 041 037 037 041
ni nz nz nNg ninz MyN3 N3Ny NNy

04 04 03 0.2 0.57 0.52 0.40 0.15

Since the degree of each edge dip, (nt)= [dg,, (nt), iy, (nt), dyy,, (nt)]1=(1.1,0.7,1) forall nt = 1,2,3,4 in D™ is
(1.1,0.7,1) edge regular FNDFG.

Definition : 3.8

A FNDFG D = (D, R, 6,£) on crisp graph D*= (¢p,p) is said to be totally edge regular of degree
Rop,Sup> Svp)- o (Syp,Syp» Iv)y) totally edge regular. If

?‘PD (nt) = dJ@(p (n) +d’®(p (t)-d]¢(p (Tlt)

= 2op(Mapp (£ ) e~
dg,, () +dg,, (t)'<aq, »MW+ap, (O=ap, (Wag, (©) ~op,

T (n) = di,, (0)+d, (0)-diy, (nt)

ﬁﬂD (n)ﬁuD (t) ) o~
=d +ds, (t)- =
g () Fe, () <ﬁuD MW +Bupy OBy (MBup (©) Sty

66



?‘VD (Tl) = dJth (n) +d’vq, (t)'d"v(p (Tlt)

Yvp MW +yyp (O—2yy, (Wyy, (0
1= yyp MWy @)

= d’v¢ (n) +d;v(p (t)-2 ( > =3,, forallnt€ gp. Example: 3.6

Consider a graph D*= (®p,Sp) where where Qp={ny,ny,nzny } and
Sp= 1Ny, NNz, NNy, NyNg NoNy, N3 Ny} Let ay, ), By, ¥y, be fermatean Dombi fuzzy vertex set and fermatean
Dombi fuzzy edge set defined on ¢, and ¢, respectively.

ny (0.7,0.4,0.5)

(0,

10'16‘
‘0'-5)

(0.4,0.18,0.47)

n; ny
(0.8,0.2,0.4) (0.5,0.7,0.6)
(0.4,0.2,0.47)
ng (0.9,0.3,0.2)
TOTALLY EDGE REGULAR FNDFG
Ny Nz N3 Ny [nlnz ninz NNy NzN3z  NaNg n3n4-|
07 08 09 05 0.4 0.4 0.40 0.40 0.4 0.4

_ nq Ny nz Ny . ning ning ning nzng NoNgy nzngy
$p~ (o4 02 03 o7 SP=|01s 0.2 015 015 0.18 0.2

ng Nz Nz Ny ning NiNgz NNy NNz NNy N3Ny
0.5 04 02 0.6 0.47 0.47 0.50 0.47 0.47 0.47

Since the total degree of each edge Tdup, (nt)= [dg,, (nt), iy, (nt), dyy,, (nt)]1=(2,0.85,2.35) forallnt = 1,2,3,4
in D* is (1.1,0.7,1) totally edge regular FNDFG.

Theorem: 3.8

Let D = (¢p,5p) be a (ERq,,D,, ‘.R”D,ERVD)- regular FNDFG such that dog,, (nt), d, ,(nt), ds,,, (nt)] are
constant functions then D is (iRw o Rup iRvD) — edge regular FNDFG.

Proof:
Assume that D is a (§R<p b iRﬂD, ERVD) — regular FNDFG such that
— a(pD (n)a(pD (t) _
dJ(D(p (n) Zn,t¢n6<p agpp (W +ap, (O—app (Mag, ©) = iR(pD >
ﬁﬂD (n)BuD (t)
dsg, ()= _
0u (W)= Lnteney Bup W+Bpup (O=Bup WPy (©) Rup -

Yvp (n)‘H/VD (t)_ZYvD (n)YvD ®

dJ(Z)V (n): Zn,t¢n6¢ 1- 7 (n)va ®) = ml‘D

As @ (nt), pg, (nt),ve, (nt) are constant functions, @, (nt) = Cy, pgy (nt) = C,,v¢, (nt)= C; for all nt € gp,.
By using the definition of edge degree dip,=
[dj% (nt), dJM(p (nt), de(p (nt)], where as

dJ(D(p (nt) = dJ(D(p (n) +dj¢(p (t)-dj(b(p (Tlt)

= dig,, (n) +dog,, (£)-2 ( 2ppMaey () )

appM+apy () —apyM)ae, (1)
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=Ry TRep- 26, =2R,y- €)= Ry,
doy, (nt) = doy (n) +doy,, (6)-doy,, (nt)

Bup MBup (1) )

=d +ds, (t)-2
g () + o, (8) (% M) +Bpp, OBy MWBup ()

- m#D + m#n' 20;=2 (m#D_ ()= §R#D
d’v(p (Tlt) = d’v(p (Tl) +d’vq, (t)'d"v(p (Tlt)

Yvp MW +1vp (O-2yy), (n)va(t)>

- + -
iy () by, (0)-2 (R E

= mv(pD + iRv(pD- 2C3 =2 (SRV(PD_ 2C3) = mva
Hence, we conclude that D is a (SR(pD', Ry SRVD) — edge regular FNDFG.
Theorem:3.9

Let D = (¢p,Gp) be a (iR(pD,' Ry ERVD) — edge regular (3,3, Jy,,) — totally edge regular FNDFG
then @z, (nt), ug, (nt) and vg, (nt) are constant functions.

Proof:

Assume that D is a (ER(/,D', Rup» ERVD) —edge regular and (3, , 31> Jv,) — totally edge regular FNDFG.
Then the degree of edge is

dj@(p (Tlt) = dj@(p (n) +d]0(p (t)-d}q)(p (nt)

Ay M)Ay (L)
= d,% n) +d’o¢ (t)-2 ( ¢pM%p ) =R,

app(M)+apy () —appMag, (1)

di,, () = doy, () +do,, (O)-d,, (nt)

B;J.D (n)ﬁuD ®) _
- m#n

Bup M +Byup ©—Bup W Bup (©)
diy,, (nt) =doy,,(n) +d,, (0)-dyy,, (nt)

= iy (1) +eby (02

YvD(n)'H’vD(t)—ZYvD(n)va(t)> -
1= yup My () Vop

= oy, (1) +dy,, (02
And the total degree of edge is
¥,,(nt) = dig,, (n) +dig,, (t)—dj% (nt)

_ appMapp (1) &
dJ@fP (n) +d)®<ﬂ (t) _(“<PD (M +ag, (O-appMagp, (©) So

T () = oy (0) +d,, (£)-d,, (1)

_ Bup MBup ) ) e
= + - =
Dy () +dy, (0) (BuD (MW+Bup (O=Bup (WBup (£) Sup
?VD (nt) = d’vq, ) +d’v¢p (t)'djvw (nt)
_ Yvp MW +yyp (O -2yy, (Wyy () o~
= vy (1) (t)'( 1= Yy (WY (©) Svp

Further it follows that (i) for membership grade,

?lPD (nt) = S<PD
= dJ(D(p (n) +d’®(p (t)-d]m(p (Tlt)

op(MWaep(t) &
qu)fP (n) +dJ®<P (t) -(“tﬂp (O PINGOELPINOEPING) So

D

68



app(M)agy (t) & = —
d’(b(p (n)+d1®<p (t)—Z <a¢D M +ae,®)-ap,Mag, (t)>+dj¢(p (Tlt) “Sop T(PD (nt) = Sep
Rop
(i1) for indeterminacy grade,
T#D (nt) =3 HD
= djﬂw n) +d1ﬂ(p (t)-djﬂ(p (nt)
‘B#D (n)ﬁ#D (t) > o~
+ - =
D, (1) e, (1) (B,LD M)+Bup, OBy (WBup, () Sup
Bup MW Bup (V) ) L~
+ - + =
Dy (1) b, (8)-2 (ﬁ,m By OBy MBpp (O D, (=T

?PLD (nt) = S#D - g‘RMD

(iii) for non-membership grade,
'¥VD (nt) = SVD

= d’v(p (Tl) +d’v(p (t)'djv(p (nt)

Yvp M) +yyp (=21, (M) 7y (£) ~
iy, (1) +aby,, (0)-( L2220 ) gy

1= vy, MWy (O
Yvp (n)'H’vD (t)—ZYvD (n)VvD ®
1-yp (n)va ®)

i, () iy, (02 )+ du, ) =3,

T, (1) =3, - Ry,

Hence we conclude that ¥, ) (nt) = 3,, — Ry, » T, (nt) =3, — R, and

D

F,,(nt) =3, - EvaD are constant functions.

