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Abstract: This study focuses on evaluating the system’s reliability and identifying component criticality for a coherent system 

through the survival signature method. The Relative Importance Index is employed to identify critical components in the main 

system configuration before redundancy implementation. To enhance system reliability, each component is transformed into a 

subsystem containing active and independent non-identical standby components, where the standby components are analyzed both 

with and without degradation. Convolution-based recursive expressions are employed to evaluate the subsystem’s reliability. 

Thereafter, system reliability and component importance measures are evaluated using the survival signature method for both the 

main system and the redundant system. A numerical illustration demonstrates that introducing cold standby redundancy, with and 

without degradation, significantly improves system reliability. It is also found that, even though the highly critical component of 

the original system remains influential, the relative criticality of subsystems under standby configurations changes over time, 

resulting in a shift in importance ranking. This redistribution of criticality highlights the effectiveness of the proposed redundancy 

strategy in improving system performance. 
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1. Introduction 

With the accelerating development of modern technologies, engineering systems have become more 

complex, interconnected, and highly automated than ever before. Present-day infrastructures, such as bridge networks, 

power grids, and communication systems, rely on numerous components working together simultaneously to ensure 

smooth and continuous operation. However, this increased complexity also makes these systems more vulnerable, as 

the failure of a single component can spread across the network and disrupt overall performance. Differences in 

component behaviour and varying failure patterns further make system operation and maintenance challenging. In 

such situations, reliability assessment becomes essential for evaluating system performance, understanding the impact 

of failures, and ensuring the safe and reliable functioning of complex engineering systems. There has been extensive 

discussion of traditional reliability analysis techniques, such as binary decision diagrams, fault trees, minimal cut and 

path sets, and reliability block diagrams in the introductory works of [3, 27, 30]. While these approaches are effective 

for relatively simple systems, they become computationally demanding when applied to large-scale systems 

comprising non-identical components [11]. To address this problem, Coolen and Coolen-Maturi [8] proposed the 

concept of survival signature, which distinguishes the structure of the system from component lifetime modeling and 

offers a more flexible approach for reliability assessment of complex systems. Eryilmaz and Tuncel [9] expanded its 

applicability to non-repairable multi-state systems having multi-state components. Survival signature-based Monte 

Carlo simulation approach for a standalone system with induced dependencies was extended in [14]. Furthermore, 
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Huang et al. [18] utilized the concept of survival signatures in the analysis of general phased mission systems. 

Recently, a new algorithm was introduced to compute survival signatures through a weighted random sampling 

technique [38], which involves less computation time. In addition, Shi et al. [31] developed a graph-based neural 

network framework for estimating survival signatures and evaluating network reliability. Studies [16, 23, 25] also 

highlight the increasing research focus and progress in applying survival signatures across different disciplines.   

The increasing need for high reliability in both competitive and safety-sensitive situations has intensified the 

importance of improving reliability and pinpointing essential components. The allocation of redundancy is among the 

most efficient strategies for improving system reliability. Several studies [1, 7, 19] have provided classical 

contributions to redundancy analysis. In this context, cold standby systems are especially attractive due to the 

minimised usage and cost associated with backup components, which remain inactive until needed. Earlier studies 

[13, 33] analyzed the reliability of cold standby systems, and more recently [29] examined the restart behavior of a 

coherent system with a single cold standby component. Hesampour et al. [17] highlighted both the theoretical and 

practical implications of the mixed redundancy strategy in the case of heterogeneous components. There is a possibility 

that standby components degrade even when not in use, which negatively impacts system performance and reduces 

the effectiveness of reliability gains. Wang and Coit [32] evaluated the reliability of the system through the 

employment of the degradation modeling approach to analyze the failure mechanism. The effect of degradation in 

standby components on the redundancy allocation problem is discussed in [33] and the reliability with a design 

optimization methodology considering the effects of dynamic degradation is discussed in [26]. Recent contributions 

[5, 37] integrate advanced degradation processes and imperfect switching behaviors. The authors demonstrate that 

degradation factors cannot be ignored when considering standby systems, especially for long-term operations. Wu et 

al. [35] performed an analytic derivation of reliability and lifetime assessment and applied Monte Carlo simulations 

to validate the fitting performance of the multi-gamma process in degradation. 

In addition to improving system reliability, researchers have increasingly focused on assessing the 

importance of individual components within a system. Measures of component importance are essential for identifying 

system risks and guiding strategic decisions during design and maintenance. In 1969, the Birnbaum importance 

measure was first introduced [4] and further developed in [3], and more recent refinements were provided in [20, 39]. 

The concept of time-dependent and reliability-based importance analysis has also been discussed in [34]. Feng et al. 

[12] studied the Relative Importance Index (RII) as a technique for evaluating the significance of individual 

components in a system with various types of components. Additionally, Li et al. [21] explored an imprecise measure 

of component importance in a redundant system by considering swapping of components. A more recent study [36] 

focused on deriving the Birnbaum importance and Barlow–Proschan importance using the system's signature. Zheng 

[38] developed an index for assessing component importance in a complex system consisting of independent and non-

identically distributed (INID) components, utilizing the survival signature. Furthermore, Chen and Feng [6] 

investigated a two-level approach to preventive maintenance based on a group importance metric. Mutar and Hassan 

[26] introduced the Birnbaum Importance and Improvement Potential measures for multi-state systems with binary 

components, applying the survival signature approach. 

The literature on survival signatures, importance measures, and standby systems with degradation is 

extensive, but little research has been performed on how cold standby redundancy affects the shifting of component 

criticality over time in complex system structures. In particular, the dynamic shifts in component importance after 

redundancy implementation have not been thoroughly analyzed, especially for INID cold standby configurations. To 

address this gap, the present study proposes an approach that integrates survival signatures with cold standby strategies 

while incorporating degradation effects, with a focus on reliability improvement and shifts in component criticality. 

The bridge system is first analyzed to identify its critical components, and then cold standby components are 

incorporated into the system to enhance its reliability. This means that active components are transformed into 

subsystems, each comprising additional independent and non-identical cold standby components. In the original 

configuration, the analysis focuses on component criticality, whereas after the introduction of redundancy, each 

component is transformed into a subsystem, and the corresponding subsystem criticality is evaluated. 

2. Definitions and Notation 

The Survival signature, Φ(𝑙), of a system consisting of 𝑚 independent and identically distributed (𝐼𝐼𝐷) 

components, is the probability that the system is operational, given that 𝑙 of the components are functioning. The 
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operational state of the 𝑖𝑡ℎ  (𝑖 ∈ 1, 2… ,𝑚) component at time 𝑡  is denoted by 𝑥𝑖 , where 𝑥𝑖 = 0 indicates a non-

functional state and 𝑥𝑖 = 1  signifies functionality. There exist (
𝑚
𝑙
)  unique state vectors, denoted by 𝑥 =

(𝑥1, 𝑥2, … , 𝑥𝑖 , … , 𝑥𝑚) , that meet the condition ∑ 𝑥𝑖
𝑚
𝑖=1 = 𝑙  with precisely 𝑙  operational components, which are 

collectively referred to as 𝑠𝑙. The survival signature [8] of the considered system can be expressed mathematically as 

follows: 

Φ(𝑙) =
∑ 𝜙(𝑥)𝑥𝜖𝑠𝑙

|𝑠𝑙|
= (

𝑚
𝑙
)

−1

∑ 𝜙(𝑥)

𝑥𝜖𝑠𝑙

, 

(2.1) 

where the structure function, represented as 𝜙(𝑥), takes the value of 1 when the system is operational and 0 

when it is not. If 𝑅(𝑡) denotes the survival function of ‘𝑛’ 𝐼𝐼𝐷 components, then system's survival function 𝑅𝑠(𝑡) can 

be defined as: 

𝑅𝑠(𝑡) = ∑Φ(𝑙) (
𝑚
𝑙
) [1 − 𝑅(𝑡)]𝑚−𝑙[𝑅(𝑡)]𝑙

𝑚

𝑙=0

. 

