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Abstract: For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The Boolean function
graph B(Kp, L(G), INC, NINC) of G is a graph with vertex set V(G) U E(G), and two vertices in B(Kp, L(G), INC, NINC) are
adjacent if and only if they correspond to two adjacent edges of G or to a vertex and an edge incident to it in G, or to a vertex
and an edge not incident to it in G, where L(G) is the line graph of G. For brevity, this graph is denoted by BF3(G).
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1. Introduction

Graphs discussed in this paper are undirected and simple graphs. For a graph G, let V(G) and
E(G) denote its vertex set and edge set respectively. A clique partition of G is a collection C of cliques such that
each edge of G occurs in exactly one clique in C. The clique partition number cp(G) is the minimum size of a
clique partition of G.

The Line graphs, Middle graphs, Total graphs and Quasi-total graphs are very much useful in computer
networks.

Whitney[15] introduced the concept of the line graph L(G) of a given graph Gin 1932. The first
characterization of line graph is due to Krausz. The Middle graph M(G) of a graph G was introduced by Hamada
and Yoshimura [4]. Characterizations were presented for middle graphs of any graph, tree and complete graphs
in[1]. The concept of total graphs was introduced by Behzad [2] in 1966. Sastry and Raju [14] introduced the
concept of quasi-total graphs and they solved the graph equations for line graphs, middle graphs, total graphs and
quasi-total graphs. This motivates us to define and study other graph operations.

The points and Lines of a graph are called its elements. Two elements of a graph are neighbors if they
are either incident or adjacent. The total graph T(G) of G has vertex set V(G)UE(G) and vertices of T(G) are
adjacent whenever they are neighbors in G. The quasi-total graph [8] P(G) of G is a graph with vertex set as that
of T(G) and two vertices are adjacent if and only if they correspond to two nonadjacent vertices of G or to two
adjacent edges of G or to a vertex and an edge incident to it in G. The middle graph M(G) of G is the one whose
vertex set is as that of T(G) and two vertices are adjacent in M(G) whenever either they are adjacent edges of G
or one is a vertex of G and the other is an edges of G incident with it. Clearly, EMM(G)) = E(T(G)) — E(G). For
any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The Boolean function graph
B(K,, L(G),INC, NINC) of G is a graph with vertex set V(G) U E(G) and two vertices in B(K,, L(G),INC, NINC)
are adjacent if and only if they correspond to two adjacent edges of G or to a vertex and an edge incident to it in
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G, or to a vertex and an edge not incident to it in G, where L(G) is the line graph of G. For brevity, this graph is

denoted by BF; (G)'In this section, general properties, traversability and eccentricity properties of BF3(G)

discussed. Domination parameters are determined.

are

In the following, some elementary properties of BF3(G) are obtained.
Observation :2
Let G be a (p, q) graph.

1. L(G) is an induced subgraph of BF3(G) and the subgraph of BF3(G) induced by vertices of G is totally
disconnected.

2. The number of vertices in BF3(G) is p + q and if d; = dega(vi), Vi€ V(G), then the number of edges in
. 1 1
BF3(G) is [E(L(Q))| +pq =;Xdf =g +pq=q(p- )+ ;X df.

3. The degree of a vertex of G in BF3(G) is q and the degree of a vertex e of L(G) in BF3(G) is degrg) e
+p=d(u)+d(v) — 2+ p, where ¢ = (u, v) € E(G).

4. BF3(G) contains isolated vertices if and only if G = nK;, n > 1.
5. BF3(G) is a connected graph if and only if ¢ > 1, p > 2.

6. Let G be any graph G such that BF3(G) is connected. Then BF3(G) contains a cut vertex if and only if
G =K,UnK;, forn=>0.

7.If G = nKyU mK;, m =0, n>1, thenBF3(G) = Kanim, n.