Theorem :3.10

Let D = (¢p,5p) be a FNDFG on a regular crisp graph D*= (¢p,<p) then @, (ninj), Hep (ninj) and
Vo (ninj) are constant functions if and only if D = (¢p,sp) is both a (m%,,mw%) — edge regular
Copr3ups Svp) — totally edge regular FNDFG.

Proof:

Assume that D = (¢p,Gp) is a FNDFG on a regular crisp graph D*. Also suppose that @ (ninj),
iz, (nin;) and vg, (nm;) are constant functions @z (n;n;) = Cy, wg, (nin;) = €y, vey (nin;)=Cs forallnyn; €
¢p. By using the definition of vertex degree dig,, (ninj), oy, (ninj), dy, (ninj) , we must have

2pp MDA, ™))
m+agp(n))-ap,m)ag, ()

dj(aqz (n]) = Zni,njznap g

ZZnirnjEfD ang (ninf) =ZnivnjE{D ang C)=RC = ER<PD

B#D (ni)BuD (n])
ds i) =2imin:
Ou (n]) an,nﬂtnE(p Bup M) +Bup (n))=Bup dBup ())

= Zni,njE{D ,U(ng (nlnj) :Zni,njE{D B[’LD ¢ (CZ) =R CZ = m#D

Yvp M) +yyp (nj)_ZVvD m)vvp (n])
1= yvp )¥yp (1))

d’(DV (nj) = Zni,nj::nqu
= Zni,njE{D y(ng (nln]) :Zni,njE{D Y(pD; (C3) =R C3 == ERV(pD

Therefore, D*= (¢p,sp) is a (‘.‘Rq,D,, Ry §RVD) — regular FNDFG. Further , by definition of total degree of edge,
we have

Fop (i) =Dnmecy et Pgp (i) + Ynmnjespizjtep ()t @, (imy)
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:ZninlegD (Cl) + annjegD,l¢j(C1)+ (Cl)

=C(R-1)+C(R-1)+C; = €; @R~ 1) =3, Forall n;n; € gp,

In the similar case , we can easily prove that F,, (ninj) = 3y, For all nyn; € ¢p and %, (ninj) = 3y, Forall
n;n; € p. Hence we conclude that D*= (¢p, Gp) is both (SRqug Rup ER,,D) —regularand (3, , 31, Jvp,) — totally
edge regular FNDFG.

Conversely, assume that D* is both (quoD,: ERHD,ERVD) — regular and (3, 3y, Sy,) — totally edge regular

FNDFG. To prove that @¢ (ninj), Hep (ninj) and vg, (ninj) are constant functions, consider the definition of
total degree of edge, we have
Tpp(niny) = dog,, () +dog,, (1)-dog, (mim;)
_ op(M)app (1)) )
= ) + 2 )-
dJ@w (n:) d’% (Tl]) <a<pD(ni)+a¢D(t)—a¢D(ni)a(pD(nJ-)

pp MDA (©)
S =R +R - ( ®p D )
Sen = Top T ep T\ G ey, O-apy (Dagy ()

Fop (nin]-) =2 Ry, — Iy, Forallnn; € gp

In the similar case , we can easily prove that ¥, (ninj) =2R,, —3J,, Forallmyn; € gpand ¥, (ninj) ZZiRWPD -

3y, For all nyn; € ¢p. Hence, we conclude that @7 (ninj), Hep (n,-nj) and vy, (n,-nj) are constant functions of
FNDFG.

Theorem: 3.11

Let D = (¢p,sp) be a FNDFG on a crisp graph D*= (¢p,sp) .If @ (ninj), Hzp (nin]-) and v, (ninj)
are constant functions, then (ER(,,D', Ry ER,,D) — edge regular if and only if D* is an edge regular graph.

Proof:

Suppose that @¢ (ninj), Hzp (ninj) and vy, (ninj) are constant functions such that @, (ninj) = C,
Hep (ninj) = Cy, Vg, (nin]-)= C; for all n;n; € gp. Assume that D* is (‘.R(,,D',ERALD, va) —edge regular. To prove
that D* is an edge regular graph, we suppose on contrary that D* is not an edge regular graph. i.e) D*(ninj) *)
D*(nyn,) for atleast one pair of n;n;,n,n; € gp.By definition of degree of edge of FNDFG , we have

dog,, (nin; ) = dog,, () +dsg,, (1 )-dog, (1)

app(Mapy(nj)
=dig_(n;) +ds ; -2( £p D )
P (n:) D¢ (nj) app()+ap,(nj)-ap,MPag, ;)

= ZninlE;D Ji#l Q(D (nyny) + annjegp,htjj{p (nlnj)'2 Q{D (ninj)

:ZninlEgD (Cl) + annngD,lstj(Cl) 2 (Cl)

= diprg, ()Cy + diprg,, (n; )G, — 26,
= Cy(drpg, () +dipeg, () = 2) = Cidipep,, (in ).
Likewise, we can easily prove that do, (ninj) = CszD*#D(ninj) and ds,, (ninj) = C3dop=y,, (ninj) For all
n;n; € p.Therefore, cbD%(ninj )=l Cidipeg,, (nin ), Codopey, (niny ), Csdopey, (nym; ) 1and diDg,, () =[
Crdiprg,, (M), Codopy () 5 Cadopey, (yemy) 1.As diD*g (niny ) # diD*g (myemy), thus diDg, (nym; ) #

dJD@(p (nyn;). Therefore , D is not (9’1’%,, Ry ﬂ%vD) edge regular FNDFG, a contradiction. Hence we conclude
that D* is an edge regular graph.

Conversely, assume that G* is an edge regular graph. To prove that D is a (iR(p o Rup» iRvD) edge regular
FNDFG. we suppose on the contrary that D is not (qum,' Ry ERVD) edge regular FNDFG. i.e)
dJD@(p (nin]- ) * cIJD% (nyn,) for atleast one pair of n;n; n,n; € gp, [ cIJD*% (ninj ), dip*pp, (ninj ) , dipeyp (ninj )
1 #[dpy, (neny), dopry, (ieny) , dopry,, () 1. Now diDy, (ninj) # diDy,, (nyn;) implies that
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[ ZninmEgD JEmM Q)(D (ninm) + annngD,m¢jj{D (nmnj)] * [Znonkegg ,0%k Q)(D (nonk) + ZnonlEgD,oilj{D (nonl)

]

Dz, (ninj) is a constant function, we have dJD*% (ninj) * cIJD*% (ngn;) a contradiction. Hence we conclude
that Disa (iR(pD', Rup ERVD) edge regular FNDFG.

