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Abstract: This article proposes a novel Estimation of Distribution Algorithm (EDA), named DEDA, which leverages the Dirichlet 

distribution to address the Flexible Job Shop Scheduling Problem (FJSSP). The FJSSP is a complex combinatorial optimization 

problem in which jobs consist of multiple operations processed on various feasible machines under sequence constraints. 

Complexity of FJSSP motivates the development of efficient algorithms. This research outlines the problem, provides a 

comprehensive review of diverse methods applied to the FJSSP, and offers an in-depth discussion of solution representations, local 

search strategies, dynamic environment handling, and multi-objective approaches. Evaluation metrics and benchmarking datasets 

used in the literature are also summarized. The study introduces the DEDA method, detailing solution representation, population 

generation, offspring creation using the Dirichlet distribution, fitness evaluation, and population replacement. The manuscript 

discusses the concept of EDAs, their advantages in building probabilistic models to generate improved offspring, and various 

modeling approaches, including Bayesian networks, ranking models, and radial distributions. It highlights a gap in the literature 

regarding EDAs that utilize Dirichlet distributions to enhance offspring quality for combinatorial problems such as the FJSSP. 

DEDA is tested and compared on standard benchmark datasets against prominent EDAs and metaheuristics, showing statistically 

significant superior performance in multiple tests. The article concludes that DEDA offers a promising approach for the FJSSP and 

can be extended to other scheduling and combinatorial optimization problems. 
Keywords: Dirichlet distribution; gamma distribution; estimation of distribution algorithms; scheduling; flexible job shop 

 

1. Introduction  

The supply chain encompasses that cover the entire lifecycle of a product or service, from conception to 

consumption [1]. Various participants are involved in any supply chain, including producers, marketers, distributors, 

retail sellers, as well as elements such as data, raw materials, operators, and capital. The operations within a supply 

chain include purchasing, manufacturing, transportation, and more. Supply chain management involves a variety of 

decisions and transactions among the different entities involved, typically categorized as strategic, tactical, and 

operational [2]. The main activities of the supply chain generally take place within a facility. Raw materials or parts 

are stored until they are shipped. Within any facility, decisions occur at multiple levels: strategic, mid-term, and 

operational. Examples include a) Strategic decisions, such as selecting the factory location, designing the layout, 
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choosing suppliers and carriers, and implementing software systems. b) Mid-term decisions, such as establishing 

policies to meet quality and safety standards, determining storage locations within the layout, defining the flow of 

parts in the warehouse, and conducting cyclical inventory operations. c) Operational decisions, such as forecasting 

demand, scheduling, dispatching receipts and shipments, and managing order arrivals. For further details see 

references [2-4]. 

One of the key operational decisions is to determine the optimal scheduling to enhance the overall performance 

of resources within a facility. Different configurations arise in various manufacturing schemes. This paper analyzes 

the configuration known as the Flexible Job Shop Scheduling Problem (FJSSP). In the FJSSP, each operation of a job 

can be processed on any machine within a set of feasible machines. The FJSSP is notoriously difficult [5]. While the 

classical Job Shop Scheduling Problem (JSSP) focuses on finding the optimal sequence of operations, the FJSSP also 

addresses the machine assignment decision.  

Given the combinatorial nature of FJSSP, one active area of research involves combining different methods to 

develop more robust algorithms [7]. In this study, we continue this line of research by incorporating a new estimation 

of distribution algorithm (EDA). The primary goal of research on EDAs is to identify improved methods for 

constructing probability models to enhance their performance. Accordingly, we introduce the use of the Dirichlet 

distribution to improve the performance of an EDA, which we call DEDA, to effectively solve the FJSSP.  

Dirichlet distribution has been applied in various contexts. For example, in topic modeling, it enables the 

discovery of hidden themes within a corpus of documents by modeling the distribution of themes per document and 

words per theme. It is also used to model user preferences, such as distributions over themes, thereby enhancing 

content personalization. Additionally, it is useful in mixture models, image segmentation, and dimensionality 

reduction, where probabilistic proportions across multiple categories are required. In genomics, the Dirichlet 

distribution is applied to analyze ribonucleic acid sequencing counts, facilitating the study of gene isoform usage. In 

summary, the Dirichlet distribution is fundamental when data represents proportions, relative frequencies, or 

probabilities that must sum to one, allowing for robust handling of uncertainty. 