(2.2)  

Suppose there is an 𝑚-order coherent system consisting of 𝑛 different types, with each type 𝑘 (1 ≤ 𝑘 ≤ 𝑛) 

having 𝑚𝑘 components, totalling 𝑚 components across all types. It is assumed that the components of each type share 

an identical failure time distribution. The system state can be described by the vector 𝑥 =  (𝑥1, 𝑥2, … , 𝑥𝑛) where 𝑥𝑘 =

(𝑥1
𝑘 , 𝑥2

𝑘, … , 𝑥𝑚𝑘
𝑘 )  represents the states of the 𝑚𝑘  components of type 𝑘 . The survival signature, denoted as 

Φ(𝑙1, 𝑙2, … , 𝑙𝑛) , is the probability that the system is functioning given that exactly 𝑙𝑘  components of type 𝑘  are 

functioning, with 𝑙𝑘 ∈  {0, 1, … ,𝑚𝑘} for each 𝑘. Additionally, for each type 𝑘, there are (
𝑚𝑘

𝑙𝑘
) distinct state vectors 

𝑥𝑘 where exactly 𝑙𝑘 components are operational (𝑥𝑠
𝑘 = 1), satisfying the condition ∑ 𝑥𝑠

𝑘𝑚𝑘
𝑠=1 = 𝑙𝑘 . The set of all these 

vectors is represented as 𝑠𝑙1,𝑙2,…,𝑙𝑛. Therefore, the survival signature [8], Φ(𝑙1, 𝑙2, … , 𝑙𝑛) is articulated as follows: 

Φ(𝑙1, 𝑙2, … . , 𝑙𝑛)  = [∏(
𝑚𝑘

𝑙𝑘
)

−1
𝑛

𝑘=1

] ∑ 𝜙(𝑥)

𝑥𝜖𝑠𝑙1,𝑙2,…,𝑙𝑛

. 

(2.3)  

Furthermore, the system reliability can be obtained as follows: 

ㅤ𝑅𝑠(𝑡) = ∑ … . ∑ [Φ(𝑙1, 𝑙2, … . , 𝑙𝑛) ∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1 − 𝑅𝑘(𝑡)]
𝑚𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘]

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1=0 

, 

(2.4) 

where 𝑅𝑘(𝑡) be the type 𝑘 components’ reliability. 

 

We define the restricted survival signature, Φ𝑖(𝑙), as the probability that both the system and its ith component 

function, conditioned on exactly l components being operational. This concept is derived from the survival signature 

and is restricted to coherent systems where Φ𝑖(𝑙) is an increasing function for each 𝑖. Additionally, Φ𝑖(𝑙) = 0 if no 

components work and Φ𝑖(𝑚) = 1 for all 𝑖 ∈ 1,2, … ,𝑚. Here, 𝑥̅𝑖 = (𝑥1, 𝑥2, … , 𝑥𝑖−1, 1, 𝑥𝑖+1, … , 𝑥𝑚) denotes a state 

vector where the 𝑖𝑡ℎ component is operational, and the family of all such vectors is represented as 𝑆𝑙,𝑖 . Under the 

assumption of 𝐼𝐼𝐷 failure times, each state vector is equally probable. Consequently, the restricted survival signature 

is defined as 
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Φ𝑖(𝑙) = (
𝑚
𝑙
)

−1
∑ 𝜙(𝑥̅𝑖)𝑥̅𝑖𝜖𝑆𝑙,𝑖

. 

Similarly, the restricted survival signature Φ̅𝑖(𝑙), when the 𝑖𝑡ℎ component has failed takes the form 

Φ̅𝑖(𝑙) = (
𝑚
𝑙
)

−1

∑ 𝜙(𝑥𝑖),

𝑥𝑖𝜖𝑆̅𝑙,𝑖

 

where the vector 𝑥𝑖 = (𝑥1, 𝑥2, … , 𝑥𝑖−1, 0, 𝑥𝑖+1, … , 𝑥𝑚)  be a state vector in which component ′𝑖′  is not 

working, and the set of all such vectors is denoted as set 𝑆𝑙̅,𝑖. 

For 𝑚 -order coherent systems with the 𝑛  types of components, the restricted survival 

signature, Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) , is defined as the probability that the system functions and that its 𝑖𝑡ℎ  component is 

functioning, conditional on exactly 𝑙𝑘 components of type 𝑘 being operational, for  𝑘 = 1,2, … , 𝑛. Closely related to 

the concept of the survival signature, Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) is an increasing function for each 𝑖 in coherent systems. In 

particular  

Φ𝑖(0, 0, … ,0) = 0 𝑎𝑛𝑑 Φ𝑖(𝑚1, 𝑚2, … ,𝑚𝑛) = 1 

for all 𝑖 ∈ {1,2, … ,𝑚}.  

Assuming the ith component is the pth component of type 𝑘, the state vector, denoted as 𝑥̅𝑖 = (𝑥1, 𝑥2, … , 𝑥𝑛), 

with𝑥𝑘 = (𝑥1
𝑘, 𝑥2

𝑘, … , 𝑥𝑝−1
𝑘 , 1, 𝑥𝑝+1

𝑘 , … , 𝑥𝑚𝑘
𝑘 ) represents the states in which the ith component is operational. The set of 

state vectors satisfying 𝑥𝑝
𝑘 = 1 is denoted as 𝑆𝑙1,𝑙2,…,𝑙𝑛

𝑖 . The restricted survival signature is then defined as: 

Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) = (∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

−1

) ∑ 𝜙(𝑥̅𝑖).

𝑥̅𝑖𝜖𝑆𝑙1,𝑙2,…,𝑙𝑛
𝑖

 

 (2.5) 

Similarly, if the 𝑖𝑡ℎ component is in a failed state, the restricted survival signature, Φ̅𝑖(𝑙1, 𝑙2, … , 𝑙𝐾), can be 

stated as: 

Φ̅𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) = (∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

−1

) ∑ 𝜙(𝑥𝑖),

𝑥𝑖𝜖𝑆̅𝑙1,𝑙2,…,𝑙𝑛
𝑖

 

(2.6) 

where 𝑥𝑖 = (𝑥1, 𝑥2, … , 𝑥𝑛)  is the state vector with  𝑥𝑘 = (𝑥1
𝑘 , 𝑥2

𝑘, … , 𝑥𝑝−1
𝑘 , 0, 𝑥𝑝+1

𝑘 , … , 𝑥𝑚𝑘
𝑘 ) , collectively 

represented by  the set 𝑆𝑙̅1,𝑙2,…,𝑙𝑛
𝑖 . It can also  be represented in terms of the number of path sets that contain precisely 

𝑙𝑘  functioning components, denoted by 𝑟𝑙1,𝑙2,…,𝑙𝑛
(𝑚1, 𝑚2, … ,𝑚𝑛)  and the number of path sets that include the 

functioning 𝑖𝑡ℎ  component with exactly 𝑙𝑘  operational units of type 𝑘 , denoted by 𝑟𝑖
𝑙1,𝑙2,…,𝑙𝑛

(𝑚1, 𝑚2, … ,𝑚𝑛)  as 

follows: 

ㅤΦ̅𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) =
𝑟𝑙1,𝑙2,…,𝑙𝑛

(𝑚1, 𝑚2, … ,𝑚𝑛) − 𝑟𝑖
𝑙1,𝑙2,…,𝑙𝑛

(𝑚1, 𝑚2, … ,𝑚𝑛)

∏ (
𝑚𝑘

𝑙𝑘
)𝑛

𝑘=1

 

This simplifies to 

Φ(𝑙1, 𝑙2, … , 𝑙𝑛) = Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) + Φ̅(𝑙1, 𝑙2, … , 𝑙𝑛) 

(2.7) 
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Moreover, letting 𝑇  and 𝑇𝑖  denote the lifetimes of the system and the 𝑖𝑡ℎ  component, respectively, the 

probability that the system operates while the 𝑖𝑡ℎ component is functioning (failing) can be written by the following 

Equations 2.8 and 2.9: 

ㅤ𝑃(𝑇 > 𝑡, 𝑇𝑖 > 𝑡) = ∑ … . ∑ [Φ𝑖(𝑙1, 𝑙2, … . , 𝑙𝑛) ∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1 − 𝑅𝑘(𝑡)]
𝑚𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘]

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1=0 

, 

(2.8) 

and 

ㅤ𝑃(𝑇 > 𝑡, 𝑇𝑖 ≤ 𝑡) = ∑ … . ∑ [Φ̅𝑖(𝑙1, 𝑙2, … . , 𝑙𝑛) ∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1 − 𝑅𝑘(𝑡)]
𝑚𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘]

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1=0 

. 