8. Let G be a graph with atleast one edge. Then vertex set of BF3(G) can be partitioned into two sets V|
and V; such that < V> is totally disconnected and < V,>= L(G).

9. Edge set of BF3(G) can be partitioned into edges of K, q and L(G).

10. Let G be a (p, q) graph with q > 2. If L(G) is complete, then vertex set of BF3(G) can be partitioned
into a complete graph K, and an independent set containing p vertices and hence BF3(G) is a split graph.

11. If L(G) =K, then a set containing any pair of adjacent vertices in BF3(G) forms a dominating set of
BF3(G). Therefore, BF3(G) is a multipartite graph K 11,1 . If L(G) = gK, then BF3(G) =K, 4.

12. Let G be a (p, q) graph. BF3(G) contains K, 3 as an induced subgraph if and only if p >3 and q> 1.

13. Let H be any (p, q) graph. Then the solution of BF3(G) =L(G) is (G, H), where G
= K,pU H’, where L(H ") =L(G) .

F3(G)

In this section, general properties, traversability and eccentricity properties ofB are discussed.

Domination parameters are determined.
Theorem 2.1:

For any graph G, if BF3(G) has a dominating edge, then the end vertices of this edge correspond to a
vertex of G and a vertex of L(G) .

Proof.

Let x be a dominating edge in BF3(G). If x = (u, v), where u, v are vertices of G ,then x€ E(G). The
vertex X' in BF3(G) corresponding to the edge x is adjacent neither u nor v. Hence the end vertices of the
dominating edge x cannot be both vertices of G. Let x = (e1’, €2’ ), where both e;'and e, " are vertices of L(G) in
BF3(G). Let e; and e; be edges in G corresponding to e;'and e . If there exists an edge e € E(G) not
adjacent to both e; and e, then the corresponding vertex in BF3(G) is not adjacent to both e;" and e, '. Hence the
end vertices of the dominating edge x cannot be both vertices of L(G). Thus the end vertices of the dominating
edge in BF3(QG) correspond to a vertex of G and a vertex of L(G) .

Theorem 2.2:
For any ( p, q ) graph with p > 3, q > 2, the girth of BF3(G)is3 or 4.
Proof.

If G contains Ps as a subgraph then BF3(G) contains triangles and hence girth of G is 3. If all edges G are
independent, then G contains C;4 as an induced subgraph and hence girth of Gis 4 .
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Theorem 2.3:

Let G be any graph such that BF3(G) is connected. Then BF3(G) geodetic if and only if
G =K,UnK;, n>0.

Proof.

Since BF3(G) isconnected , G contains atleast one edge. Assume BF3(G) is geodetic. If G contains
triangles, then BF3(G) contains Cs4 as an induced subgraph and hence is not geodetic. Assume G is triangle free.
If Bi(G) > 2, then BF3(G) contains Cs4 as an induced subgraph and hence is not geodetic. Therefore q < 2. Since
G contains atleast one edge, q = 1. Therefore G = K, UnKy, n>0. Conversely if G = K, UnKy, n>
0, then BF3(G) = K, »+2 and hence is geodetic.

Theorem 2.4:

Let G be a (p, q) graph with q > 2. Then BF3(G) is Eulerian if and only if q is even and both p and d(u)
+ d(v) are of some parity, for every pair of adjacent vertices u and v in G.

Proof.

Let G be a (p, q) graph with q > 2. Assume BF3(G) is Eulerian. Then every vertex in BF3(G) is of even
degree.

Degree of a vertex of G in BF3(G) is equal to q is even. Degree of a vertex e of L(G) in BF3(G) = degL(G)e
+p=deg,u+deg.v-2+piseven where e = (u, v) € E(G).That is, both p and d(u) + d(v) are of some parity.
Conversely, if the conditions in the theorem holds, then every vertex of BF3(QG) is of even degree. Therefore
BF3(G) is Eulerian.