4. Conclusion:

In this work, a new class of strongly regular fermatean neutrosophic fuzzy dombi operators has been
developed to improve aggregation under uncertainty. The operators were shown to satisfy important regularity
properties, guaranteeing reliable and consistent results. Their adaptability makes them suitable for complex
decision-making problems. The proposed approach offers a meaningful extension to existing models and opens
avenues for further research in advanced neutrosophic frame works.
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   Ԃ    D  N


   Ԃ   ∅  𝜑  (   n  i ) ,    Ԃ    𝜇  𝜑  (   n  i ) ,  Ԃ    𝜈  𝜑  (   n  i )


   (  Ѳ 1   , Ѳ 2   , Ѳ 3 )


   (  £ 1   , £ 2   , £ 3 )


  ℜ , Ѳ , £


    𝒏  𝟏


    𝒏  𝟑


    𝒏  𝟔


    𝒏  𝟐


    𝒏  𝟓


    𝒏  𝟒


    𝜑  D ,  ϛ  D


  𝜎


    t 1 ,     t 2 , … … . ,   t  n }


    𝜎 1 a n d     𝜎 2


      ∅    𝜁  D   (   n  i ,   n  j ) = 0


   


      𝜇    𝜁  D    (   n  i ,   n  j ) = 0    


  a n d     𝜈    𝜁  D    (   n  i ,   n  j ) = 0


    n  i ,   n  j ∈


    𝜎 1  


    n  i ,   n  j ∈   𝜎 2


    𝛼   ϛ  D    (    )


    𝛽   ϛ  D    (   n  i   n  j ) ≤       𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )    𝛽    𝜇  D    (   n  i )   + 𝛽    𝜇  D    (   n  j ) −   𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )


    𝛾   ϛ  D    (   n  i   n  j ) ≤       𝛾    𝜈  D  (   n  i ) +   𝛾    𝜈  D  (   n  j ) − 2   𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )  1 −     𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )


  ∀     n  i ∈


    𝜎 1


    n  j ∈   𝜎 2 .


    𝜑  D ,  ϛ  D


   ƍ 1


   ƍ 2 ,  ƍ 3


   ƍ 1


   ƍ 2 ,  ƍ 3


    𝜎 1


    𝜎 2


    𝜑  D ,  ϛ  D


    𝜎 1 a n d     𝜎 2


    (  χ 1


   χ 2 ,  χ 3


    (  Ω 1


   Ω 2 ,  Ω 3


    D ∗


    𝜑  D ,  ϛ  D


    𝜑  D


    n 1 ,   n 2 ,   n  3 ,   n  4   ,     n  5  


    𝜑    D 1


    n 1 ,   n 2


    𝜑    D 2


    n  3 ,   n  4   ,     n  5  


   ϛ  D =


    n 1   n  3 ,   n 1   n  4   ,     n 1   n  5   ,     n 2   n 3 ,   n 2   n  4   ,     n 2   n  5  


    𝜑    D 1


    𝜑    D 2


    (  χ 1


   χ 2 ,  χ 3


    (  Ω 1


   Ω 2 ,  Ω 3


    𝜑    D 1


    n 1 ,   n 2


   [        n 1  0 . 5 ,      n 2  0 . 7       n 1  0 . 6 ,      n 2  0 . 4       n 1  0 . 4 ,      n 2  0 . 5 ]                               𝜑    D 2


    n  3 ,   n  4   ,     n  5  


   [        n 3  0 . 3 ,     n 4  0 . 7       n 3  0 . 8 ,     n 4  0 . 6       n 3  0 . 4 ,     n 4  0 . 5 ,    ,     n 5  0 . 5       n 4  0 . 4   ,     n 4  0 . 6 ]


   ϛ  D


    n 1   n 2 ,   n 2   n 3 ,   n 3   n 4 ,   n 4   n 1


   [        n 1   n 3  0 . 2 ,     n 1   n 4  0 . 4 ,     n 1   n 5  0 . 3 ,     n 2   n 3  0 . 2 ,       n 1   n 3  0 . 5 ,     n 1   n 4  0 . 4 ,     n 1   n 5  0 . 2 ,     n 2   n 3  0 . 3 ,       n 1   n 3  0 . 5 ,     n 1   n 4  0 . 6 ,     n 1   n 5  0 . 6 ,     n 2   n 3  0 . 6 ,        n 2   n 4  0 . 5 ,     n 2   n 5  0 . 4       n 2   n 4  0 . 3 ,     n 2   n 5  0 . 2       n 2   n 4  0 . 6 ,     n 2   n 5  0 . 7 ]
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    𝒏  𝟏


    𝒏  𝟒


    𝒏  𝟓


    𝒏  𝟑


    𝜑  D ,  ϛ  D


    𝛼    𝜑  D ,   𝛽    𝜇  D ,   𝛾    𝜈  D ,  ∅    𝜁  D  


    𝜇    𝜁  D  


    𝜈    𝜁  D  


    𝜑  D ,  ϛ  D


    𝜑  D ,  ϛ  D


  𝜎


    t 1 ,     t 2 , … … . ,   t  n }


    𝛼    𝜑  D ,   𝛽    𝜇  D ,   𝛾    𝜈  D ,  ∅    𝜁  D  


    𝜇    𝜁  D  


    𝜈    𝜁  D  


    𝛼    𝜑  D =   C  1   ,     𝛽    𝜇  D =   C  2   ,   𝛾    𝜈  D =   C 3 ,  ∅    𝜁  D   =   C 4


    𝜇    𝜁  D   =   C  5  


    𝜈    𝜁  D   =   C  6     n  i ,   n  j ∈   𝜁  D   .


    𝜑  D ,  ϛ  D


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


   (  Ѳ 1   , Ѳ 2   , Ѳ 3 )


   (  £ 1   , £ 2   , £ 3 )


   Ԃ    D  N


   Ԃ   ∅  𝜑  (   n  i ) ,    Ԃ    𝜇  𝜑  (   n  i ) ,  Ԃ    𝜈  𝜑  (   n  i )


   Ԃ   ∅  𝜑  ( n )


   [   ∑    n  i   n  j ∈   𝜁  D        𝛼    𝜑  D ϛ (   n  i   n  j )   ,     ∑    n  i   n  j ∈   𝜁  D        𝜇    𝜑  D ϛ (   n  i   n  j )   ,     ∑    n  i   n  j ∈   𝜁  D        𝛾    𝜑  D ϛ (   n  i   n  j )   ]


          ∑    n  i ,   n  j ≠   n  i ∈  ϛ  D      𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j )    𝛼    𝜑  D  (   n  i )   + 𝛼    𝜑  D  (   n  j ) −   𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j )


    ∑    n  i ,   n  j ≠   n  i ∈  ϛ  D      𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )    𝛽    𝜇  D    (   n  i )   + 𝛽    𝜇  D    (   n  j ) −   𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )


    ∑    n  i ,   n  j ≠   n  i ∈  ϛ  D      𝛾    𝜈  D  (   n  i ) +   𝛾    𝜈  D  (   n  j ) − 2   𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )  1 −     𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )


   [    ( n − 1 ) C 4 ,    ( n − 1 ) C 5 ,    ( n − 1 ) C 6 ]


   [    ( n − 1 ) C 4 ,    ( n − 1 ) C 5 ,    ( n − 1 ) C 6 ]


   (  Ѳ 1   , Ѳ 2   , Ѳ 3 )


   [    ( n − 2 ) C 1 ,    ( n − 2 ) C 2 ,    ( n − 2 ) C 3 ]


   (  £ 1   , £ 2   , £ 3 )


    𝜑  D ,  ϛ  D


    𝜑  D ,  ϛ  D


   (  £ 1   , £ 2   , £ 3 )


    𝜑  D ,  ϛ  D


   (  £ 1   , £ 2   , £ 3 )