(2.9) 

3. Main Results 

3.1. System with cold standby components 

Let the 𝑚-order coherent system have 𝑛 distinct types. For each type, denoted by 𝑘, where 1 ≤  𝑘 ≤ 𝑛, there 

are 𝑚𝑘 components, and the sum of all 𝑚𝑘 's equals 𝑚, i.e., ∑ 𝑚𝑘
𝑛
𝑘=1 = 𝑚. Consider 𝑃𝑘 is the subsystem constructed 

by one active component of type 𝑘 and 𝑟𝑘 − 1 INID cold standby components with perfect switching. The system is 

now a combination of these subsystems 𝑃𝑘 containing one principal component with 𝑟𝑘 − 1 standby components. 

Theorem 3.1: Let 𝑇𝑘,1 and 𝑇𝑘,𝑗+1 for 𝑗 = 1, 2, … , 𝑟𝑘 − 1, denote the lifetimes of the type 𝑘 active component 

and  (𝑟𝑘 − 1) standby components, respectively. Let 𝑆𝑘,𝑗 be the sum of the failure times of the first 𝑗 components of 

the subsystem 𝑃𝑘. Then the survival function of the subsystem 𝑃𝑘, denoted by 𝑅𝑘
𝐶(𝑡), is given by 

ㅤ𝑅𝑘
𝐶(𝑡) = 𝑅𝑘(𝑡) + ∑ ∫ 𝑅𝑘,𝑗+1(𝑡 − 𝑥)𝑓𝑘

(𝑗)(𝑥)
𝑡

0

𝑑𝑥

𝑟𝑘−1

𝑗=1

, 

where the function 𝑓𝑘
(𝑗)(𝑥) is the probability density function (𝑝𝑑𝑓) of the sum of failure times of the first 𝑗 

components. Here, 𝑅𝑘(𝑡)  denotes the type 𝑘  active component’s reliability in the subsystem 𝑃𝑘 , and 𝑅𝑘,𝑗+1(𝑡) 

represents the reliability function of cold standby components ∀ 𝑗 ∈ {1,2, … , 𝑟𝑘 − 1}. 

 

Proof:  Let the subsystem 𝑃𝑘 has one active and one cold standby component (i.e., 𝑗 =  1). If 𝑇𝑘

𝐶1,1
 be the 

lifetime of the subsystem 𝑃𝑘 then 𝑇𝑘

𝐶1,1 = 𝑇𝑘,1 + 𝑇𝑘,2 = 𝑆𝑘,2 𝑎𝑛𝑑  𝑆𝑘,1 = 𝑇𝑘,1. The subsystem reliability, denoted by 

𝑅𝑘

𝐶1,1(𝑡) is as follows 

𝑅𝑘

𝐶1,1(𝑡) = 𝑃{𝑇𝑘,1 > 𝑡} U {𝑆𝑘,1 ≤ 𝑡, 𝑆𝑘,2 > 𝑡} 

i.e.,                                     𝑅𝑘

𝐶1,1(𝑡) = 𝑅𝑘(𝑡) + ∫ 𝑅𝑘,2(𝑡 − 𝑥) 𝑓𝑘
(1)(𝑥)

𝑡

0
 𝑑𝑥. 

The integral incorporates the failure time 𝑥 of the active component, and ensures that the standby component 

operates as the active unit for the remaining time 𝑡 − 𝑥. Thus, the hypothesis is satisfied in the case of one standby 

component (𝑗 = 1). 

Assume that the hypothesis holds for one active and up to 𝑟𝑘 − 2 cold standby components. The survival 

function of the subsystem 𝑃𝑘, denoted by 𝑅𝑘

𝐶1,𝑟𝑘−2
(𝑡), is 

ㅤ𝑅
𝑘

𝐶1,𝑟𝑘−2
(𝑡) = 𝑅𝑘(𝑡) +  ∑ ∫ 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘

(𝑗)(𝑥)
𝑡

0
 𝑑𝑥

𝑟𝑘−2
𝑗=1  
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(3.1) 

We now expand the subsystem 𝑃𝑘 with an additional cold standby component with a lifetime 𝑇𝑘,𝑟𝑘
, then the 

subsystem’s lifetime be the sum of all lifetimes of the active and cold standby components, i.e., 𝑇𝑘
𝐶 = 𝑇𝑘,1 + 𝑇𝑘,2 +

⋯𝑇𝑘,𝑟𝑘−1 + 𝑇𝑘,𝑟𝑘
. The subsystem 𝑃𝑘  survives beyond time 𝑡 if either the first 𝑟𝑘 − 1 components together survive 

beyond 𝑡 or the first 𝑟𝑘 − 1 components do not work at time 𝑥 ≤ 𝑡 and 𝑟𝑘
𝑡ℎ component survives for the remaining 

time 𝑡 − 𝑥 . Let 𝑆𝑘,𝑟𝑘−1 =  𝑇𝑘,1 + 𝑇𝑘,2 + ⋯+ 𝑇𝑘,𝑟𝑘−1  and 𝑆𝑘,𝑟𝑘
=  𝑆𝑘,𝑟𝑘−1 + 𝑇𝑘,𝑟𝑘

. Therefore, the subsystem’s 

reliability, denoted as 𝑅𝑘
𝐶(𝑡), can be derived as: 

ㅤ𝑅𝑘
𝐶(𝑡) = 𝑃(𝑆𝑘,𝑟𝑘

> 𝑡) = 𝑃(𝑆𝑘,𝑟𝑘−1 + 𝑇𝑘,𝑟𝑘
> 𝑡) 

Then the event {𝑆𝑘,𝑟𝑘
+ 𝑇𝑘,𝑟𝑘

> 𝑡} can be transformed into {𝑆𝑘,𝑟𝑘−1 > 𝑡}  ∪  {𝑆𝑘,𝑟𝑘−1 ≤ 𝑡, 𝑆𝑘,𝑟𝑘
> 𝑡}. So, 

ㅤ𝑅𝑘
𝐶(𝑡) = 𝑅

𝑘

𝐶1,𝑟𝑘−2
(𝑡) +  𝑃(𝑆𝑘,𝑟𝑘−1 ≤ 𝑡, 𝑆𝑘,𝑟𝑘

> 𝑡)ㅤ 

(3.2) 

Also, 

ㅤ𝑃(𝑆𝑘,𝑟𝑘−1 ≤ 𝑡, 𝑆𝑘,𝑟𝑘
> 𝑡) = ∫ 𝑅𝑘,𝑟𝑘

(𝑡 − 𝑥)  𝑓𝑘
(𝑟𝑘−1)

(𝑥)
𝑡

0
 𝑑𝑥ㅤ 

(3.3) 

By substituting the induction hypothesis from equation (3.1) into equation (3.2), we get 

ㅤ𝑅𝑘
𝐶(𝑡) =  𝑅𝑘(𝑡) + ∑ ∫ 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘

(𝑗)(𝑥)
𝑡

0

 𝑑𝑥 

𝑟𝑘−2

𝑗=1

+  𝑃(𝑆𝑘,𝑟𝑘−1 ≤ 𝑡, 𝑆𝑘,𝑟𝑘
> 𝑡) 

From equation (3.3), we  obtain 

ㅤ𝑅𝑘
𝐶(𝑡) = 𝑅𝑘(𝑡) + ∑ ∫ 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘

(𝑗)(𝑥)
𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

 

(3.4) 

Using the “principle of mathematical induction”, the result is valid for one active and 𝑟𝑘 − 1 cold standby 

components. This completes the proof. 

