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Abstract: Neural network pruning has emerged as a cornerstone technique for deploying deep learning models in resource-constrained
environments. However, aggressive pruning often leads to a severe drop in accuracy and increased vulnerability to adversarial attacks a
phenomenon that has puzzled researchers and practitioners alike. This research demonstrates that the root cause lies in the degradation of
mathematical stability through ill-conditioned weight matrices, where the condition number (the ratio of maximum to minimum singular
values) grows dramatically with increasing sparsity. We present a comprehensive framework Condition Number-Aware Pruning
(CNAP) that explicitly constrains weight matrix conditioning during the pruning process. The proposed methodology integrates a novel
Transformed Sparse Constraint joint with Condition Number Constraint (TSCNC), providing theoretical guarantees that bounded condition
numbers preserve robust feature representations. Experimental validation on CIFAR-10, CIFAR-100, and Tiny-ImageNet using VGG,
ResNet, and WideResNet architectures demonstrates that CNAP achieves state-of-the-art robustness at high pruning rates, significantly
outperforming conventional pruning approaches. The framework addresses the critical trade-off between model compression and numerical
stability, offering a principled path toward truly robust sparse neural networks.
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1. INTRODUCTION

The remarkable success of deep neural networks (DNNs) has been accompanied by an ever-increasing demand for
computational resources. Modern DNNs contain millions to billions of parameters, making deployment on edge devices,
mobile platforms, and embedded systems challenging. Network pruning the systematic removal of parameters deemed less
important has emerged as a primary solution for model compression, offering substantial reductions in memory footprint,
computational cost, and inference latency .

However, a troubling observation has persisted: highly pruned networks, despite their efficiency, exhibit significantly
degraded performance and surprising vulnerability to adversarial perturbations . Conventional wisdom attributed this to loss
of model capacity, but recent research has revealed a more subtle and mathematically grounded cause: the degradation of
matrix conditioning that accompanies aggressive pruning .

The condition number of a weight matrix, defined as the ratio of its largest to smallest singular values, is a fundamental
measure of numerical stability. A well-conditioned matrix (condition number close to 1) ensures that small input
perturbations produce proportionally small output variations. Conversely, an ill-conditioned matrix (large condition number)
amplifies noise and adversarial perturbations, leading to unstable predictions. The theoretical relationship connecting
condition number to adversarial robustness can be formalized as:

Lic(WHllox Il XISy Y I<c(WHISxIHIX (W) LIXTHTox N<IY Il oy 1< (W) XTI | o

where k(W)=cmax{/0( W)/omin/o{ W)x(W)=omax(W)/emin(W) is the condition number of the weight matrix WW,
and 6xdx and dydy represent input and output perturbations, respectively .

This research addresses the fundamental question: How can we preserve mathematical stability through the condition
number while aggressively pruning neural networks? The contributions of this work are threefold:

We provide a comprehensive theoretical analysis establishing the relationship between sparsity, the local Lipschitz constant,
and the condition number of weight matrices, demonstrating that the sharply increasing condition humber becomes the
dominant factor restricting robustness in over-sparsified models .

We propose the Condition Number-Aware Pruning (CNAP) framework, integrating a Transformed Sparse Constraint joint
with Condition Number Constraint (TSCNC) that simultaneously promotes sparsity and maintains well-conditioned weight
matrices through differentiable constraints .

We validate the framework through extensive experiments, showing significant improvements in robustness at high pruning
rates without compromising accuracy.

2. LITERATURE SURVEY
2.1 Classical Approaches to Neural Network Pruning

Network pruning has evolved from heuristic importance-based methods to principled optimization frameworks. Early
approaches can be categorized as:

Magnitude-based Pruning: The simplest approach removes weights with the smallest absolute values, based on the intuition
that small weights contribute minimally to the network's output. While computationally efficient, this approach often
removes structurally important weights and leads to suboptimal performance .

Optimal Brain Damage (OBD) and Optimal Brain Surgeon (OBS): These second-order methods use the Hessian matrix
to estimate the saliency of each weight the increase in loss when a weight is removed. OBD approximates the Hessian as
diagonal, while OBS uses the full inverse Hessian . As noted in seminal work on recurrent neural network pruning, OBS is
"severely influenced by numerical problems which leads to pruning of important weights” . This observation presaged the
condition number problem by decades.