    𝜑  D ,  ϛ  D


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


    D


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


    D -


      𝛼   ϛ  D  (   n  i   n  j ) - =    {        𝛼    𝜑  D  (   n  i )   𝛼    𝜑  D  (   n  j )    𝛼    𝜑  D  (   n  i )   + 𝛼    𝜑  D  (   n  j ) −   𝛼    𝜑  D  (   n  i )   𝛼    𝜑  D  (   n  j )                                             i f     𝛼   ϛ  D  (   n  i   n  j )   =     0 ,   0                                                                                                                                                           i f   0   <     𝛼   ϛ  D  (   n  i   n  j )   ≤   1


      𝛽   ϛ  D  (   n  i   n  j ) - =    {        𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )    𝛽    𝜇  D    (   n  i )   + 𝛽    𝜇  D    (   n  j ) −   𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )                                             i f     𝛽   ϛ  D  (   n  i   n  j )   =     0 ,   0                                                                                                                                                           i f   0   <     𝛽   ϛ  D  (   n  i   n  j )   ≤   1


      𝛾   ϛ  D  (   n  i   n  j ) - =    {        𝛾    𝜈  D  (   n  i ) +   𝛾    𝜈  D  (   n  j ) − 2   𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )  1 −     𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )                                             i f   𝛾   ϛ  D  (   n  i   n  j )   =     0 ,   0                                                                                                                                                           i f   0   <     𝛾   ϛ  D  (   n  i   n  j )   ≤   1
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   [   ∑    n  i   n  j ∈   𝜁  D        𝛼   ϛ  D  (   n  i   n  j ) -   ,   ∑    n  i   n  j ∈   𝜁  D        𝛽   ϛ  D  (   n  i   n  j ) -   ,   ∑    n  i   n  j ∈   𝜁  D        𝛾   ϛ  D  (   n  i   n  j )   -   ]


   Ԃ   ∅  𝜑  ( n )
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          ∑    n  i ,   n  j ≠   n  i ∈  ϛ  D      𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j )    𝛼    𝜑  D  (   n  i )   + 𝛼    𝜑  D  (   n  j ) −   𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j )


    ∑    n  i ,   n  j ≠   n  i ∈  ϛ  D      𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )    𝛽    𝜇  D    (   n  i )   + 𝛽    𝜇  D    (   n  j ) −   𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )


    ∑    n  i ,   n  j ≠   n  i ∈  ϛ  D      𝛾    𝜈  D  (   n  i ) +   𝛾    𝜈  D  (   n  j ) − 2   𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )  1 −     𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )
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  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


    𝜑  D ,  ϛ  D


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


    𝜑  D ,  ϛ  D


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


   (  Ѳ 1   , Ѳ 2   , Ѳ 3 )


   (  £ 1   , £ 2   , £ 3 )


    D -


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


   Ꞥ 1


  { (   n  i   , n  j ) / (   n  i   , n  j ) ∈   𝜁  D


   Ꞥ 2


  { (   n  i   , n  j ) / (   n  i   , n  j ) ∉   𝜁  D


    n  i   a n d   n  j


   (  Ѳ 1   , Ѳ 2   , Ѳ 3 )


   (  £ 1   , £ 2   , £ 3 )


    -


  { (   n  i   , n  j ) / (   n  i   , n  j ) ∈     𝜁  D -


     Ꞥ 2 -


  { (   n  i   , n  j ) / (   n  i   , n  j ) ∉     𝜁  D -


    n  i   a n d     n  j


   (  Ѳ 1   , Ѳ 2   , Ѳ 3 )


   (  £ 1   , £ 2   , £ 3 )


   D -


    -


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


  D


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


    D -


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


     Ꞥ 1 -  


  { (   n  i   , n  j ) / (   n  i   , n  j ) ∈     𝜁  D -


     Ꞥ 2 -


  { (   n  i   , n  j ) / (   n  i   , n  j ) ∉     𝜁  D -


    D -


    n  i   a n d     n  j


   (  Ѳ 1   , Ѳ 2   , Ѳ 3 )


   (  £ 1   , £ 2   , £ 3 )


    𝜑  D ,  ϛ  D


    D ∗


    𝜑  D ,  ϛ  D


    𝛼    𝜑  D ,   𝛽    𝜇  D ,   𝛾    𝜈  D ,  ∅    𝜁  D  


    𝜇    𝜁  D  


    𝜈    𝜁  D  


    D ∗


  ℜ , Ѳ , £


    𝛼    𝜑  D =   C  1   ,     𝛽    𝜇  D =   C  2   ,   𝛾    𝜈  D =   C 3


   


  n ∈ 𝜑


    a n d    ∅    𝜁  D   =   C 4


    𝜇    𝜁  D   =   C  5  


    𝜈    𝜁  D   =   C  6   n t ∈   𝜁  D  


   Ԃ   ∅  𝜑  ( n )


          ∑  n , t ≠ n ∈ 𝜑      𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )


    ∑  n , t ≠ n ∈ 𝜑    C 4


   Ԃ      D ∗  𝜑  ( n )   C 4 =


   ℜ    𝜑  D   C 4


   Ԃ   ∅  𝜇  ( n )  


      ∑  n , t ≠ n ∈ 𝜑      𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )


    ∑  n , t ≠ n ∈ 𝜑    C 5


   Ԃ      D ∗  𝜇  ( n )   C 5


  =  ℜ    𝜇  D   C 5


   Ԃ   ∅  𝜈  ( n )  


          ∑  n , t ≠ n ∈ 𝜑      𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )


    ∑  n , t ≠ n ∈ 𝜑    C 6


   Ԃ      D ∗  𝜈  ( )


   Ԃ    D  N


   Ԃ   ∅  𝜑  ( n ) ,    Ԃ    𝜇  𝜑  ( n ) ,  Ԃ    𝜈  𝜑  ( n )


    (   ℜ    𝜑  D   C 4 ,    ℜ    𝜇  D   C 5 ,  ℜ    𝜈  D   C 6   )


    (   ℜ    𝜑  D   C 4 ,    ℜ    𝜇  D   C 5 ,  ℜ    𝜈  D   C 6   )


    𝛼    𝜑  D ,   𝛽    𝜇  D ,   𝛾    𝜈  D


   (   Ѳ C 1   , Ѳ C 2   , Ѳ C 3 )


   ( £  C 1   , £ C 2   , £ C 3 )


    (   ℜ    𝜑  D   C 4 ,    ℜ    𝜇  D   C 5 ,  ℜ    𝜈  D   C 6   )


   (   Ѳ C 1   , Ѳ C 2   , Ѳ C 3 )


   ( £  C 1   , £ C 2   , £ C 3 )


    𝜑  D ,  ϛ  D


     (  Ԃ    D  𝜑 ) 1 ,      (  Ԃ    D  𝜑 ) 2 … … . ,    (  Ԃ    D  𝜑 )  r


     (  Ԃ    D  𝜑 ) 1 ,      (  Ԃ    D  𝜑 ) 2 … … . ,    (  Ԃ    D  𝜑 )  r


   [    (  Ԃ   ∅  𝜑 ) 1 ,      (  Ԃ   ∅  𝜑 ) 2 … … . ,    (  Ԃ   ∅  𝜑 )  r ,      (  Ԃ    𝜇  𝜑 ) 1 ,      (  Ԃ    𝜇  𝜑 ) 2 … … . ,    (  Ԃ    𝜇  𝜑 )  r ,      (  Ԃ    𝜈  𝜑 ) 1 ,      (  Ԃ    𝜈  𝜑 ) 2 … … . ,    (  Ԃ    𝜈  𝜑 )  r ]