 

The system reliability after adding 𝑟𝑘 − 1 INID cold standby components to the type 𝑘 active component can 

be computed using equations (2.4) and (3.4) as follows:  

 

ㅤ𝑅𝑠(𝑡) = ∑ … . ∑ [Φ(𝑙1, 𝑙2, … . , 𝑙𝑛)∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1 ㅤㅤ

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1=0 

− (𝑅𝑘(𝑡) + ∑ ∫ 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑚𝑘−𝑙𝑘

[𝑅𝑘(𝑡)ㅤ

+ ∑ ∫ 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

]

𝑙𝑘

] . 
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 (3.5) 

 

Assuming all components in the subsystem 𝑃𝑘  are 𝐼𝐼𝐷  i.e., 𝑅𝑘(𝑡) = 𝑅𝑘,𝑗+1(𝑡)  ∀ 𝑗 ∈ {1, 2, … , 𝑟𝑘 − 1} , 

equation (3.5) can be rewritten as: 

ㅤ𝑅𝑠(𝑡) = ∑ … . ∑ [Φ(𝑙1, 𝑙2, … . , 𝑙𝑛)∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1 ㅤ

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1=0 

− (𝑅𝑘(𝑡) + ∑ ∫ 𝑅𝑘(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑚𝑘−𝑙𝑘

[𝑅𝑘(𝑡)ㅤ

+ ∑ ∫ 𝑅𝑘(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

]

𝑙𝑘

] .ㅤ 

(3.6) 

 

3.2. System with degrading cold standby components 

 

Degrading cold standby components can significantly impact the system reliability, even when not actively 

in use, these components experience wear and tear, which can lead to unexpected failures. As a result, accurately 

modelling their degradation is essential for the system performance. Consider the degrading cold standby components, 

with reliability 𝑅̃𝑘,𝑗+1(𝑥), 𝑗 ∈ {1, 2, … , 𝑟𝑘 − 1}  while in the standby state for time 𝑥. 

 

Theorem 3.2: Let 𝑇𝑘,1 be the lifetime of the active component of type 𝑘 and 𝑇𝑘,𝑗+1 be the lifetimes of  𝑟𝑘 − 1 

degrading standby components for 𝑗 ∈ {1, 2, … , 𝑟𝑘 − 1} in the subsystem 𝑃𝑘. Also, let 𝑆𝑘,𝑗 be the sum of the first 𝑗 

components' failure times in the subsystem 𝑃𝑘. Then the survival function of the subsystem 𝑃𝑘, denoted by 𝑅𝑘
𝐷(t ), is 

 

𝑅𝑘
𝐷(𝑡)  = 𝑅𝑘(𝑡) + ∑ ∫ 𝑅̃𝑘,𝑗+1(𝑥) 𝑅𝑘,𝑗+1(𝑡 −  𝑥) 𝑓𝑘

(𝑗)(𝑥)
𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

, 

 

where 𝑓𝑘
(𝑗)(𝑥) is used to represent the 𝑝𝑑𝑓 for the jth failure occurrence of subsystem 𝑃𝑘, considering the 

degrading effect on standby components. 𝑅𝑘(𝑡) denotes the reliability of the type 𝑘 active component in the subsystem 

𝑃𝑘 . Further 𝑅𝑘,𝑗+1(𝑡)  and 𝑅̃𝑘,𝑗+1(𝑡)  represent the reliabilities of the cold standby components without and with 

degradation respectively  ∀ 𝑗 ∈ {1,2, … , 𝑟𝑘 − 1}. 

 

 

Proof: Let's consider the subsystem 𝑃𝑘 , which has one active component and one degrading standby 

component (i.e., 𝑗 =  1). Let 𝑇𝑘

𝐷1,1
 be the lifetime of the subsystem 𝑃𝑘,ㅤ then ㅤ 𝑇𝑘

𝐷1,1 = 𝑇𝑘,1 + 𝑇𝑘,2, 𝑆𝑘,1 = ㅤ𝑇𝑘,1 

and  𝑆𝑘,2 = ㅤ𝑇𝑘,1 + 𝑇𝑘,2. If the active component fails at time 𝑥, then the standby component is triggered, and its 

reliability is given by 𝑅̃𝑘,2(𝑥)ㅤ𝑅𝑘,2 (t ˗ x), for 𝑡 ≥ 𝑥. Therefore, 
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𝑃(𝑆𝑘,1 ≤ 𝑡, 𝑆𝑘,2 > 𝑡) = ∫ 𝑅̃𝑘,2(𝑥) 𝑅𝑘,2(𝑡 ˗ 𝑥) 𝑓𝑘
(1)(𝑥)

𝑡

0
 𝑑𝑥, 

where 𝑓𝑘
(1)(𝑥) is identical to 𝑓𝑘

(1)(𝑥), is the 𝑝𝑑𝑓 of the active component for time 𝑥.  Following the induction 

basis as in Theorem 3.1, the subsystem reliability 𝑅𝑘
𝐷(𝑡) is given by 

ㅤ𝑅𝑘
𝐷(𝑡) = 𝑅𝑘(𝑡) + ∫ 𝑅̃𝑘,2(𝑥) 𝑅𝑘,2(𝑡 − 𝑥) 𝑓𝑘

(1)(𝑥)
𝑡

0

 𝑑𝑥. 

Thus, the hypothesis is satisfied in the case of one degrading standby component (𝑗 = 1). 

 

Consider the hypothesis to be true for one active and up to 𝑟𝑘 − 2 degrading cold standby components. Then 

the survival function of the subsystem 𝑃𝑘, denoted by 𝑅
𝑘

𝐷1,𝑟𝑘−2
(𝑡), is given by 

 

ㅤ𝑅𝑘

𝐷1,𝑟𝑘−2
(𝑡) = 𝑅𝑘(𝑡) + ∑ ∫ 𝑅̃𝑘,𝑗+1(𝑥) 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘

(𝑗)(𝑥)
𝑡

0

 𝑑𝑥

ㅤ𝑟𝑘−2

𝑗=1

. 

(3.8) 

We now expand the subsystem 𝑃𝑘 by adding an additional cold standby component with lifetime 𝑇𝑘,𝑟𝑘
. Then  

𝑇𝑘
𝐷 = ∑ 𝑇𝑘,𝑗

𝑟𝑘
𝑗=1 . The subsystem 𝑃𝑘  survives beyond time 𝑡  if either the first 𝑟𝑘 − 1 components together survive 

beyond 𝑡 or the first 𝑟𝑘 − 1 components do not work at time 𝑥 ≤ 𝑡 and 𝑟𝑘
𝑡ℎ component survives for the remaining 

time 𝑡 − 𝑥. Let 𝑆𝑘,𝑟𝑘−1 = 𝑇𝑘,1 + 𝑇𝑘,2 + ⋯+ 𝑇𝑘,𝑟𝑘−1 and 𝑆𝑘,𝑟𝑘
= 𝑆𝑘,𝑟𝑘−1 + 𝑇𝑘,𝑟𝑘

. Proceeding similarly to the induction 

step in Theorem 3.1, the subsystem’s reliability, ㅤ𝑅𝑘
𝐷(𝑡), can be derived as follows 

𝑅𝑘
𝐷(𝑡) = 𝑅𝑘(𝑡) + ∑ ∫ 𝑅̃𝑘,𝑗+1(𝑥) 𝑅𝑘,𝑗+1(𝑡 ˗ 𝑥) 𝑓𝑘

(𝑗)(𝑥)
𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

. 

(3.11) 

Using the “principle of mathematical induction”, the hypothesis is valid for one active and 𝑟𝑘 − 1 degrading 

cold standby components. This completes the proof. 

 

Remark: If 𝑓𝑘
(𝑗)(𝑥)  be the 𝑗-fold convolution of the degrading cold standby component lifetime, then 

following relation can be found 

𝑓𝑘
(𝑗)(𝑥) = ∫ 𝑅̃𝑘,𝑗(𝑢) 𝑓𝑘,𝑗(𝑥 − 𝑢) 𝑓𝑘

(𝑗−1)
(𝑢)

𝑥

0

 𝑑𝑢, 

where 𝑓𝑘,𝑗(𝑥 ˗ 𝑢), 𝑗 ∈ {2, 3, …, 𝑟𝑘 − 1} is the 𝑝𝑑𝑓 of the cold standby components for the time (𝑥 ˗ 𝑢) and the 

function 𝑓𝑘
(𝑗−1)

(𝑢) is the 𝑝𝑑𝑓 of sum of first 𝑗 − 1 components' failure times. 

 

By incorporating 𝑟𝑘 − 1 INID degrading cold standby components into the type 𝑘 active component, the 

system reliability can be determined using equations (2.4) and (3.11) as:  
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ㅤ𝑅𝑠(𝑡) = ∑ … . ∑ [Φ(𝑙1, 𝑙2, … . , 𝑙𝑛)∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1=0 

− (𝑅𝑘(𝑡) + ∑ ∫ 𝑅̃𝑘,𝑗+1(𝑥) 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

ㅤ𝑚𝑘−𝑙𝑘

[𝑅𝑘(𝑡)ㅤ

+ ∑ ∫ 𝑅̃𝑘,𝑗+1(𝑥) 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

]

𝑙𝑘

] . 