Theorem 2.5:
For any graph G with atleast three vertices, BF3(G) is self- centered with radius 2 if and only if Bi(G).
Proof.

Since the subgraph of BF3(G) induced by vertices of V(G) > 2 is totally disconnected, distance between
any two vertices of G in BF3(G) is 2. Let u, v € V(G) and e € E(G). Let ¢’ be the vertex of L(G) corresponding to
e. Then ue'v is a geodesic in BF3(G) and hence d(u, v) in BF3(G) is 2. Thus, the distance between any vertices of
G in BF3(G) is 2.

Let v, e’ € V(BF3(G)), where v € V(G), ¢’ is the vertex in BF3(G) corresponding to an edge e in G. Then
dgr, ) (v, €)= 1. Let el’, e2" be two vertices of L(G) in BF3(G) and ey, e> be the corresponding edges in G. If ey,
e; are adjacent edges in G, then d sr3G)( €1, €2 ) = 1. If e, e, are nonadjacent edges in G, then if v € V(G) N
V(BF3(G)), then e;'v e, is a geodesic path in BF3(G) and hence dgg, g (€1', €2") = 2. Hence, the distance between
any two vertices of L(G) in BF3(G) is atmost 2. From the above argument, eccentricity of a vertex of G in BF3(G)
is 2 and the eccentricity of a vertex of L(G) in BF3(G) is 1 (or) 2. From the above argument, BF3(G) is self-
centered with radius

Remark 2.1:

BF3(G) is bi-eccentric with radius 1 and 2 if and only if Bi(G) = 1.
Theorem 2.6:

Bo(BF3(G)) =p .

proof.

V(G) is a maximum independent set in BF3(G), since each vertex of L(G) is adjacent to its incident and
non-incident vertices of G.

Remark 2.2:
ao(BF3(G)) = q . Since (ao(BF3(G)) + Bo(BF3(G))) =p+q.
Theorem 2.7:

P1(BF3(G)) = max {min(p, q), Bi(L(G)) }.

Proof.
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Let {vi, v2, v3, ..., vp} be the vertices of G.
Casel.p<q.

Then the set {( vi, e1), ( V2, €2), ..., ( Vp, €)} is an edge independent set of BF3(G), where e;'s are distinct
and hence Bi(BF3(G)) > p.

Case2.p>q.

Then the set {( vi, e1), ( V2, €2), ..., ( Vg, €9)} 1S an edge independent set of BF3(G), where ei's are distinct
and hence B1(BF3(G)) > q. Therefore B1(BF3(G)) > min(p, q). On the other hand, edge independent set of L(G) is
also an edge independent set of BF3(G) and hence B(BF3(G)) >max {min(p, q), Bi1(L(G)) }. Equality holds, if G
=nK; n>2.

Remark 2.3:
1. a1(BF3(G)) = au( L(G)).
2. %(BF3(G)) = y(L(G)) + 1.

Observation 2.2:

If radius of L(G) is 1, then no(BF3(G)) = 1, since L(G) is an induced subgraph of BF3(G).

Theorem 2.6:
If the independent domination number y;0fL(G) is 2, then no(BF3(G)) = 2.
Proof.

Assume vi(L(G)) = 2. Then there exist two independent edges e; and e, in G such that each edge in
G is adjacent to atleast one of e; and e,. If e;’ and e, be the vertices of L(G) in BF3(G) corresponding to e; and
e, then { e/’ , e’ } is an n-set for BF3(G). Hence no(BF3(G)) = 2.

3. Domination Numbers and other parameters of B(K_p, L(G),INC,NINC)
Theorem 3.1:
Let G be any (p, q) graph, not totally disconnected. Then y(BF3(G)) = 1if and only if B1(G) = 1.

Proof.

Let B1(G) = 1. Let e € E(G) be an edge of G. Then ¢ € V(BF3(G)). Then the set D = {e} < V(BF3(G)) is a
dominating set of BF3(G) and hence y(BF3(G)) = 1. Conversely if B1(G) > 2, there exists no vertex in BF3(G) of
degree p + q — 1. Therefore B1(G) = 1.