1.1 Problem statement 

Based on [6] the FJSSP can be understood as follows: 

We have a set of 𝑛 jobs 𝐽 =  {𝐽1, . . . , 𝐽𝑛} and a set of 𝑚 machines 𝑀 =  {𝑀1, . . . , 𝑀𝑚}. Each job 𝐽 consists of a 

sequence of 𝑂 operations, that is to say, 𝐽 𝑖 =  {𝑂𝑖,1, . . . , 𝑂𝑖,𝑛𝑖
} where 𝑛𝑖 is the number of operations for the job 𝑖. Each 

operation 𝑂𝑖,𝑗  can be processed on some machine within a set of feasible machines 𝑀𝑖𝑗  ⊆  𝑀. In the FJSSP, the 

following conditions must be taken into consideration 

- At the start of the planning horizon, all data is available in advance, including jobs, operations, and feasible 

machines. 

- Each job has a predetermined sequence of operations. 

- The operations for each job must be processed sequentially. 

- There is no relationship between the jobs. 

- The machines can process one operation at a time. 

- The operation cannot be interrupted once the process has started on the assigned machine. 

- Breakdowns, setup times, and transport times are not taken into account. 

- All processing times cannot be negative. 

2. Relevant literature review 
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Over the past decades, numerous studies have applied meta-heuristic algorithms to solve the FJSSP. [8] utilized 

dispatching rules to initialize a population of feasible solutions. Each feasible solution consists of two parts: an 

operation sequence representation as the first part and a machine selection representation as the second part. In the 

first part, the following dispatching rules were applied: the most work remaining rule, the random rule, and the greatest 

number of operations remaining rule. In the second part, the random rule, operation minimum processing time rule, 

and local minimum processing time rule were used. The initial population was generated using a harmony search (HS) 

algorithm that incorporates these rules. Subsequently, an Artificial Bee Colony (ABC) algorithm was implemented to 

generate new feasible solutions (also called neighboring solutions) through the Iterated Local Search (ILS) and Scatter 

Search (SS) techniques. One of these local search techniques is selected using the roulette wheel selection scheme. 

Next, a tournament selection step is performing among the solutions. If a selected solution is a local optimum, a 

Simulated Annealing (SA) algorithm is applied to escape from the current position. Otherwise, a Filter and Fan (F&F) 

algorithm is utilized for the selected solution. Following this, the search is enhanced by a crossover operation. For the 

operation sequence part, the authors employed a Modified Precedence Operation Crossover (MPOX) operator. For 

the machine assignment part, a uniform crossover operator was used. Finally, the best parents and the best offspring 

form the population for the next generation. The proposed ABC algorithm was tested using the dataset from [9], which 

includes 10 instances: MK01 – MK10. The results of the proposed algorithm were compared to those of the Pareto-

based discrete harmony search algorithm discussed in [10], the biogeography-based optimization (BBO) algorithm 

detailed in [11], and a modified simulated annealing method implemented in [12]. 

The authors concluded that, considering all 10 instances, the metric (average percentage deviation) of the 

proposed ABC scheme outperforms the compared methods. 

[13] also presented an ABC algorithm. The authors utilized a combination of two types of vectors, as in [8]’s 

research: the operation sequence vector and the machine assignment vector, which we refer to as type 1 and type 2 

vectors respectively. The initial population was generated using a hybrid approach. First, type 1 vectors were 

initialized using three rules: the random rule, the most work remaining rule (MWR), and the greatest number of 

operations remaining rule (MOR). Meanwhile, type 2vectors were initialized using three different rules: the random 

rule, the local minimum processing time rule, and the global minimum processing time rule. Additionally, three 

crossover operators were applied to evolve type 2 vectors: the two-point crossover, the uniform crossover, and the 

Precedence Preserving Order Based Crossover (POX). To ensure exploration capability, a mutation operator for type 

2 vectors was also included in the proposed scheme. Furthermore, a local search strategy based on the critical path 

was developed and integrated into the ABC algorithm. The authors also addressed dynamic issues in the manufacturing 

environment, such as jobs cancellations, jobs arrivals throughout the scheduling, and cancellations of operations 

within some jobs. To handle these scenarios, they devised heuristics and incorporated them into the ABC algorithm 

to solve dynamic scheduling problems, by rearranging operations. The performance of their scheme was validated 

using the dataset from [9], which includes 10 instances: MK01 – MK10. The results of the proposed algorithm were 

compared with those from [14], [15], [16] (a hybrid tabu search algorithm), [17] (an ABC algorithm), [18] (ant colony 

optimization), and [19] (a parallel variable neighborhood search algorithm). The authors concluded that the strong 

performance of the proposed scheme is attributed to the combination of diverse initial populations, the moving 

operations technique, and the local search method. 