(3.12) 

In the case where the degrading cold standby components are  𝑖𝑖𝑑, assuming reliability 𝑅̃𝑘(𝑡), the Equation 

(3.12) becomes: 

 

𝑅𝑠(𝑡) = ∑ … . ∑ [Φ(𝑙1, 𝑙2, … . , 𝑙𝑛)∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1

𝑚𝑛

𝑙𝑛=0 

ㅤ𝑚1

𝑙1=0 

− (𝑅𝑘(𝑡) + ∑ ∫ 𝑅̃𝑘(𝑥) 𝑅𝑘(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑚𝑘−𝑙𝑘

[𝑅𝑘(𝑡)

+ ∑ ∫ 𝑅̃𝑘(𝑥) 𝑅𝑘(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

]

𝑙𝑘

], 

 (3.13) 

Moreover, deriving a closed-form expression for Equation (3.13) involves considerable difficulty. Therefore, 

an approximation to the system reliability, denoted by 𝑅̃𝑠(𝑡) [33], is considered and is given as follows: 

𝑅𝑠(𝑡) ≥ 𝑅̃𝑠(𝑡)ㅤ = ∑ …. ∑ [Φ(𝑙1, 𝑙2, … . , 𝑙𝑛) ∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1=0 

− (𝑅𝑘(𝑡) + ∑ (𝑅̃𝑘(𝑡))
𝑗+1

∫  𝑅𝑘(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑚𝑘−𝑙𝑘

[𝑅𝑘(𝑡)

+ ∑ (𝑅̃𝑘(𝑡))
𝑗+1

∫ 𝑅𝑘(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

]

𝑙𝑘

]. 

 (3.14) 

The equation (3.14) holds since each replacement of a failed component will have to work up to the last 

standby component, which implies that 𝑅̃𝑘(𝑥) ≥ 𝑅̃𝑘(𝑡) ∀ 𝑥 ≤ 𝑡.  

 

Assume that all components in the 𝑃𝑘 follow an exponential distribution, i.e.,  𝑓𝑘(𝑥) = 𝜆𝑘𝑒
−𝜆𝑘𝑥  , where  𝜆𝑘 

represents the failure rate of the type 𝑘 components. Then, the j-fold convolution 𝑓𝑘
(𝑗)(𝑥) is obtained as 
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𝑓𝑘
(𝑗)(𝑥) =

𝜆𝑘𝑒
−𝜆𝑘𝑥(𝜆𝑘𝑥)𝑗−1

(𝑗 − 1)!
. 

(3.15) 

 

Using equations (3.14) and (3.15), the approximated survival function of the considered system can be stated 

as 

 

𝑅̃𝑠(𝑡) = ∑ … . ∑ [Φ(𝑙1, 𝑙2, … . , 𝑙𝑛)∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1

𝑚𝑛

𝑙𝑛=0 

𝑚1ㅤ

𝑙1=0 

− (𝑒−𝜆𝑘𝑡 +ㅤ ∑ (𝑅̃𝑘(𝑡))
𝑗+1

∫  𝑅𝑘(𝑡 − 𝑥) 
𝜆𝑘𝑒

−𝜆𝑘𝑥(𝜆𝑘𝑥)𝑗−1

(𝑗 − 1)!

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑚𝑘−𝑙𝑘

[𝑒−𝜆𝑘𝑡

+ ∑ (𝑅̃𝑘(𝑡))
𝑗+1

∫ 𝑅𝑘(𝑡 − 𝑥) 
𝜆𝑘𝑒

−𝜆𝑘𝑥(𝜆𝑘𝑥)𝑗−1

(𝑗 − 1)!

𝑡

0

 𝑑𝑥

𝑟𝑘−1 ㅤ

𝑗=1

]

𝑙𝑘

]. 

(3.16) 

The survival analysis incorporating cold standby components subjected to degradation was studied in [22] 

using the degradation path of the component. The degradation path is given by 𝜂(𝑡) = 𝜙 + Θ𝑡, where 𝜙 represents 

initial degradation, and Θ represents the degradation rate. Let 𝐷 be the critical degradation limit, and suppose that the 

component fails if the degradation exceeds this limit. If the failure limit is defined as 𝐷 = 𝜙 + Θ𝑇̂, then 𝑇̂ =
𝐷−𝜙

Θ
. The 

survival function of 𝑇̂ in the standby state can therefore be written as 

𝑅̃𝑇̂(𝑡) = 𝑃(𝑇̂ > 𝑡) = 1 − 𝑃 (Θ ≥
𝐷 − 𝜙

𝑡
). 

 

Let Θ𝑘 be the degradation rate of type 𝑘 cold standby components, following the Weibull distribution with 

parameters (𝛼𝑘, 𝛽𝑘). The survival function, denoted by 𝑅̃𝑘(𝑡), is given by 

𝑅̃𝑘(𝑡) = 1 − 𝑃 (Θ𝑘 ≥
𝐷 − 𝜙

𝑡
) = 1 − 𝑒

−(
𝐷−𝜙
𝛼𝑘𝑡

)
𝛽𝑘

. 

 

Assuming that all parameter in the degradation model is known. i.e.,  
𝛼𝑘

𝐷−𝜙
= 𝛼𝑘

′ , then 

𝑅̃𝑘(𝑡) = 1 − 𝑒
−(

1

𝛼𝑘
′ 𝑡

)

𝛽𝑘

 

 

From equation (3.16), the approximated survival function 𝑅̃𝑠(𝑡)  can be represented as 
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𝑅̃𝑠(𝑡) = ∑ … . ∑

[
 
 
 

Φ(𝑙1, 𝑙2, … . , 𝑙𝑛) ∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

  [1

𝑚𝑛

𝑙𝑛=0 

𝑚1

𝑙1ㅤ=0 

− (𝑒−𝜆𝑘𝑡 + ∑ (1 − 𝑒
−(

1

𝛼𝑘
′ 𝑡

)

𝛽𝑘

)

𝑗+1

𝑒−𝜆𝑘𝑡(𝜆𝑘𝑡)
𝑗

(𝑗)!
 

𝑟𝑘−1

𝑗ㅤ=1

)]

𝑚𝑘−𝑙𝑘

[𝑒−𝜆𝑘𝑡

+ㅤ ∑ (1 − 𝑒
−(

1

𝛼𝑘
′ 𝑡

)

𝛽𝑘

)

𝑗+1

𝑒−𝜆𝑘𝑡(𝜆𝑘𝑡)
𝑗

(𝑗)!
 

ㅤ𝑟𝑘−1

𝑗=1

]

𝑙𝑘

]
 
 
 

. 

(3.17) 

4. Relative importance Index (RII) 

Feng et al. [12] defined the term RII for identifying the criticality of the ith component using the survival 

signature, which is expressed as 

𝑅𝐼𝐼𝑖  =  𝑃{𝑇 > 𝑡 |𝑇𝑖 > 𝑡} − 𝑃ㅤ{𝑇 > 𝑡|𝑇𝑖 ≤ 𝑡}. 

 

From equations (2.8) and (2.9), the RII of the ith component is 

 

𝑅𝐼𝐼𝑖ㅤ = ∑ ∑ … ∑ {(
Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛)

𝑅𝑖(𝑡)
) − (

Φ̅𝑖(𝑙1, 𝑙2, … , 𝑙𝑛)

1 − 𝑅𝑖(𝑡)
)}

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏ (
𝑚𝑘

𝑙𝑘
)

ㅤㅤ𝑛ㅤ

𝑘=1

[1 − 𝑅𝑘(𝑡)]
𝑚𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘 , 

 (4.1) 

where 𝑅𝑖(𝑡) be the ith component reliability. 

 

Also, using equation (2.7), it can be expressed in closed form as  

 

𝑅𝐼𝐼𝑖 = ∑ ∑ … ∑ [
{Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) − 𝑅𝑖(𝑡)Φ(𝑙1, 𝑙2, … , 𝑙𝑛)}

𝑅𝑖(𝑡)(1 − 𝑅𝑖(𝑡))
]

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

[1 − 𝑅𝑘(𝑡)]
𝑚𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘 . 

 (4.2) 

Here, we examine the RIIs within the contexts of series, parallel, and redundant configurations, as follows: 

Case (1): If the system has a series configuration and the ith component is not perfectly reliable, i.e., 𝑅𝑖(𝑡) ≠
1, then the restricted survival signature Φ̅𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) = 0. Thus, from equation (4.1), the RII can be obtained as  

𝑅𝐼𝐼𝑖 = ∑ ∑ … ∑ (
Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛)

𝑅𝑖(𝑡)
)

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

[1 − 𝑅𝑘(𝑡)]
𝑚𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘 . 

 

Case (2): If the system has a parallel configuration and the ith component is functioning but not perfectly 

reliable, then the survival signature becomes unity, thus from equation (4.2), the RII of the ith component can be 
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obtained as  

𝑅𝐼𝐼𝑖 = ∑ ∑ … ∑ (
{Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) − 𝑅𝑖(𝑡)}

𝑅𝑖(𝑡)(1 − 𝑅𝑖(𝑡))
)

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

[1 − 𝑅𝑘(𝑡)]
𝑚𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘 . 

 

Case (3): Assume that a coherent system consists of 𝑚 independent components of 𝑘 different types and that 

the subsystem 𝑃𝑘 contains one active component of type 𝑘 and 𝑟𝑘 − 1 cold standby components. Then, RII of the ith 

subsystem (previously it was the ith component of type 𝑟 in the case without a standby configuration), 𝑖 ∈ {1,2, … ,𝑚}, 
is obtained as 

 

𝑅𝐼𝐼𝑖
𝑐 = ∑ ∑ … ∑

{Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) − 𝑅𝑖
𝐶(𝑡)Φ(𝑙1, 𝑙2, … , 𝑙𝑛)}

𝑅𝑖
𝐶(𝑡)(1 − 𝑅𝑖

𝐶(𝑡))

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏(
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

[1

− (𝑅𝑘(𝑡) + ∑ ∫  𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑚𝑘−𝑙𝑘

[(𝑅𝑘(𝑡)

+ ∑ ∫  𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

ㅤ𝑟𝑘−1

𝑗=1

)]

𝑙𝑘

, 

 (4.3) 

where 𝑅𝑖
𝐶(𝑡) be the survival function of the subsystem 𝑃𝑟 . 

Theorem 4.1: Consider a coherent system consisting of subsystems 𝑃𝑘, each containing one active component 

of type 𝑘  and 𝑟𝑘 − 1 cold standby components. Assume that all the components in the subsystem 𝑃𝑘  follow an 

exponential distribution with a failure rate 𝜆𝑘. Let 𝑅𝐼𝐼𝑖1
𝑐  and 𝑅𝐼𝐼𝑖2

𝑐  be the RIIs of the 𝑖1
𝑡ℎ and 𝑖2

𝑡ℎ subsystem 𝑃𝑘1
 and 

𝑃𝑘2
,  respectively. Further assume that the restricted survival signatures of 𝑖1

𝑡ℎ  and 𝑖2
𝑡ℎ  components are identical. 

Consider 𝑅𝑘1

𝐶 (𝑡) and 𝑅𝑘2

𝐶 (𝑡) be the reliabilities of the subsystems 𝑃𝑘1
 and 𝑃𝑘2

, consisting of 𝑟𝑘1
 and 𝑟𝑘2

 components 

with failure rates 𝜆𝑘1
, 𝜆𝑘2

 respectively. Then: 

(i) If 𝑟𝑘1
= 𝑟𝑘2

 and 𝜆𝑘1
> 𝜆𝑘2

 then 𝑅𝐼𝐼𝑖1
𝑐  > 𝑅𝐼𝐼𝑖2

𝑐 . 

(ii) If 𝜆𝑘1
= 𝜆𝑘2

and 𝑟𝑘2
> 𝑟𝑘1

 then, 𝑅𝐼𝐼𝑖1
𝑐  > 𝑅𝐼𝐼𝑖2

𝑐 .  

Proof: Consider the function 𝛿𝑖1𝑖2
𝑐 = 𝑅𝐼𝐼𝑖1

𝑐 − 𝑅𝐼𝐼𝑖2
𝑐 . We aim to show that 𝛿𝑖1𝑖2

𝑐 > 0 for the assumed failure 

rates 𝜆𝑘1
, 𝜆𝑘2

. The difference of RIIs for the 𝑖1
𝑡ℎ and 𝑖2

𝑡ℎsubsystems is 

𝛿𝑖1𝑖2
𝑐 = ∑ ∑ … ∑ {

Φ𝑖1
(𝑙1, 𝑙2, … , 𝑙𝑛)

𝑅𝑘1

𝐶 (𝑡)
−

Φ̅𝑖1
(𝑙1, 𝑙2, … , 𝑙𝑛)

1 − 𝑅𝑘1

𝐶 (𝑡)
−

Φ𝑖2
(𝑙1, 𝑙2, … , 𝑙𝑛)

𝑅𝑘2

𝐶 (𝑡)
+

Φ̅𝑖2
(𝑙1, 𝑙2, … , 𝑙𝑛)

1 − 𝑅𝑘2

𝐶 (𝑡)
}

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

[1

− (𝑅𝑘
𝐶(𝑡))]

𝑚𝑘−𝑙𝑘
[(𝑅𝑘

𝐶(𝑡))]
𝑙𝑘

, 

where 𝑅𝑘
𝐶(𝑡) denotes the subsystem reliability of 𝑃𝑘. Given that the Φ𝑖1

(𝑙1, 𝑙2, … , 𝑙𝑛) is identical to 

Φ𝑖2
(𝑙1, 𝑙2, … , 𝑙𝑛), therefore, 𝛿𝑖1𝑖2

𝑐  becomesㅤ 
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𝛿𝑖1𝑖2
𝑐 = ∑ ∑ … ∑(𝑅𝑘2

𝐶 (𝑡) − 𝑅𝑘1

𝐶 (𝑡)) {
Φ𝑖1

(𝑙1, 𝑙2, … , 𝑙𝐾)

𝑅𝑘1

𝐶 (𝑡) 𝑅𝑘2

𝐶 (𝑡)
+

Φ̅𝑖1
(𝑙1, 𝑙2, … , 𝑙𝐾)

(1 − 𝑅𝑘1

𝐶 (𝑡)) (1 − 𝑅𝑘2

𝐶 (𝑡))
}

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

[1 

− (𝑅𝑘
𝐶(𝑡))]

𝑚𝑘−𝑙𝑘
[(𝑅𝑘

𝐶(𝑡))]
𝑙𝑘
ㅤ 

i.e., ㅤ 

𝛿𝑖1𝑖2
𝑐 = (𝑅𝑘2

𝐶 (𝑡) − 𝑅𝑘1

𝐶 (𝑡)) ℎ(𝑡).ㅤ 

 

Here, ℎ(𝑡) > 0, therefore 𝛿𝑖1𝑖2
𝑐 > 0 iff 𝑅𝑘2

𝐶 (𝑡) > 𝑅𝑘1

𝐶 (𝑡). 

(4.4) 

Also, for the subsystem 𝑃𝑘 having 𝑟𝑘 − 1 exponentially distributed standby components with a common 

hazard rate 𝜆𝑘, the reliability 𝑅𝑘
𝐶(𝑡), is  

𝑅𝑘
𝐶(𝑡) = ∑

(𝜆𝑘𝑡)
𝑗

𝑗!
𝑒−𝜆𝑘𝑡ㅤ

ㅤ𝑟𝑘−1

𝑗=0

. 

4.5) 

Here 𝑅𝑘
𝐶(𝑡) follows the Erlang distribution, we have considered two cases: 

Case (i): Taking the derivative of equation (4.5) with respect to 𝜆𝑘, we have 

: 

𝑑𝑅𝑘
𝐶(𝑡)

𝑑𝜆𝑘

=
𝑑

𝑑𝜆𝑘

( ∑
(𝜆𝑘𝑡)

𝑗

𝑗!
𝑒−𝜆𝑘𝑡

𝑟𝑘−1

𝑗=0

) 

 

⇒  
𝑑𝑅𝑘

𝐶(𝑡)

𝑑𝜆𝑘

= ㅤ𝑡𝑒−𝜆𝑘𝑡 (− ∑
(𝜆ㅤ𝑘𝑡)

𝑗

𝑗!