Theorem 3.2:

Let G be any graph not totally disconnected and 1(G) > 2. Then y(BF3(G)) = 2.
Proof.

Let G be not totally disconnected and e = (u, v) € E(G), where u, v € V(G). Then u, v, e € V(BF3(G)). Let
D = {u, e} < V(BF3(G)). Vertices of G in V(BF3(G)) — D is adjacent to e and vertices of L(G) in V(BF3(G)) — D
is adjacent to u. Therefore D is a dominating set of BF3(G) and hence y(BF3(G)) < | D | = 2. Since B1(G) > 2.
Then y(BF3(G)) > 2 and hence y(BF3(G)) = 2. .

Observation 3.1:

vp(BF3(G)) = 1 if and if only G = K> UnK{, n > 0.

Theorem 3.3:
vp(BF3(G)) =2 if and if only G =nK», n > 2.
Proof.

Assume v,(BF2(G)) = 2. Then a vertex of D is a vertex of G and another vertex of D is a vertex of L(G). Let
D = {v, ¢'} € V(BF3(G)), where v € V(G) and ¢’ € V(L(G)). Let e be the edge in G corresponding to ¢'. If there
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’

exists an edge x in G adjacent to e, then the corresponding vertex x' in BF3(G) is adjacent to both v and e'.
Therefore, there exists no edge in G adjacent to e. Therefore G =nK,, n > 2.

Remark 3.1:

There is no perfect dominating set of BF3(G) having atleast three vertices.

Theorem 3.4:

For any (p, q) graph G, where p > 4 any subset of V(L(G)) having atleast two independent vertices is not
a perfect dominating set of BF3(G).

Proof.

Let D be a subset of V(L(Q)) having atleast two independent vertices, ¢i'and e, . Then the corresponding
edges ejand e are not adjacent in G. Let e be an edge in G adjacent to both ejand e, . Then e € V(BF3(G)) — D is
adjacent to both e,'and e, " and all the vertices of G in V(BF3(G)) — D are adjacent to both e;'and
e2" and hence D is not a perfect dominating set of BF3(G).

Observation 3.2:

For any graph G not totally disconnected, y.a(BF3(G)) =1 if and only if G = P53
Theorem 3.5:

If Gisa (p, q) graph with q > 2, then y.a(BF3(G)) <q - 1.
Proof.

Let G be a graph with atleast two edges and let e € V(L(G)) N V(BF3(G)). Then D = V(L(G))
— {e} is a dominating set of BF3(G) and < V(BF3(G)) — D >= K, ,+1 and hence D is a complementary tree
dominating set of BF3(G) and y.4(BF3(G)) < [D|=q - 1.

Remark 3.2:

Let G be any (p, q) graph with q > 1. Then v«(BF3(G)) < q, since V(L(G)) is a split dominating set of
BF3(G) .

Theorem 3.6:

For any graph G, yi( BF3(G)) =2 if and only if yi'(G) =2, where yi'(G) is the edge independent domination
number of G.

Proof.

Assume yi(BF3(G)) = 2. Let D be an independent dominating set of BF3(G) such that |D| = 2. Then the
vertices of D are vertices of L(G). Let D= { e/’, e2' }, where e/’, e2' € V(L(G)) and let 1, e be the corresponding
edges in G. Since D is independent, e; and e, are nonadjacent edges in G. Since D is a dominating set, each edge
in G is adjacent to atleast one of e; and e,. That is, D is an independent dominating set of L(G) and hence yi'(G) =
2. Conversely if yi(BF3(G)) = 2, then vi'(BF3(G)) =2 .

Remark 3.3:.
If G is a graph other than a star and if y;'(G) > 3, then yi'(BF3(G)) < yi'(G).
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