[20] presented a hybrid algorithm based on the ant colony system and local search to solve the FJSSP. A key 

feature of this approach is the integration of scheduling and vehicle routing, with the vehicle routing component solved 

optimally using mathematical programming. To the best of their knowledge, this is the first reported work in the 

literature to address scheduling combined with vehicle routing. The combination of a hybrid metaheuristic and a 

mathematical programming fall under the category of matheuristic algorithms. Their algorithm consists of two phases. 

The first phase is based on the ant colony system algorithm detailed by [21]. In this phase, each ant constructs a 

feasible solution in parallel. By tracking artificial pheromones, each ant defines machine production routes. Once all 

ants have completed their solutions, the best-performing ant proceeds to the second phase, which employs a hill 

descent algorithm. The implementation of this algorithm is based on the work of [22], which focuses on moving 
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operations belonging to the critical route of batches that influence the optimization criterion. During the vehicle routing 

process, the algorithm assigns production orders to vehicles. A mixed-integer programming model is used to determine 

the shortest path for each trip, thereby minimizing travel time. Experiments were conducted by adapting instances 

from [23] for the flexible job shop problem. For large instances, the scheme achieves an efficiency improvement 

between 8% and 12%. Finally, it was concluded that the total completion time in the job shop environment accounts 

for between 50% and 75.5% of the overall process time. 

[24] studied an extension of the FJSSP, known as the Distributed and Flexible Job Shop Scheduling Problem 

(DFJSSP). In this problem, a set of geographically distributed factories, each containing m machines, processes n jobs. 

In a globalized market, it is common to have diverse facilities. Businesses benefit from being close to their clients, 

enabling rapid responses to market shifts. They also experience significant productivity gains due to factors such as 

variations in labor costs and the skill levels of employees in specific regions. However, the DFJSSP is a complex and 

intricate problem, similar to other scheduling challenges. It simultaneously considers assigning jobs to machines and 

distributing jobs across different factories. The authors propose a Chemical Reaction Optimization (CRO) scheme to 

address the DFJSSP. Their primary objective was to identify the optimal assignment of jobs to factories, followed by 

building production scheduling within each factory. They developed an initial heuristic that schedules each job in 

every factory, then selects the factory with the best schedule to assign the job definitively. This process is repeated 

until all jobs are assigned to factories. Subsequently, diversification and intensification techniques were applied to 

ensure exploration and exploitation of the search space, respectively. The proposed CRO scheme was evaluated using 

classical FJSSP instances from the literature, adapted for the DFJSSP from [23], [9], and [25]. The CRO's performance 

was compared against the Improved Genetic Algorithm (IGA) from [26] and the Genetic Algorithm with a concise 

chromosome representation (GA-JS) from [27], both designed for the DFJSSP. The results demonstrate that the CRO 

approach is competitive. 

[28] presented various improvements to the cuckoo search (CS) algorithm to address different optimization 

problems. Consequently, the authors proposed two enhancements for the CS algorithm to solve the FJSSP: Best 

Neighbors Generation (CS-BNG), and Iterative Levy Flight (CS-ILF). The first method, CS-BNG, improves the CS 

algorithm during the phase of generating new solutions to replace discarded ones. The authors suggested dividing a 

portion of abandoned nests into two segments. The first segment is filled by randomly generating solutions, while the 

second segment is generated randomly based on the neighborhood of the current optimal solution. The second method, 

CS-ILF, strengthens the CS algorithm’s ability to explore new locations within the search space by creating new 

solutions based on existing ones. The Levy flight step is repeated multiple times during each iteration. Although the 

paper does not provide an in-depth explanation of the solution representation, it details modifications to the Levy 

flight equation to better suit discrete spaces. Additionally, the operations involved in the Levy flight process–

subtraction, multiplication, and addition– are replaced by neighborhood-based operations designed specifically for the 

FJSSP. The proposed scheme was applied to the instances. from [23]. Experimental results indicated that both 

enhancements yield superior solutions and improve the convergence rate in most cases compared to the standard CS 

algorithm. 

[29] presented a simulation-based CS optimization algorithm for the FJSSP. In this study, the fitness value was 

calculated using discrete-event simulation. A simulation model was developed on the Promodel© simulation platform 

to accurately represent the shop floor environment. This simulation model was also used to compute performance 

metrics, as it provides results that closely approximate those of a real system compared to purely mathematical 

functions. The proposed approach was tested on a sample production order consisting of three jobs and four machines. 