𝑟𝑘−1

𝑗=0

+ ∑
 (𝜆𝑘𝑡)

𝑗  

(𝑗)!

𝑟𝑘−2

𝑗=0

) 

𝑖. 𝑒. ,           ㅤ 
𝑑𝑅𝑘

𝐶(𝑡)

𝑑𝜆𝑘

= 𝑡𝑒−𝜆𝑘𝑡 (ㅤ−
(𝜆𝑘𝑡)

𝑟𝑘−1

(𝑟𝑘 − 1)!
) < 0 .        

Hence, 
𝑑𝑅𝑘

𝐶(𝑡)

𝑑𝜆𝑘
< 0, which implies that the reliability function 𝑅𝑘

𝐶(𝑡) is strictly decreasing w.r.t. 𝜆𝑘. Therefore, 

for 𝑟𝑘1
= 𝑟𝑘2

and 𝜆𝑘1
> 𝜆𝑘2

,  it follows that the ㅤ𝑅𝑘1

𝐶 (𝑡) < 𝑅𝑘2

𝐶 (𝑡) . From equation (4.4),  the difference function 

satisfies  𝛿𝑖1𝑖2
𝑐 > 0, i.e.,  𝑅𝐼𝐼𝑖1

𝑐  > 𝑅𝐼𝐼𝑖2
𝑐 . 

 

Case (ii): Let 𝑟𝑘1
< 𝑟𝑘2

, and ∆(𝑡) = 𝑅𝑘2

𝐶 (𝑡) − 𝑅𝑘1

𝐶 (𝑡), therefore, from equation (4.5) ㅤ 

∆(𝑡)ㅤ = ∑
(𝜆𝑘2

𝑡)
𝑗

𝑗!
𝑒−𝜆𝑘2𝑡 − ∑

(𝜆𝑘1
𝑡)

𝑗

𝑗!
𝑒−𝜆𝑘1𝑡

𝑟𝑘1−1

𝑗=0

𝑟𝑘2−1

𝑗=0
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∆(𝑡)ㅤ = ∑
(𝜆𝑘2

𝑡)
𝑗

𝑗!
𝑒−𝜆𝑘2𝑡 + ∑

(𝜆𝑘2
𝑡)

𝑗
ㅤ

𝑗!
𝑒−𝜆𝑘2𝑡

ㅤ𝑟𝑘2−1

𝑗=𝑟𝑘1

− ∑
(𝜆𝑘1

𝑡)
𝑗

𝑗!
𝑒−𝜆𝑘1𝑡

𝑟𝑘1−1

𝑗=0

𝑟𝑘1−1

𝑗=0

 

Given that, 𝜆𝑘1
= 𝜆𝑘2

= 𝜆𝑘, so 

∆(𝑡) = 𝑒−𝜆𝑘𝑡 ∑
(𝜆𝑘𝑡)

𝑗

𝑗!

𝑟𝑘2−1

𝑗=𝑟𝑘1

> 0, 

This implies that the 𝑅𝑘2

𝐶 (𝑡) > 𝑅𝑘1

𝐶 (𝑡). So, it is concluded that for 𝜆𝑘1
= 𝜆𝑘2

, and 𝑟𝑘1
< 𝑟𝑘2

 the difference 

function  𝛿𝑖1𝑖2
𝑐 > 0 i.e.,  𝑅𝐼𝐼𝑖1

𝑐  > 𝑅𝐼𝐼𝑖2
𝑐 . This completes the proof. 

  

Case (4): Assume the subsystem 𝑃𝑘  contains one active component of type 𝑘 and 𝑟𝑘 − 1 degrading cold 

standby components. Then, RII of the ith subsystem (previously it was the ith component of type 𝑟 in the case without 

standby configuration), 𝑖 ∈ {1,2, … ,𝑚}, is 

 

𝑅𝐼𝐼𝑖
𝑑 = ∑ ∑ … ∑

{Φ𝑖(𝑙1, 𝑙2, … , 𝑙𝑛) − 𝑅𝑖
𝐷(𝑡)Φ(𝑙1, 𝑙2, … , 𝑙𝑛)}

𝑅𝑖
𝐷(𝑡)(1 − 𝑅𝑖

𝐷(𝑡))

𝑚𝑛

𝑙𝑛=0

𝑚2

𝑙2=0

𝑚1

𝑙1=0

∏ (
𝑚𝑘

𝑙𝑘
)

𝑛

𝑘=1

[1

− (𝑅𝑘(𝑡) + ∑ ∫ 𝑅̃𝑘,𝑗+1(𝑥) 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑚𝑘−𝑙𝑘

[(𝑅𝑘(𝑡)

+ ∑ ∫ 𝑅̃𝑘,𝑗+1(𝑥) 𝑅𝑘,𝑗+1(𝑡 − 𝑥) 𝑓𝑘
(𝑗)(𝑥)

𝑡

0

 𝑑𝑥

𝑟𝑘−1

𝑗=1

)]

𝑙𝑘

. 

 (4.6) 

where 𝑅𝑖
𝐷(𝑡) is the reliability of the subsystem 𝑃𝑟 . 

5. Numerical Example 

A six-component bridge system (Figure 1) is analyzed to illustrate the derived results. It consists of six 

components of two types and was previously examined in [12] to evaluate reliability and the RII. The system is 

extended by introducing cold standby components, both with and without degradation, to enhance its reliability 

(Figure 2). Each component of type 𝑘 is transformed into a subsystem 𝑃𝑘 comprising one active and several INID cold 

standby components, and the resulting changes in system reliability and subsystems’ criticality are subsequently 

examined. 
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Figure 1. Complex bridge system containing two types of components. 

 

Figure 2. Complex bridge system with cold standby components. 

Table 1 summarizes the characteristics of the components, assuming that their lifetimes follow an exponential 

distribution with distinct failure rates 𝜆.  Table 2 presents the survival signature Φ(𝑙1, 𝑙2) and the restricted survival 

signature Φ𝑖(𝑙1, 𝑙2) for 𝑙1 and 𝑙2. Further, the reliability of the considered systems can be evaluated using the data 

presented in Tables 1 and 2. 

Table 1 Components failure rates and their reliability.  

Component type Failure rate (𝜆) Component Reliability 

1 0.8 𝑒−(0.8)𝑡 

11
𝑐  2.5 𝑒−(2.5)𝑡 

2 1.6 𝑒−(1.6)𝑡 

12
𝑐  2.5 𝑒−(2.5)𝑡 

22
𝑐  3.0 𝑒−(3.0)𝑡 

Table 2. Survival signature and Restricted survival signature. 
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𝒍𝟏 𝒍𝟐 𝚽(𝒍𝟏, 𝒍𝟐) 𝚽𝒊(𝒍𝟏, 𝒍𝟐) 

𝑖 =  1 𝑖 = 2 𝑖 = 3 𝑖 = 4 𝑖 = 5 𝑖 = 6 

1 2 1/9 1/9 0 1/9 0 0 1/9 

1 3 1/3 1/3 0 1/3 1/3 0 1/3 

2 2 4/9 4/9 2/9 2/9 2/9 2/9 2/9 

2 3 2/3 2/3 2/3 2/3 2/3 2/3 2/3 

3 0 1 1 1 1 0 1 0 

3 1 1 1 1 1 1 1 1 

3 2 1 1 1 1 1 1 1 

3 3 1 1 1 1 1 1 1 

Using equation (3.4), the reliability of the subsystem 𝑃1 is 

𝑅1
𝐶(𝑡) = 𝑅1(𝑡) + ∫ 𝑅1,2(𝑡 − 𝑥) 𝑓1

(1)(𝑥)
𝑡

0

 𝑑𝑥 

where 𝑓1
(1)(𝑥) represents the 𝑝𝑑𝑓 of the first failure arrival for the subsystem 𝑃1. 𝑅1(t) and 𝑅1,2(𝑡) denote 

the reliabilities of the active component and the cold standby component added to the active component in the 

subsystem 𝑃1, respectively. Since 𝑓1
(1)

(x)= 𝑓1(x), thus 

ㅤ𝑅1
𝐶(𝑡) = 𝑅1(𝑡) + ∫ 𝑅1,2(𝑡 − 𝑥) 𝑓1(𝑥) 𝑑𝑥

𝑡

0

 

Also, the reliability of the subsystem 𝑃2 can be found using equation (3.4) as 

𝑅2
𝐶(𝑡) = 𝑅2(𝑡) + ∑ ∫ 𝑅2,𝑗+1(𝑡 − 𝑥) 𝑓2

(𝑗)(𝑥)
𝑡

0

 𝑑𝑥

2

𝑗=1

 

(5.1) 

where 𝑓2
(𝑗)(𝑥) represents the 𝑝𝑑𝑓 of the jth failure arrival for the subsystem 𝑃2 i.e, the 𝑝𝑑𝑓 of the sum of the 

first 𝑗 components' failure times. The functions 𝑅2(𝑡) and 𝑅2,𝑗+1(𝑡), 𝑗 ∈ {1, 2} denote the reliabilites of the type 2 

active component and cold standby components added to the active component of type 2  in subsystem 𝑃2 , 

respectively. Assuming the components are exponentially distributed, then Case (i): if 𝑗 = 1, then  𝑓2
(1)(𝑥) = 𝑓2(𝑥). 