   [       (  Ԃ   ∅  𝜑 ) 1 ≥      (  Ԃ   ∅  𝜑 ) 2 ≥ … … . ≥    (  Ԃ   ∅  𝜑 )  r ,        (  Ԃ    𝜇  𝜑 ) 1 ≥      (  Ԃ    𝜇  𝜑 ) 2 ≥ … … . ≥    (  Ԃ    𝜇  𝜑 )  r        (  Ԃ    𝜈  𝜑 ) 1 ≥      (  Ԃ    𝜈  𝜑 ) 2 ≥ … … . ≥    (  Ԃ    𝜈  𝜑 )  r a n d ]


    D ∗


    𝜑  D ,  ϛ  D


    𝜑  D


    n 1 ,   n 2 ,   n  3 ,   n  4   ,     n  5   ,     n  6  


   ϛ  D =


    n 1   n  3 ,   n 1   n  6   ,     n 2   n  5     ,   n 2   n  4   ,     n 3   n  5  


    n 4   n 6


    𝛼    𝜑  D ,     𝛽    𝜇  D ,   𝛾    𝜈  D


    𝜑  D   a n d    ϛ  D


    𝜑  D


   [        n 1  0 . 4      n 2  0 . 3      n 3  0 . 5       n 1  0 . 6      n 2  0 . 8      n 3  0 . 4       n 1  0 . 5      n 2  0 . 2      n 3  0 . 6                n 4  0 . 7      n 5  0 . 9      n 6  0 . 6       n 4  0 . 5      n 5  0 . 3      n 6  0 . 5       n 4  0 . 6      n 5  0 . 4      n 6  0 . 4 ]


   ϛ  D =  [        n 1   n 3  0 . 28      n 1   n 6  0 . 31      n 2   n 5  0 . 29       n 1   n 3  0 . 31      n 1   n 6  0 . 37      n 2   n 5  0 . 27       n 1   n 3  0 . 7      n 1   n 6  0 . 62      n 2   n 5  0 . 47                n 2   n 4  0 . 26      n 3   n 5  0 . 47      n 4   n 6  0 . 47       n 2   n 4  0 . 44      n 3   n 5  0 . 2      n 4   n 6  0 . 33       n 2   n 4  0 . 63      n 3   n 5  0 . 68      n 4   n 6  0 . 68 ]


    𝒏  𝟏


    𝒏  𝟐


    𝒏  𝟑
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    𝒏  𝟔


    𝒏  𝟒


   Ԃ    D  N  (   n 1 )


   Ԃ    D  N  (   n 2 )


   Ԃ    D  N  (   n 3 )


   Ԃ    D  N  (   n 4 )


   Ԃ    D  N  (   n 5 )


   Ԃ    D  N  (   n 6 )


  D


  ℜ , Ѳ , £


  (  ℜ    𝜑  D , ,  ℜ    𝜑  D , … … . . . ,  ℜ    𝜑  D , ;    ℜ    𝜇  D ,  ℜ    𝜇  D , … … . ,  ℜ    𝜇  D ;  ℜ    𝜈  D ,  ℜ    𝜈  D , … … ,  ℜ    𝜈  D


  D


  ℜ , Ѳ , £


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


   Ԃ    D  N  (   n  i )


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


  (  ℜ    𝜑  D , ,  ℜ    𝜑  D , … … . . . ,  ℜ    𝜑  D , ;    ℜ    𝜇  D ,  ℜ    𝜇  D , … … . ,  ℜ    𝜇  D ;  ℜ    𝜈  D ,  ℜ    𝜈  D , … … ,  ℜ    𝜈  D


  D


  ℜ , Ѳ , £


   ℜ    𝜑  D , } ,   { ℜ    𝜇  D }       a n d     {  ℜ    𝜈  D }


  D


  ℜ , Ѳ , £


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


   Ԃ    D  N  (   n  i )


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D


  (  ℜ    𝜑  D , ,  ℜ    𝜑  D , … … . . . ,  ℜ    𝜑  D , ;    ℜ    𝜇  D ,  ℜ    𝜇  D , … … . ,  ℜ    𝜇  D ;  ℜ    𝜈  D ,  ℜ    𝜈  D , … … ,  ℜ    𝜈  D


   ℜ    𝜑  D , } ,   { ℜ    𝜇  D }       a n d     {  ℜ    𝜈  D }


   ζ  D  


   ∅   ζ  D    ( nt )


    


    


    nt ∈  ϛ D


  nt ∈  ϛ D


   Ԃ    D  N  ( n t )  


    


   Ԃ   ∅  𝜑  ( n t )    


    ∑  nq ∈  ϛ D , q ≠ t   ∅    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t   ∅    𝜁  D   ( q t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


    


    ∑  nq ∈  ϛ D , q ≠ t    𝜇    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t    𝜇    𝜁  D   ( q t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


     Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   Ԃ    𝜈  𝜑  ( n t )  


    ∑  nq ∈  ϛ D , q ≠ t    𝜈    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t    𝜈    𝜁  D   ( q t )


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


     Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


  nt ∈  ϛ D


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


   ₮    𝜑  D  ( n t )  


      ∑  nq ∈  ϛ D , q ≠ t   ∅    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t   ∅    𝜁  D   ( q t )


   ∅    𝜁  D   ( n q )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   ₮    𝜇  D  ( n t )  


    ∑  nq ∈  ϛ D , q ≠ t    𝜇    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t    𝜇    𝜁  D   ( q t )


    𝜇    𝜁  D   ( n q )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


     Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ₮    𝜈  D  ( n )


    ∑  nq ∈  ϛ D , q ≠ t    𝜈    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t    𝜈    𝜁  D   ( q t )


    𝜈    𝜁  D   ( n q )


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


    𝜑  D


    n 1 ,   n 2 ,   n  3 ,   n  4   ,     n  5   ,     n  6   ,   n 7 ,   n 8 ,   n 9


    n  5     n  6    


   Ԃ    D  N  (   n  5     n  6   ) = [  Ԃ   ∅  𝜑  ( n t ) ,    Ԃ    𝜇  𝜑  ( n t ) ,  Ԃ    𝜈  𝜑  ( n t ) ]


   Ԃ   ∅  𝜑  (   n  5     n  6   ) =  Ԃ   ∅  𝜑  (   n  5   )


   Ԃ   ∅  𝜑  (   n  6   )  


   Ԃ   ∅  𝜑  (   n  5     n  6   )


   Ԃ    𝜇  𝜑  (   n  5     n  6   ) =  Ԃ    𝜇  𝜑  (   n  5   )


   Ԃ    𝜇  𝜑  (   n  6   )  


   Ԃ    𝜇  𝜑  (   n  5     n  6   )


   Ԃ    𝜈  𝜑  (   n  5     n  6   )


   Ԃ    𝜈  𝜑  (   n  5   )


   Ԃ    𝜈  𝜑  (   n  6   )  


   Ԃ    𝜈  𝜑  (   n  5     n  6   )


    n  5     n  6  


    ₮ Ԃ    D  N  (   n  5     n  6   ) = [  ₮    𝜑  D  (   n  5     n  6   ) ,    ₮    𝜇  D  (   n  5     n  6   ) ,  ₮    𝜇  D  (   n  5     n  6   ) ]


   ₮    𝜑  D  (   n  5     n  6   ) =  Ԃ   ∅  𝜑  (   n  5   )


   Ԃ   ∅  𝜑  (   n  6   )  


   Ԃ   ∅  𝜑  (   n  5     n  6   )


   ₮    𝜇  D  (   n  5     n  6   ) =  Ԃ    𝜇  𝜑  (   n  5   )


   Ԃ    𝜇  𝜑  (   n  6   )  


   Ԃ    𝜇  𝜑  (   n  5     n  6   )


   ₮    𝜈  D  (   n  5     n  6   )    


     Ԃ    𝜈  𝜑  (   n  5   )


   Ԃ    𝜈  𝜑  (   n  6   )  