Additionally, the simulation model accounted for the time each job required to travel between different locations, 

including machine transfers and movements from incoming/outgoing locations to machines. Furthermore, two case 

studies from [9] were analyzed. For comparison purposes, the transfer time and throughput were excluded from the 

simulation process. The results demonstrate that the proposed method effectively addresses the FJSSP for small-sized 

problems, considering transfer times and throughput. 
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[30] presents detailed hybrid differential evolution (HDE) algorithms for solving the FJSSP. This research 

aligns with other studies that utilize metaheuristics for the FJSSP, aiming to discover near-optimal schedules within 

reasonable computational time, a focus that has intensified over recent decades. The authors generate the initial 

population randomly, initializing each value in every vector using a uniform random function. To evaluate a 

chromosome, it is first converted into a discrete two-vector code through a process called forward conversion; then, 

this two-vector code is decoded into an active schedule [31]. In this study, each chromosome is divided into two 

separate parts. The first part contains information about machine assignments for each operation, while the second 

part represents the sequencing of operations on all machines. The machine assignment vector is an array of integer 

values, where each value indicates that operation 𝑖 is assigned to the 𝑚˗𝑡ℎ machine in its alternative machine set. The 

operation sequence vector is a permutation of all operations. It is important to note that not every permutation is 

feasible, as some do not preserve priority order within the vector. Therefore, a fixing process is applied to adjust the 

sequence of operations within each job. The manuscript details the mutation, crossover, and selection processes. 

Additionally, a well-developed local search algorithm is employed to enhance exploitation for local solution 

improvement. The authors test their approach on four sets of well-known benchmark instances for the FJSSP and 

compare their results with those of several algorithms from the literature.  

[32] proposed an improved Differential Evolution (DE) algorithm for the FJSSP. The initial population 

generated with random values between 0 and 1, where the dimension corresponds to the number of operations, and 

the population size determines the number of target vectors in the sample. After applying mutation and crossover 

operators, the fitness function ranks the individuals in ascending order. Each operation is assigned according to the 

ordered vector, and the machine that completes the task the fastest is selected. Additionally, the authors incorporated 

Local Search (LS) to enhance the search process. The performance of the DE algorithm was validated using 

benchmark instances from [33] (K01–K05), [9] (MK01–MK10), and [34] (01, 04, 07, 09, and 11).  

[35] developed a Discrete Event Simulation (DES) model to train and test a Deep Reinforcement Learning 

(DRL) approach for managing the variability of real working conditions caused by dynamic events such as the arrival 

of new jobs and machine failures. The authors emphasize the use of DES to evaluate artificial intelligence methods 

for solving the Dynamic Flexible Job Shop Scheduling Problem (DFJSSP). In the DFJSSP, jobs may arrive at various 

times throughout the planning horizon, rather than all being present in the shop at the start of the scheduling. The 

authors demonstrate that an intelligent agent, based on DRL and a neural network (NN), can gather data about the 

current state of the production system and make real-time scheduling decisions. The DES model of the production 

system facilitates simulating the environment with which the intelligent agent interacts, enabling the testing and 

training of novel artificial intelligence-based methods. Essentially, a Reinforcement Learning (RL) problem can be 

described as a Markov decision process in which an agent begins in a specific state within its environment. At each 

time step, the agent must take an action. Subsequently, based on the resulting state transitions, the agent receives a 

reward. In the context of scheduling, the system's state is represented as a vector of state variables at each time step, 

and the agent has a set of possible actions to choose from. If a performance metric improves within the scheduling 

environment, the agent receives a positive reward. The scheduling environment is simulated by DES, allowing the 

simulator to be viewed as a function that outputs the performance metric. The reward is determined, forming the tuple 

(initial state, action, next state, reward). A training algorithm uses this tuple to adjust the NN's parameters. The 

outcome of the training process is a set of optimized parameters which are updated based on the newly observed 

conditions.  