Case (ii): if 𝑗 = 2,  then 𝑓2
(2)(𝑥) is 𝑝𝑑𝑓 of the sum of the lifetimes 𝑇1(lifetime of active component 2) and 𝑇2 (lifetime 

of the standby component 12
𝑐). i.e., 𝑓2

(2)(𝑥) = ∫ 𝑓𝑇2
(𝑥 − 𝑢)

𝑡

0
𝑓𝑇1

(𝑢) 𝑑𝑢. 

Given that the lifetimes 𝑇1  and 𝑇2  have failure rates 𝜆1  and 𝜆2  respectively, therefore, 𝑓2
(2)(𝑥)  can be 

evaluated as 

ㅤ𝑓2
(2)(𝑥) =

𝜆1𝜆2(𝑒
−𝜆1𝑡 − 𝑒−𝜆2𝑡)

𝜆2 − 𝜆1

 

(5.2) 

Using Table 1 and the equation (5.2), the reliability of the subsystem 𝑃2 can be evaluated easily.  If the 

degradation rate of the cold standby components follows a Weibull distribution with parameters (𝛼𝑘
′, 𝛽) and the 

reliability of the degrading component is 𝑅𝑘(𝑡) = 1 − 𝑒
−(

1

𝛼𝑘
′𝑡

)
𝛽

as shown in Table 3, then the system reliability can 
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be evaluated using Equation (3.12). 

Figure 3 illustrates the system reliability comparison among the systems with no-standby, cold standby, and 

degrading cold standby components. The no-standby configuration demonstrates a rapid decline in reliability, 

reflecting poor survivability over time. The inclusion of cold standby components significantly enhances system 

reliability throughout the mission duration, although degradation during standby diminishes this improvement. 

Nevertheless, a clear advantage over the no-standby case is maintained. These results validate the efficacy of cold 

standby redundancy in improving system reliability, even under degrading conditions. 

Table 3:Scale and Shape Parameters for Degrading Cold Standby Components 

Component Scale Parameter 𝛼𝑘
′ Shape Parameter β Degrading Components reliability 

11
𝑐  1.5 2 

1 − 𝑒−(
1

1.5 𝑡
)
2

 

12
𝑐  1.5 2 

1 − 𝑒−(
1

1.5 𝑡
)
2

 

22
𝑐  2.0 2 

1 − 𝑒−(
1

2.0 𝑡
)
2

 

 

Figure 3: Reliability function of the systems shown in Figures 1 and 2 

Using equation (4.4), the RII of the ith component (Figure 1) having reliability 𝑅𝑖(𝑡) can be obtained as 

𝑅𝐼𝐼 = ∑ ∑
{Φ𝑖(𝑙1, 𝑙2) − 𝑅𝑖(𝑡)Φ(𝑙1, 𝑙2)}

𝑅𝑖(𝑡) (1 − 𝑅𝑖(𝑡))

3

𝑙2=0

3

𝑙1=0

∏ (
3
𝑙𝑘

)

2

𝑘=1

[1 − 𝑅𝑘(𝑡)]
𝑛𝑘−𝑙𝑘[𝑅𝑘(𝑡)]

𝑙𝑘 

The RII of each component is determined using the data in Tables 1 and 2. Figures 4 and 5 show the RII of 

components and their corresponding subsystems after incorporating cold standby and degrading cold standby 

redundancies. Specifically, Figure 4 presents the RII of components 1 and 4 along with the RII of their respective 

subsystems, while Figure 5 illustrates the RII of components 2 and 3 and their corresponding subsystems under 

different redundancy strategies. A comparison with [12] shows that the RII of component 4 in the no-standby case 
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matches that obtained by Feng, thereby validating the correctness of the derived RII results. The RII values of the 

component pairs {2,5} and {3,6} are observed to be identical. For the cold standby and degrading cold standby 

configurations shown in Figure 2, the RII of the ith subsystem (corresponding to the ith component in Figure 1) is 

computed using Equations (4.3) and (4.6) along with the data in Tables 1, 2, and 3. 

Figures 4 and 5 show that, in the no-standby configuration, component 1 is the most critical, as its RII remains 

higher than that of all other components over the complete time duration. After the introduction of redundancy, each 

component is transformed into a subsystem. Under both cold standby and degrading cold standby configurations, 

subsystem 1 continues to exhibit the highest RII among all subsystems. Compared to the no-standby case, the cold 

standby strategy increases the RII of subsystem 1, indicating that the system is more sensitive to its operational state. 

When degradation during standby is considered, the RII of subsystem 1 decreases slightly relative to the ideal cold 

standby case but remains higher than that of the component in original no-standby configuration for a longer duration. 

In contrast, component 4 has the lowest RII in the original system, and its corresponding subsystem 4 remains the 

least critical under redundancy, with its RII declining rapidly after ( 𝑡 = 1 ). 

 

Figure. 4: RII of the 1st and 4th component / subsystem 
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Figure 5.: RII of the 2nd and 3rd component / subsystem 

  In the absence of standby, Figure 5 shows that component 2 is consistently more critical than component 3 

over the entire time frame, and this ranking remains time-invariant. The importance ranking of subsystems is time-

dependent after the introduction of redundancy. Under cold standby conditions, the RII values of subsystems 2 and 3 

coincide at (𝑡 = 1.3); for (𝑡 < 1.3), subsystem 3 has a higher RII than subsystem 2, whereas for (𝑡 > 1.3), subsystem 2 

becomes more critical than subsystem 3. A similar behavior is observed for the degraded cold standby configuration, 

where the RII values of subsystems 2 and 3 coincide at (𝑡 = 0.7), after which the criticality shifts from subsystem 3 to 

subsystem 2. The analysis shows that, despite fixed component importance rankings in a no-standby system, adding 

redundancy induces time-dependent changes in RII and alters criticality over time. 

6. Conclusion 

  The study demonstrates that a survival signature approach offers a systematic reliability analysis of coherent 

systems, identifying critical components and their time-dependent influence on performance. This emphasizes the role 

of component criticality in enhancing system reliability. To address this, the system is augmented with cold standby 

components, both with and without degradation effects, to improve performance and mitigate the impact of critical 

components. A closed-form recursive expression for subsystem reliability is derived by modeling each component as 

a subsystem consisting of one active and many INID cold standby components. Additionally, the RII expression based 

on the restricted survival signature is formulated, and a theorem for RII is established under the assumption of 

exponentially distributed cold standby components. 

  The numerical example demonstrated that cold standby redundancy significantly improves system reliability, 

even in the presence of degradation. The RII analysis further reveals that redundancy redistributes criticality rather 

than uniformly reducing it. Whereas subsystems 2 and 3 show time-dependent shifts in importance after redundancy 

implementation, highlighting the configuration and time-dependent behavior of the subsystem importance. This 

framework provides useful guidance for the allocation of strategic redundancies. Future research may extend the 

proposed framework to repairable systems and dynamically evolving system configurations. Additionally, the model 

can be further developed to incorporate more complex operational environments and maintenance strategies, enabling 

a broader applicability of the approach in practical reliability analysis. 
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