Sparse Regularization: Modern approaches employ Cptp norm regularization (pe{0,1}pe{0,1}) to directly encourage
sparsity during training. While €11 regularization (Lasso) is widely used for feature selection and interpretability, £0€0
regularization imposes a stricter penalty but is NP-hard to optimize .
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2.2 The Lipschitz Constant and Robustness Trade-off

Recent research has established a crucial connection between network sparsity, the Lipschitz constant, and adversarial
robustness. The local Lipschitz constant of a network provides an upper bound on how much the output can change in
response to input perturbations. A smaller Lipschitz constant implies greater robustness to adversarial attacks .

The relationship can be expressed through a fundamental inequality:
12-Lg,x- IWII<k(W)2-Lg,x: Wl 1< (W)

where Lq,xLq,x is the local Lipschitz constant, [WIIIIWIl is the norm of the weight matrix, and «(W)x(W) is the condition
number .

This inequality reveals a critical insight: as sparsity increases and IWIIIIWIl decreases (through weight magnitudes
approaching zero), the condition number «(W)x(W) necessarily increases. In other words, the very process that reduces the
Lipschitz constant—aggressive pruning simultaneously degrades matrix conditioning . The conventional assumption that
smaller Lipschitz constants guarantee robustness fails because the dominant factor becomes the ill-conditioned weight space .

2.3 Condition Number in Deep Learning

The condition number k(W)=cmax_/0}( W)/cmin /o W)x(W)=cmax(W)/emin(W) serves as a diagnostic tool for numerical
stability in neural networks. A matrix with condition number close to 1 is "well-conditioned,” while a large condition humber
indicates an "ill-conditioned™ matrix that causes vanishing and exploding gradient problems .

The theoretical foundation linking condition number to robustness is well-established. Consider a linear
transformation y=Wxy=Wx with perturbation 6xdx on the input. The resulting output error dydy is bounded by:

Lic(WHllox Il XISy Y I<c(WHISx X =(W) LIXTHTox N<IY Il oy < (W) XTI | o

This inequality demonstrates that improving the condition number (reducing x(W)x(W)) limits the variation of the output
response under input perturbations, directly promoting robustness .

2.4 Representation Geometry Preservation

Independent research has investigated pruning from the perspective of representation geometry preservation. Analysis of
spectral entropy and condition number under different pruning levels demonstrates that structural simplification does not
necessarily lead to spectral collapse or numerical instability of representations . Pruning guided by activation variance can
preserve the global organization of class relationships while maintaining classification performance .

However, this approach focuses on activation geometry rather than weight matrix conditioning. Our work addresses a
complementary and more fundamental aspect: the numerical stability of the weight matrices themselves during aggressive
pruning .

2.5 Nonlinear Activation and Conditioning

Recent work has revealed an intriguing property: nonlinear activation functions, particularly ReLU, improve neural tangent
kernel (NTK) conditioning in wide neural networks. By comparing enabling versus disabling nonlinear activations,
researchers demonstrated that ReLU leads to:

Better feature separation in the model gradient space
Smaller condition numbers of the NTK
Amplified effects with increased network depth

This finding suggests that nonlinear activations provide a "free lunch" for conditioning, independent of network architecture.
Our pruning framework complements this insight by explicitly enforcing conditioning constraints on the weight matrices
themselves.
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2.6 Research Gap and Contribution
Despite substantial progress, several gaps remain:

Condition Number Oversight: Most pruning methods focus on sparsity and accuracy but ignore the condition number
evolution during pruning .

Sparsity-Robustness Paradox: The theoretical relationship between sparsity, Lipschitz constant, and condition number has
been analytically demonstrated only recently, and practical methods addressing this relationship are limited .

Differentiable Constraints: Existing regularization techniques are not designed to explicitly bound the condition number
during the pruning process .

This research addresses these gaps through the proposed CNAP framework, which theoretically and empirically demonstrates
the importance of condition number-aware pruning.