[36] addressed the Job Shop Scheduling Problem (JSSP). According to the authors, nature-inspired algorithms 

such as Particle Swarm Optimization (PSO) and the Firefly Algorithm (FA) are among the most effective optimization 

techniques. In their study, the authors employed the FA to solve the JSSP. The behavior of fireflies was modeled to 

tackle the problem, with key characteristics including: (a) all fireflies are unisex; (b) each firefly is attracted only to 

fireflies that are brighter than itself, with the intensity of attraction proportional to the firefly's brightness and 

decreasing with distance; the brightest firefly moves randomly; and (c) each firefly's brightness corresponds to the 

quality of its solution, typically proportional to the objective function. For the JSSP, the brightness of each firefly is 
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determined by the makespan. The Cartesian distance between fireflies is calculated using their spatial coordinates to 

measure separation. A formula was proposed to compute the attractiveness between fireflies, and the movement of 

each firefly was accordingly determined. A computational experiment was conducted using twenty-five benchmark 

JSSP datasets from [37]. The results were compared with those reported in [38] and [39]. Out of the 25 problems, 21 

were successfully and precisely matched with the best-known solutions. (actual benchmarks), while three problems 

achieved a 96% confidence level and were nearly optimal. 

[40] presented hybrid and multistage structures to enhance a Genetic Algorithm (GA) for addressing the FJSSP. 

In the initial phase, the GA determines the order in which operations are assigned. In the second phase, a greedy 

method assigns machines by selecting the one with the shortest completion time for each operation, based on the 

machine's current load and processing time. Selection at both stages is conducted through a k-way tournament. As 

described by the authors, a k-portion of the population, consisting of k individuals, is randomly chosen for the k-way 

tournament, and the solution vector with the highest fitness is copied to the reproduction pool. This process is repeated 

until the reproduction pool reaches the population size. Stage one reproduction involves sequencing crossover and 

operation swap. In phase two, all operators from stage one are applied, along with assignment mutation and assignment 

crossover. Their results were compared with the best performance reported by 21 researchers. Two sets of benchmark 

problems were used for comparison, specifically the instances from references [9] and [23]. The conclusions indicate 

that their approach significantly outperforms existing methods and is a promising technique for solving large-scale 

FJSSP problems. 

[41] focused on solving the multi-objective dynamic flexible job shop scheduling problem (MO-DFJSSP). The 

authors developed a multi-objective genetic programming-based hyper-heuristic (MO-GPHH) aimed at producing 

efficient scheduling policies offline for rapid online application. A scheduling policy for the MO-DFJSSP consists of 

two decision rules in a scheduling policy for the MO-DFJSSP: a job sequencing rule (JSR) and a machine assignment 

rule (MAR). This research considered three objectives to minimize: mean flow time, maximum tardiness, and mean 

weighted tardiness. Additionally, a discrete event simulation model for the MO-DFJSSP was used as a testbed for 

conducting experiments. The authors noted that other evolutionary algorithms represent population members as fixed-

length strings of genes, whereas in genetic programming (GP), the population members are represented as trees of 

varying lengths. During the evaluation stage of the GP algorithm, each population member, after being decoded into 

decision rules, is applied to the relevant decision points in the simulation model. Throughout the evolution stage 

outcomes gathered from the simulation model are fed back to the GP algorithm to assign fitness values to the 

population members. Three popular metrics were employed to evaluate the performance of the proposed methods: 

hypervolume ratio (HVR) as detailed in [42], Inverted Generational Distance (IGD) proposed by [43], and the Spacing 

indicator described in [44]. This study used 320 benchmark scheduling policies from [45] and [46] to validate the 

efficacy of the proposed approach. The results showed that the nondominated scheduling policy solutions evolved by 

MO-GPHH dominate all previously available scheduling policies across all metrics.  

[47] utilized a constraint programming (CP) model to address two distinct variations of the FJSSP: one where 

the task sequence within a job is mandatory, and another where the tasks within a job can be executed in any order. It 

is important to clarify that each task consists of a collection of operations. The authors emphasize that, in both problem 

types, the sequence in which tasks are completed is mandatory. A particular characteristic of both problem variations 

is that a machine can have multiple workplaces of various kinds, but only one workplace can be active at a time, and 

only one workplace can produce the product at a time. Therefore, the main objective of this paper was to schedule the 

tasks for each product (job). The authors applied heuristic techniques to identify feasible solutions. The first heuristic 

ranks are operations based on the order in which they were assigned to the machine. The second heuristic ranks 

operations according to the machine's end time in the order they were assigned. For the experimental tests, 50 instances 

were used, with 1 to 10 jobs, each consisting of 1 to 5 tasks, and each task requiring 1 to 3 operations randomly 

selected. Additionally, there were 226 workplaces, and processing times ranged from 1 to 60 minutes. A comparison 