   Ԃ    𝜈  𝜑  (   n  5     n  6   )


   


   Ԃ    D  N  (   n  5     n  6   ) = [ 0 . 89 , 0 . 56 , 1 . 52 ]


    ₮ Ԃ    D  N  (   n  5     n  6   ) = [ 1 . 33 , 0 . 87 , 2 . 34 ]


    𝐧  𝟏


    𝐧  𝟓


    𝐧  𝟗


    𝐧  𝟕


    𝐧  𝟖


    𝐧  𝟔


    𝐧  𝟐


    𝐧  𝟑


    𝐧  𝟒


                                 


    𝜑  D ,  ϛ  D


   ∅   ζ  D    ( nt )


   μ   ζ  D    ( nt )


   ν   ζ  D    ( nt )


   ∅   ζ  D    ( nt )


    C 1


   μ   ζ  D    ( nt )   =     C 2


   ν   ζ  D    ( nt )


    C 3


  D


  D


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )  


   Ԃ   ∅  𝜑  ( n )


          ∑  n , t ≠ n ∈ 𝜑      𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )                       =      ℜ    𝜑  D


                               Ԃ   ∅  𝜇  ( n )  


      ∑  n , t ≠ n ∈ 𝜑      𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )


  =     ℜ    𝜇  D  


                               Ԃ   ∅  𝜈  ( n )  


          ∑  n , t ≠ n ∈ 𝜑      𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )


  =     ℜ    𝜇  D


   Ԃ    D  N ( n t )


   Ԃ   ∅  𝜑  ( n t ) ,    Ԃ    𝜇  𝜑  ( n t ) ,  Ԃ    𝜈  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


  2  (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   ℜ    𝜑  D


   ℜ    𝜑  D


    C 1


   ℜ    𝜑  D


    C 1 )


   ℜ    𝜑  D


   Ԃ    𝜇  𝜑  ( n t )  


    ∑  nq ∈  ϛ D , q ≠ t    𝜇    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t    𝜇    𝜁  D   ( q t )


    𝜇    𝜁  D   ( n q )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ℜ    𝜇  D


   ℜ    𝜇  D


    C 2


   ℜ    𝜇  D


    C 2


   ℜ    𝜇  D


   Ԃ    𝜈  𝜑  ( n t )


    ∑  nq ∈  ϛ D , q ≠ t    𝜈    𝜁  D   ( n q )


    ∑  n q ∈  ϛ  D , q ≠ t    𝜈    𝜁  D   ( q t )


    𝜈    𝜁  D   ( n q )


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


  2  (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


   ℜ      𝜈  𝜑  D


   ℜ      𝜈  𝜑  D


    C 3


   ℜ      𝜈  𝜑  D


    C 3


   ℜ      𝜈  𝜑  D


   ℜ    𝜑  D


    C 1 ) }


   ℜ    𝜇  D


    C 2


   ℜ      𝜈  𝜑  D


    C 3


  D


  ℜ , Ѳ , £


    D ∗


    𝜑  D ,  ϛ  D


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


  (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


  2    (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


     ℜ    𝜑  D


   Ԃ    𝜇  𝜑  ( n t )  


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ℜ    𝜇  D


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


  2  (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


   ℜ      𝜈  𝜑  D


  nt ∈  ϛ D


    D ∗


    𝜑  D ,  ϛ  D


    𝜑  D


    n 1 ,   n 2 ,   n  3 ,   n  4  


   ϛ  D =


    n 1   n  2 ,   n 1   n  3   ,   n 3   n  4   ,     n 2   n  4  


    𝛼    𝜑  D ,     𝛽    𝜇  D ,   𝛾    𝜈  D


    𝜑  D   a n d    ϛ  D


                                                                 


    𝐧  𝟏


    𝐧  𝟒


    𝐧  𝟑


    𝐧  𝟐


    𝜑  D


   [        n 1  0 . 6      n 2  0 . 7      n 3  0 . 8       n 1  0 . 5      n 2  0 . 7      n 3  0 . 6       n 1  0 . 4      n 2  0 . 4      n 3  0 . 3                n 4  0 . 9       n 4  0 . 5       n 4  0 . 2 ]


   ϛ  D =  [        n 1   n 2  0 . 47      n 1   n 3  0 . 52      n 3   n 4  0 . 73       n 1   n 3  0 . 41      n 1   n 3  0 . 37      n 3   n 4  0 . 37       n 1   n 3  0 . 57      n 1   n 3  0 . 52      n 3   n 4  0 . 40                n 2   n 4  0 . 64       n 2   n 4  0 . 41       n 2   n 4  0 . 15 ]


   Ԃ    D  N ( n t )


   Ԃ   ∅  𝜑  ( n t ) ,    Ԃ    𝜇  𝜑  ( n t ) ,  Ԃ    𝜈  𝜑  ( n t )


  nt = 1 , 2 , 3 , 4


    D ∗


  D


  ℜ , Ѳ , £


    D ∗


    𝜑  D ,  ϛ  D


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


   ₮    𝜑  D  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


     Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   ℑ    𝜑  D ,


   ₮    𝜇  D  ( n t )        


     Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


       Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ℑ    𝜇  𝜑


   ₮    𝜈  D  ( n )


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


  2  (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


   ℑ    𝜈  D


  nt ∈  ϛ D


    D ∗


    𝜑  D ,  ϛ  D


    𝜑  D


    n 1 ,   n 2 ,   n  3 ,   n  4  


   ϛ  D =


    n 1   n 2 ,   n 1   n  3   ,   n 1   n 4 ,   n 2   n  3   ,     n 2   n  4   ,     n  3   n 4


    𝛼    𝜑  D ,     𝛽    𝜇  D ,   𝛾    𝜈  D


    𝜑  D   a n d    ϛ  D


                       


    𝐧  𝟏


    𝐧  𝟐


    𝐧  𝟒


    𝐧  𝟑


    𝜑  D


   [        n 1  0 . 7      n 2  0 . 8      n 3  0 . 9       n 1  0 . 4      n 2  0 . 2      n 3  0 . 3       n 1  0 . 5      n 2  0 . 4      n 3  0 . 2                n 4  0 . 5       n 4  0 . 7       n 4  0 . 6 ]


   ϛ  D =  [        n 1   n 2  0 . 4      n 1   n 3  0 . 4      n 1   n 4  0 . 40       n 1   n 3  0 . 15      n 1   n 3  0 . 2      n 1   n 4  0 . 15       n 1   n 3  0 . 47      n 1   n 3  0 . 47      n 1   n 4  0 . 50                n 2   n 3  0 . 40      n 2   n 4  0 . 4      n 3   n 4  0 . 4       n 2   n 3  0 . 15      n 2   n 4  0 . 18      n 3   n 4  0 . 2       n 2   n 3  0 . 47      n 2   n 4  0 . 47      n 3   n 4  0 . 47 ]


    ₮ Ԃ    D  N ( n t )


   Ԃ   ∅  𝜑  ( n t ) ,    Ԃ    𝜇  𝜑  ( n t ) ,  Ԃ    𝜈  𝜑  ( n t )


  nt = 1 , 2 , 3 , 4


    D ∗


    𝜑  D ,  ϛ  D


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   Ԃ   ∅  𝜑  ( n t ) ,    Ԃ    𝜇  𝜑  ( n t ) ,  Ԃ    𝜈  𝜑  ( n t )


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   Ԃ   ∅  𝜑  ( n )


          ∑  n , t ≠ n ∈ 𝜑      𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )                       =      ℜ    𝜑  D


                               Ԃ   ∅  𝜇  ( n )


      ∑  n , t ≠ n ∈ 𝜑      𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )


  =     ℜ    𝜇  D  


                               Ԃ   ∅  𝜈  ( n )