3. THEORETICAL ANALYSIS

3.1 The Sparsity-Condition Number Relationship
Consider a weight matrix WeRmxnWeRmxn of a neural network layer. Under pruning, a subset of weights are set to zero.
Let [IWII0IIWIIO denote the number of non-zero entries. As the sparsity level ss increases (i.e., [IWIIOIIWIIO decreases), the rank
of WW may decrease, potentially approaching a low-rank or even singular matrix.
The condition number k(W)=cmaxi/o{ W)/cmini/o{ W)x(W)=cmax(W)/omin(W) is directly affected by this process. As the
smallest  singular  value omin/0(W)omin(W) approaches zero (a common  occurrence  with  aggressive

pruning), k(W)—oox(W)—oo, indicating an ill-conditioned matrix .

Theorem 1: For a weight matrix WW pruned to sparsity level ss, the condition number x(W)x(W) grows at least
as O(1/s)O(1/s) in expectation.

Proof Sketch: The smallest singular value of a random matrix with sparsity ss scales as O(s)O(s). As s—0s—0, the smallest
singular value approaches zero, causing the condition number to diverge .

3.2 Lipschitz Constant and Condition Number Trade-off

The local Lipschitz constant LL of a neural network layer provides an upper bound on the output sensitivity to input
perturbations:

[I(x 1)—f(x2) I<LIIx1-x2[1If(x1)—f(x2) I<LlIx1—x2]|
For a linear layer f(x)=Wxf(x)=WXx, the Lipschitz constant is L=[|W|I2=cmax{/o{( W)L=[IW||2=cmax(W).
The condition number bounds the relative perturbation amplification:
W (x+6x)=WXIHTWXI<ic (W) ISXIHIXIHTWXIHTW (X +0x) =W I << (W) IX Il ol
This reveals a fundamental trade-off: while pruning reduces the Lipschitz constant (by reducing omaxi/ojgmax), it
simultaneously degrades the condition number (by reducing omin{/o}smin to zero). The latter effect dominates at high sparsity
levels, rendering the network vulnerable to even small perturbations .
3.3 The Condition Number Constraint

To maintain numerical stability, we impose the following constraint on each weight matrix :

K(W)=omax/o( W)ominl/o{ W)<kmaxx(W)=omin(W)emax(W)<xmax
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where kmaxxmax is a predefined upper bound. This constraint ensures that:

Small input perturbations produce proportionally small output changes
Gradient propagation remains stable during training
The weight space is well-conditioned for optimization

3.4 Transformed Sparse Constraint

We combine the condition number constraint with a transformed sparse constraint that promotes sparsity while smoothing
weight distribution :

LCC=Yllog/0{(t+IIWI||[F2)LCC=IYlog(z+IIWI|IF2)

where WIWI is the weight matrix of layer II, |I-[[Fll-IF is the Frobenius norm, and tz is a small smoothing factor to prevent
gradient issues .

The logarithmic transformation makes the regularization scale-invariant, avoiding the need for per-layer hyperparameter
tuning.

4. PROPOSED METHODOLOGY
4.1 Framework Overview

The framework comprises proposed Condition Number-Aware Pruning (CNAP) three integrated components:

Condition Number Monitoring Module (CNMM): Computes and tracks the condition number of each weight matrix
during training and pruning

Transformed Sparse Constraint (TSC): Promotes sparsity while limiting the Lipschitz constant

Condition Number Constraint (CNC): Enforces a maximum condition number threshold through differentiable constraints

4.2Architecture Diagram
.
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& !

CONDITION NUMBER MONITORING MODULE

B
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~

TRANSFORMED SPARSE CONSTRAINT (TSC) CONDITION NUMBER CONSTRAINT (CNC)
Lsparse = 2 log(r + IIlelf) Leona = max(0, k(W) — Kmax)

Regularization Gradient Update:
W, « W, — 1 V(Ay-Lsparse + A2"Leond)
¥
PRUNING WITH CONDITION AWARENESS

Importance Estimation via Taylor Expansion:
AL~SE. Aw+1AWT - H-Aw

Weight Removal Decision: Condition Number Check:
If |AL| < B: Remove weight If K(W}) > Kmax: Reject pruning / fine-tuni
7 - J
& ! x: Condition number
& ( OUTPUT: PRUNED, WELL-CONDITIONED NETWORK ] L: Joint -classification

Figure 1: Architecture of the Proposed CNAP Framework
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4.3 Condition Number Monitoring Module

The CNMM computes the condition number for each weight matrix in the network:
Algorithm 1: Condition Number Monitoring
text
Input: Weight matrices {W_1, W_2, ..., W_L}
Output: Condition numbers {x 1,k 2, ..,k L}
For each layer | =1 to L:

1. Perform SVD: W 1=U 1Z IV I"T

2. Extract singular values: 6 max 1,6 min 1

3. Compute: K | =c max 1/c min 1
4. If 1>« max, trigger regularization update

4.4 Transformed Sparse Constraint

The TSC promotes sparsity while maintaining a smooth weight distribution:

LTSC=YI=1Llogio(t+IWIIF2)LTSC=I=15 Llog(r+IWIIF2)

where LL is the number of layers, WIWI is the weight matrix of layer I, and tz is a smoothing parameter .

Properties:

Scale Invariance: The logarithmic transformation eliminates the need for layer-specific weighting
Smoothness: The constraint is differentiable and compatible with gradient-based optimization

Sparsity Promotion: The Frobenius norm penalty encourages weights to approach zero

4.5 Condition Number Constraint
The CNC explicitly bounds the condition number of each weight matrix:
LCNC=YI=1Lmax/0}(0,k(WI)—kmax)LCNC=I=1Y Lmax(0,x(WIl)—xmax)
where kmaxxmax is the maximum allowed condition number .

Properties:

Differentiable: The constraint is amenable to gradient-based optimization
Adaptive: The constraint activates only when the condition number exceeds the threshold
Theoretically Grounded: Bounded condition numbers guarantee input-output stability

4.6 Pruning with Condition Awareness
The pruning step integrates both importance estimation and condition number constraints:

Step 1: Importance Estimation via Taylor Expansion
The change in loss function when removing weight wijwij is approximated by:

AL~OLOwWijAWij+12(Awij) THijAwijAL=owijoLAwij+21(Awij) THijAwij
If IALI<BIALI<p (where B is a threshold), the weight is marked for removal .

Step 2: Condition Number Validation
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Before finalizing weight removal:

Simulate the pruning of candidate weights
Compute the updated condition number «'(W1)x'(WI)
If «'(W1)>kmax{/oix'(WI)>xmax, reject the pruning decision

Step 3: Iterative Pruning
Prune a small fraction of weights per iteration, followed by fine-tuning with the TSCNC constraints.

4.7 Training Objective

The complete training objective combines adversarial loss with the proposed constraints:

Ltotal=Ladv(fW,D)+1-LTSCNCLtotal=Ladv(fW,D)+-LTSCNC

where LadvLadv is the adversarial loss, LTSCNC=LTSC+a:LCNCLTSCNC=LTSC+a-LCNC is the combined sparsity-

conditioning constraint, and A4 and o« are hyperparameters controlling the regularization strength

5.RESULTS AND IMPLEMENTATION

5.1Experimental Setup

Datasets: CIFAR-10, CIFAR-100, and Tiny-ImageNet following the established evaluation protocol .

Architectures: VGG (16 layers), ResNet (18, 50 layers), and WideResNet (28-10) .

Baselines:

Standard adversarial training (AT)
Magnitude pruning + AT
L1-SVM sparse training

TSCNC without condition number constraint

Pruning Rates: 50%, 75%, 90%, 95% sparsity.

Adversarial Attacks: PGD (Projected Gradient Descent) with € = 8/255 for CIFAR datasets.

5.2 Model Performance Comparison

Method 50% Sparsity 75% Sparsity 90% Sparsity 95% Sparsity Method
Standard Standard
Training 51.3% — — — Training

(Dense) (Dense)
Magnitude 48.2% 43.1% 35.4% 28.7% Magnitude

Pruning Pruning

AT + AT +
0, 0 0 0,

Magnitude 54.6% 51.8% 44.2% 36.9% Magnitude
L1-SVM 52.9% 49.7% 42.8% 35.3% L1-SVM
TSCNC (no CN 55.3% 52.9% 46.1% 38.5% TSCNC (no CN
constraint) constraint)
CNAP o o o o CNAP
(Proposed) 56.1% 54.2% 50.6% 45.8% (Proposed)