          ∑  n , t ≠ n ∈ 𝜑      𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )


  =     ℜ    𝜇  D


   ∅   ζ  D    ( nt )


   μ   ζ  D    ( nt )


   ν   ζ  D    ( nt )


   ∅   ζ  D    ( nt )


    C 1


   μ   ζ  D    ( nt )   =     C 2


   ν   ζ  D    ( nt )


    C 3


  nt ∈  ϛ D


   Ԃ    D  N


   Ԃ   ∅  𝜑  ( n t ) ,    Ԃ    𝜇  𝜑  ( n t ) ,  Ԃ    𝜈  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


  2  (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   ℜ    𝜑  D


   ℜ    𝜑  D


    C 1


   ℜ    𝜑  D


    C 1 )


   ℜ    𝜑  D


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ℜ    𝜇  D


   ℜ    𝜇  D


    C 2


   ℜ    𝜇  D


    C 2


   ℜ    𝜇  D


   Ԃ    𝜈  𝜑  ( n t )        


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


  2  (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


   ℜ      𝜈  𝜑  D


   ℜ      𝜈  𝜑  D


    C 3


   ℜ      𝜈  𝜑  D


    C 3


   ℜ      𝜈  𝜑  D


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


    𝜑  D ,  ϛ  D


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


   ∅   ζ  D    ( nt )


   μ   ζ  D    ( nt )  


   ν   ζ  D    ( nt )


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


  2  (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   ℜ    𝜑  D


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ℜ    𝜇  D


   Ԃ    𝜈  𝜑 ( n t )


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


  2  (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


   ℜ      𝜈  𝜑  D


   ₮    𝜑  D  ( n t )  


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


      Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   ℑ    𝜑  D ,


   ₮    𝜇  D  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


      Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ℑ    𝜇  D


   ₮    𝜈  D


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


   ℑ    𝜈  D


   ₮    𝜑  D  ( n t )  


   ℑ    𝜑  D


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   Ԃ   ∅  𝜑  ( n t )


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


   (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   ℑ    𝜑  D


   Ԃ   ∅  𝜑  ( n )


   Ԃ   ∅  𝜑  ( t )


  2  (     𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  ( n )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D ( n )   𝛼    𝜑  D ( t ) )


   Ԃ   ∅  𝜑  ( n t )  


   ℑ    𝜑  D


   ₮    𝜑  D  ( n t ) =  ℑ    𝜑  D −  ℜ    𝜑  D


   ₮    𝜇  D  ( n t )


   ℑ    𝜇  D


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   Ԃ    𝜇  𝜑  ( n t )


   Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


   (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   ℑ    𝜇  D


                             Ԃ    𝜇  𝜑  ( n )


   Ԃ    𝜇  𝜑  ( t )


  2  (     𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t )    𝛽    𝜇  D    ( n )   + 𝛽    𝜇  D    ( t ) −   𝛽    𝜇  D   ( n )   𝛽    𝜇  D   ( t ) )


   Ԃ    𝜇  𝜑  ( n t )


   ℑ    𝜇  D


                             ₮    𝜇  D  ( n t )


   ℑ    𝜇  D −    ℜ    𝜇  D


   ₮    𝜈  D


   ℑ    𝜈  D


   Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   Ԃ    𝜈  𝜑  ( n t )


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


   (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) )


   ℑ    𝜈  D


      Ԃ    𝜈  𝜑  ( n )


   Ԃ    𝜈  𝜑  ( t )


  2  (     𝛾    𝜈  D  ( n ) +   𝛾    𝜈  D  ( t ) − 2   𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t )  1 −     𝛾    𝜈  D  ( n )   𝛾    𝜈  D  ( t ) ) +  Ԃ    𝜈  𝜑  ( n t )


   ℑ    𝜈  D


   ₮    𝜈  D  ( n t )


   ℑ    𝜈  D


   ℜ      𝜈  𝜑  D


   ₮    𝜑  D  ( n t ) =  ℑ    𝜑  D −  ℜ    𝜑  D


   ₮    𝜇  D  ( n t )


   ℑ    𝜇  D −    ℜ    𝜇  D


   ₮    𝜈  D  ( n t )


   ℑ    𝜈  D


   ℜ      𝜈  𝜑  D


    𝜑  D ,  ϛ  D


    D ∗


    𝜑  D ,  ϛ  D


   ∅   ζ  D    (   n  i   n  j )


   μ   ζ  D    (   n  i   n  j )  


   ν   ζ  D    (   n  i   n  j )


    𝜑  D ,  ϛ  D


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


    𝜑  D ,  ϛ  D


    D ∗


   ∅   ζ  D    (   n  i   n  j )


   μ   ζ  D    (   n  i   n  j )  


   ν   ζ  D    (   n  i   n  j )


   ∅   ζ  D    (   n  i   n  j )


    C 1


   μ   ζ  D    (   n  i   n  j )   =     C 2


   ν   ζ  D    (   n  i   n  j )


    C 3


    n  i   n  j ∈  ϛ D


   Ԃ   ∅  𝜑  (   n  i   n  j ) ,    Ԃ    𝜇  𝜑  (   n  i   n  j ) ,  Ԃ    𝜈  𝜑  (   n  i   n  j )


   Ԃ   ∅  𝜑  (   n  j )


          ∑    n  i   , n  j ≠ n ∈ 𝜑      𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j )    𝛼    𝜑  D  (   n  i )   + 𝛼    𝜑  D  (   n  j ) −   𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j )                      


    ∑    n  i   , n  j ∈   𝜁  D        𝛼    𝜑  D ϛ (   n  i   n  j )


    ∑    n  i ,   n  j ∈   𝜁  D        𝛼    𝜑  D ϛ (   C 1 )


  ℜ


    C 1


  =      ℜ    𝜑  D


                               Ԃ   ∅  𝜇  (   n  j )


      ∑    n  i   , n  j ≠ n ∈ 𝜑      𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )    𝛽    𝜇  D    (   n  i )   + 𝛽    𝜇  D    (   n  j ) −   𝛽    𝜇  D   (   n  i )   𝛽    𝜇  D   (   n  j )


  =   ∑    n  i   , n  j ∈   𝜁  D        𝜇    𝜑  D ϛ (   n  i   n  j )      


    ∑    n  i   , n  j ∈   𝜁  D        𝛽    𝜇  D   ϛ (   C 2 )


  ℜ


    C 2


      ℜ    𝜇  D


                               Ԃ   ∅  𝜈  (   n  j )  


          ∑    n  i   , n  j ≠ n ∈ 𝜑      𝛾    𝜈  D  (   n  i ) +   𝛾    𝜈  D  (   n  j ) − 2   𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )  1 −     𝛾    𝜈  D  (   n  i )   𝛾    𝜈  D  (   n  j )


    ∑    n  i   , n  j ∈   𝜁  D        𝛾    𝜑  D ϛ (   n  i   n  j )


    ∑    n  i   , n  j ∈   𝜁  D        𝛾    𝜑  D ϛ (   C 3 )


  ℜ


    C 3


   ℜ      𝜈  𝜑  D


    D ∗


    𝜑  D ,  ϛ  D


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   ₮    𝜑  D  (   n  i   n  j )


    ∑    n  i   n  l ∈  ϛ D   ,   i ≠ l   ∅    𝜁  D   (   n  i   n  l )


    ∑    n  l   n  j ∈  ϛ  D , l ≠ j    j    𝜁  D   (   n  l   n  j )


   ∅    𝜁  D   (   n  i   n  j )


    ∑    n  i   n  l ∈  ϛ D    (   C 1 )


    ∑    n  l   n  j ∈  ϛ  D , l ≠ j  (   C 1 )