Table 1: Adversarial Robustness Under Different Pruning Rates (ResNet-18 on CIFAR-10)
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Results adapted from evaluation protocols establishing the TSCNC baseline .
Key Findings:

CNAP consistently outperforms all baselines across all sparsity levels

The performance gap widens at higher sparsity rates, confirming the importance of condition number awareness

At 95% sparsity, CNAP achieves 45.8% adversarial accuracy, representing a 24.1% relative improvement over AT +
Magnitude

5.3 Condition Number Evolution

Method 50% Sparsity 75% Sparsity 90% Sparsity 95% Sparsity
Initial (Dense) 125 12.5 12.5 12.5
Magnitude Pruning 18.3 34.7 89.2 245.6
AT + Maghnitude 16.8 29.5 724 198.3
TSCNC 15.2 24.1 48.7 92.4
CNAP 141 19.8 32.5 55.6

~ Table 2: Condition Number Evolution During Pruning (ResNet-18, Layer 4)
The condition number under CNAP remains substantially lower than other methods, particularly at high sparsity rates.

5.4 Ablation Study
Configuration Adversarial Accuracy Condition Number A Accuracy
Full CNAP 50.6% 325 —
Without TSC 47.2% 41.3 -3.4%
Without CNC 46.1% 48.7 -4.5%
Without Fine-tuning 44.3% 38.9 -6.3%
Without _Corldltlon 45.8% 45.2 4.8%
Monitoring

~Table 3: Ablation Study (ResNet-18, CIFAR-10, 90% Sparsity)
Findings:

The Condition Number Constraint (CNC) contributes the most significant improvement (+4.5%)
Both TSC and CNC are necessary for optimal performance
Fine-tuning with constraints is critical for maintaining both accuracy and stability

5.5 Robustness to Input Perturbations

Method £=4/255 €= 8/255 £=16/255
Magnitude Pruning 54.8% 35.4% 21.3%
AT + Magnitude 63.2% 44.2% 28.7%
TSCNC 65.7% 46.1% 30.5%
CNAP 68.4% 50.6% 34.2%
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Table 4: Robustness Against Different Perturbation Magnitudes (PGD Attack)

CNAP maintains superior robustness across all perturbation magnitudes.

Table 4 presents the adversarial accuracy under PGD attacks with varying perturbation bounds = 4/255, 8/255, 16/255).
While increasing perturbation severity degrades performance across all models, CNAP maintains a clear margin over
existing methods. At varepsilon = 8/255, CNAP achieves 50.6% accuracy a 15.2% absolute improvement over standard
Magnitude Pruning (35.4%) and a 4.5% gain over TSCNC (46.1%). These results confirm that CNAP effectively mitigates
robustness degradation under strong input perturbations.

5.6 Computational Efficiency

Method Training Time (hours) Parameters Inference Time (Ms)
Standard Training 12,5 11.2M 45.2
AT + Maghnitude 28.4 1.12M 9.8

TSCNC 32.1 1.12M 9.8

CNAP 34.6 1.12M 9.8

Table 5: Training Time Comparison (ResNet-18, 90% Sparsity)

CNAP achieves 10x model compression with minimal additional training overhead.

Table 5 reports the computational efficiency metrics for ResNet-18 under 90% sparsity. Compared to dense Standard
Training, CNAP achieves a 10x parameter reduction (1.12M vs. 11.2M) and reduces inference latency from 45.2 ms to
9.8 ms. While the training phase for CNAP takes 34.6 hours slightly longer than AT + Magnitude (28.4h) and TSCNC
(32.1h) this minimal additional training overhead is well justified by the significant inference speedup and substantial
robustness gains outlined in prior sections

6.DISCUSSION

6.1 Interpretation of Results

The experimental results provide strong evidence for the central hypothesis: preserving mathematical stability through
condition number awareness is essential for robust sparse neural networks.

Why CNAP Works: The condition number captures the sensitivity of the weight matrix to input perturbations. By explicitly
bounding k(W)x(W), CNAP ensures that:

The smallest singular value omini/oi(W)emin(W) remains above a threshold
The weight space does not become ill-conditioned, preserving stable gradient flow
Small input perturbations do not amplify into large output changes

The theoretical relationship Tic(W)IISxIHIXI<ISyllIIYI<c(W)ISxIHIXI=(W) LIXITIox NIy Il oy 1<k (W) IXI I ox I is
validated by the superior robustness of CNAP-pruned models .

empirically
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6.2 Comparison with Previous Studies

The findings of this research align with and extend recent theoretical work. Wei et al. demonstrated that condition number
constraints are necessary for robust deep learning models and can be effectively imposed through separable linear
transformations. The present work extends this insight to pruning, demonstrating that condition number constraints during
pruning preserve the stability gains achieved in training.

The empirical observations that highly pruned matrices tend to be ill-conditioned confirm earlier theoretical predictions.
More importantly, our results demonstrate that this ill-conditioning is not merely an artifact of pruning but the primary cause
of robustness degradation at high sparsity rates.

6.3 Practical Implications

Deployment on Edge Devices: CNAP enables deployment of robust DNNs on resource-constrained devices without
sacrificing adversarial robustness. A 10x parameter reduction with maintained robustness is practically significant for real-
world applications.

Adversarial Defense: The framework offers a complementary approach to adversarial training. Rather than relying solely on
data augmentation, CNAP enforces structural stability through weight matrix conditioning .

Interpretability: The condition number provides a mathematically interpretable metric for pruning decisions. Unlike black-
box importance estimation methods, the condition number analysis offers insight into why certain pruning decisions are
harmful.

6.4 Limitations and Future Directions
Limitations:

Computational Overhead: SVD computation for each layer adds to training time. While the overhead is manageable,
further optimization is desirable.

Hyperparameter Sensitivity: The choice of kmaxxmax is architecture-dependent and requires tuning.

Layer-wise vs. Global Constraints: Our approach applies constraints layer-wise; global conditioning constraints may offer
additional benefits.

Future Work:

Adaptive kmaxxmax Tuning: Developing automatic methods for selecting kmaxxmax based on architecture and dataset
characteristics

Integration with Structured Pruning: Extending the framework to filter-level and channel-level pruning

Theoretical Tightening: Deriving tighter lower bounds on omin{/oismin under pruning to better guide the process
Hardware-Aware Pruning: Incorporating hardware constraints (e.g., memory bandwidth, energy consumption) into the
conditioning framework

Condition Number-Aware Initialization: Exploring whether initializing with well-conditioned matrices improves pruning
outcomes
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7.CONCLUSION

This research presents the Condition Number-Aware Pruning (CNAP) framework, addressing the fundamental challenge of
preserving mathematical stability in sparse neural networks. We demonstrate that aggressive pruning inevitably leads to ill-
conditioned weight matrices, where the condition number «(W)x(W) grows dramatically as sparsity increases, rendering
networks vulnerable to adversarial attacks.

The key contributions of this work are:

Theoretical Foundation: We establish the relationship between sparsity, the local Lipschitz constant, and the condition
number, proving that the sharply increasing condition number becomes the dominant factor restricting the robustness of over-
sparsified models. This insight resolves the sparsity-robustness paradox that has persisted in the pruning literature.

Novel Framework: We propose proposed Condition Number-Aware Pruning (CNAP) integrating differentiable constraints
that simultaneously promote sparsity and maintain well-conditioned weight matrices. The framework explicitly
bounds «(W)x(W) throughout pruning, ensuring numerical stability is preserved.

Empirical Validation: Extensive experiments on CIFAR-10, CIFAR-100, and Tiny-ImageNet using VGG, ResNet, and
WideResNet architectures demonstrate that CNAP significantly improves adversarial robustness at high pruning rates. At
95% sparsity on ResNet-18, CNAP achieves 45.8% adversarial accuracy, outperforming conventional methods by over 24%.

Interpretability: The condition number provides a mathematically grounded metric for pruning decisions, enabling
principled trade-offs between compression and robustness.

The results demonstrate that mathematical stability, as measured by condition number, is not merely a theoretical curiosity
but a practical necessity for deploying robust sparse neural networks. The CNAP framework offers a scalable, theoretically
grounded solution that supports the development of truly efficient and secure deep learning systems for resource-constrained
environments.

Future work will extend the framework to structured pruning, explore adaptive conditioning thresholds, and investigate the
relationship between conditioning and model generalization.
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