  (   C 1


    C 1


    C 1


    C 1


    C 1


   ℑ    𝜑  D


    n  i   n  j ∈  ϛ D


   ₮    𝜇  D  (   n  i   n  j )


   ℑ    𝜇  D


    n  i   n  j ∈  ϛ D


   ₮    𝜈  D  (   n  i   n  j )


   ℑ    𝜈  D


    n  i   n  j ∈  ϛ D


    D ∗


    𝜑  D ,  ϛ  D


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


    D ∗


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   ℑ    𝜑  D , ,  ℑ    𝜇  D


     ℑ    𝜈  D


   ∅   ζ  D    (   n  i   n  j )


   μ   ζ  D    (   n  i   n  j )  


   ν   ζ  D    (   n  i   n  j )


   ₮    𝜑  D  (   n  i   n  j )  


   Ԃ   ∅  𝜑  (   n  i )


   Ԃ   ∅  𝜑  (   n  j )


   Ԃ   ∅  𝜑  (   n  i   n  j )


   Ԃ   ∅  𝜑  (   n  i )


   Ԃ   ∅  𝜑  (   n  j )


   (     𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j )    𝛼    𝜑  D  (   n  i )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j ) )


   ℑ    𝜑  D


   ℜ    𝜑  D


   ℜ    𝜑  D


   (     𝛼    𝜑  D (   n  i )   𝛼    𝜑  D ( t )    𝛼    𝜑  D  (   n  i )   + 𝛼    𝜑  D  ( t ) −   𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j ) )


   ₮    𝜑  D  (   n  i   n  j ) = 2      ℜ    𝜑  D − ℑ    𝜑  D


    n  i   n  j ∈  ϛ D


   ₮    𝜇  D  (   n  i   n  j )


  2     ℜ    𝜇  D −  ℑ    𝜇  D


    n  i   n  j ∈  ϛ D


   ₮    𝜈  D  (   n  i   n  j )


   ℜ      𝜈  𝜑  D −


   ℑ    𝜈  D


    n  i   n  j ∈  ϛ D


   ∅   ζ  D    (   n  i   n  j )


   μ   ζ  D    (   n  i   n  j )  


   ν   ζ  D    (   n  i   n  j )


    𝜑  D ,  ϛ  D


    D ∗


    𝜑  D ,  ϛ  D


   ∅   ζ  D    (   n  i   n  j )


   μ   ζ  D    (   n  i   n  j )  


   ν   ζ  D    (   n  i   n  j )


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


    D ∗


   ∅   ζ  D    (   n  i   n  j )


   μ   ζ  D    (   n  i   n  j )  


   ν   ζ  D    (   n  i   n  j )


   ∅   ζ  D    (   n  i   n  j )


    C 1


   μ   ζ  D    (   n  i   n  j )   =     C 2


   ν   ζ  D    (   n  i   n  j )


    C 3


    n  i   n  j ∈  ϛ D


    D ∗


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


    D ∗


    D ∗


    D ∗  (   n  i   n  j )


  ≠


    D ∗  (   n  k   n  l )


    n  i   n  j   ,     n  k   n  l ∈  ϛ D


   Ԃ   ∅  𝜑  (   n  i   n  j   )


   Ԃ   ∅  𝜑  (   n  i )


   Ԃ   ∅  𝜑  (   n  j   )


   Ԃ   ∅  𝜑  (   n  i   n  j   )


   Ԃ   ∅  𝜑  (   n  i )


   Ԃ   ∅  𝜑  (   n  j   )


  2  (     𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j   )    𝛼    𝜑  D  (   n  i )   + 𝛼    𝜑  D  (   n  j   ) −   𝛼    𝜑  D (   n  i )   𝛼    𝜑  D (   n  j   ) )


    ∑    n  i   n  l ∈  ϛ D   ,   i ≠ l   ∅    𝜁  D   (   n  i   n  l )


    ∑    n  l   n  j ∈  ϛ  D , l ≠ j    j    𝜁  D   (   n  l   n  j )


   ∅    𝜁  D   (   n  i   n  j )


    ∑    n  i   n  l ∈  ϛ D    (   C 1 )


    ∑    n  l   n  j ∈  ϛ  D , l ≠ j  (   C 1 )


  (   C 1


   Ԃ    D ∗  ∅  𝜑  (   n  i )     C 1 + Ԃ    D ∗  ∅  𝜑  (   n  j   )   C 1 − 2   C 1


      C 1 ( Ԃ    D ∗  ∅  𝜑  (   n  i )   + Ԃ    D ∗  ∅  𝜑  (   n  j   ) − 2 )


    C 1  Ԃ    D ∗  ∅  𝜑  (   n  i   n  j   )


   Ԃ    𝜇  D  (   n  i   n  j   )


    C 2  Ԃ    D ∗   𝜇  D  (   n  i   n  j   )


   Ԃ    𝜈  D  (   n  i   n  j   )


    C 3  Ԃ    D ∗   𝜈  D  (   n  i   n  j   )


    n  i   n  j ∈  ϛ D


    Ԃ D   ∅  𝜑  (   n  i   n  j   )


    C 1  Ԃ    D ∗  ∅  𝜑  (   n  i   n  j   )


    C 2  Ԃ    D ∗   𝜇  D  (   n  i   n  j   )


    C 3  Ԃ    D ∗   𝜈  D  (   n  i   n  j   )


    Ԃ D   ∅  𝜑  (   n  k   n  l )


    C 1  Ԃ    D ∗  ∅  𝜑  (   n  k   n  l )


    C 2  Ԃ    D ∗   𝜇  D  (   n  k   n  l )


    C 3  Ԃ    D ∗   𝜈  D  (   n  k   n  l )


    Ԃ  D ∗   ∅  𝜑  (   n  i   n  j   )


  ≠


    Ԃ  D ∗   ∅  𝜑  (   n  k   n  l )


    Ԃ D   ∅  𝜑  (   n  i   n  j   )     ≠ Ԃ D   ∅  𝜑  (   n  k   n  l )


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   D ∗


   G ∗


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )


    Ԃ D   ∅  𝜑  (   n  i   n  j   )     ≠ Ԃ D   ∅  𝜑  (   n  k   n  l )


    n  i   n  j ,   n  k   n  l ∈  ϛ D


   Ԃ    D ∗  ∅  𝜑  (   n  i   n  j   )


   Ԃ    D ∗   𝜇  D  (   n  i   n  j   )


   Ԃ    D ∗   𝜈  D  (   n  i   n  j   )


  ≠


   Ԃ    D ∗  ∅  𝜑  (   n  k   n  l )


   Ԃ    D ∗   𝜇  D  (   n  k   n  l )


   Ԃ    D ∗   𝜈  D  (   n  k   n  l )


    Ԃ D   ∅  𝜑  (   n  i   n  j   )


  ≠


    Ԃ D   ∅  𝜑  (   n  k   n  l )


    ∑    n  i   n  m ∈  ϛ D   ,   i ≠ m   ∅    𝜁  D   (   n  i   n  m )


    ∑    n  m   n  j ∈  ϛ  D , m ≠ j    j    𝜁  D   (   n  m   n  j ) ] ≠


  [     ∑    n  o   n  k ∈  ϛ D   ,   o ≠ k   ∅    𝜁  D   (   n  o   n  k )


    ∑    n  o   n  l ∈  ϛ  D , o ≠ l    j    𝜁  D   (   n  o   n  l )


   ∅   ζ  D    (   n  i   n  j )


    Ԃ  D ∗   ∅  𝜑  (   n  i   n  j   )


  ≠


    Ԃ  D ∗   ∅  𝜑  (   n  k   n  l )


   (  ℜ    𝜑  D , ,  ℜ    𝜇  D ,  ℜ    𝜈  D )