between the heuristics and the CPLEX solver was conducted. Both heuristics demonstrated competitive performance 

in most instances.  
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[48] conducted a study within the framework of zero-defect manufacturing, where minimizing defective parts 

and machinery breakdowns is a critical concern. The authors focused on modifying existing heuristics to develop 

improved versions for generating initial solutions, which were then optimized using a tabu search algorithm. The 

proposed heuristics consist of two components: prioritizing orders and distributing operations among available 

machines. Orders were prioritized using two heuristics: Come, First Served (FCFS) and OrderSequence (OS), which 

evaluates the importance of orders based on client profile, order volume, and due date. The heuristics used to assign 

operations to machines included Machine Cost (MC), Shortest Processing Time (SPT), Sum of Shortest Processing 

Times (SUMPS) and Earliest Completion Machine (ECM). For experimental validation, an actual industrial dataset 

from the semiconductor industry was employed. The simulations focused on the assembly phase of a custom printed 

circuit board (PCB). Results indicated that the OS-ECM combination produced the most balanced schedules compared 

to other heuristic pairings. 

[49] presented a novel approach using tabu search (TS) as the local search method within a multi-objective 

evolutionary algorithm (MOEA) to solve the FJSSP. The authors emphasize two key aspects in their research: first, 

TS is employed both in the mutation operator and as a local search technique; second, stagnation is avoided by utilizing 

the hypervolume indicator proposed by [50]. A tuple (𝑢, 𝑣) is used as the solution representation based on [51], where 

𝑣 denotes the machine assignment for operations, and 𝑢 represents the sequence of operations. Specifically, 𝑢 is an 

integer vector in which each job's operations are indicated by the corresponding job number. Each integer in the 

machine assignment vector 𝑣 specifies the machine assigned to each operation in sequence. The initial population is 

generated with machine assignment vectors using two assignment rules, while the operation sequence vectors are 

created by combining three established dispatching rules. Selection is performed via tournament selection. The 

crossover and mutation operators are described in the manuscript based on [51]. However, for the machine assignment 

vectors, the mutation operator is a hybrid of the approach in [51], and TS. A non-dominated sorting and the crowding 

distance operator from [52] are applied during replacement. The authors tested their method on the well-known 

datasets from [9] and compared their solutions to those produced by the algorithms in [53]. Their method was able to 

find better solutions and dominate multiple points identified by the two algorithms, as well as discover solutions that 

were neither contained in nor dominated by the Pareto front approximations found by other algorithms, although it 

did not produce better overall solutions. Finally, a non-parametric statistical test was conducted to determine whether 

the hypervolume differences obtained using their strategy were significantly superior to those obtained by one of the 

other strategies. 

[54] proposed a memetic algorithm (ME) for the FJSSP, utilizing two chromosomes as the solution vector.  

Both chromosomes are encoded as lists of integers. The first chromosome represents the assignment of each 

machine operation, with integer values ranging from 0 to 𝑘 −  1, where 𝑘 is the number of available machines. The 

second chromosome encodes the sequencing of the assigned operations, using values between 0 and 𝑛! − 1 to indicate 

the order of jobs on each machine, where 𝑛 is the number of jobs to be scheduled. The selection process is hierarchical, 

following the guidelines specified for the multiobjective scheme. A uniform crossover was employed in this approach, 

and reciprocal gene exchange was selected as the mutation method. SA was used as a local search technique to 

complement the genetic stage. To evaluate the efficiency of the proposed method, several examples were drawn from 

[33]. Their technique demonstrated a balanced distribution of results and rapid convergence to regions near the optimal 

solution. The authors concluded that this method is effective for solving the FJSSP and plan to apply it to other 

combinatorial problems in the future. 

[55] consideration of a suitable modeling and simulation algorithm is essential to accurately represent a specific 

plant throughout the optimization process. First, a production system was detailed within the framework of Timed 

Coloured Petri Nets (TCPN), as described by [56], to model flexible CNC machines capable of simultaneously 

working with multiple materials and tools. Second, the authors implemented a simulation algorithm using the TCPN 

model to calculate system throughput. Finally, they applied a PSO scheme integrated with the TCPN simulation to 

optimize job type sequencing, increase system throughput, and determine the quantity of each job type entering an 

ophthalmic lens production system. The TCPN effectively managed the input buffer, where jobs are stored in an area 
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with a limited number of processing instruments while awaiting processing, as well as the working cell where jobs are 

completed.  

Additionally, the TCPN was able to represent the start of a job's activity on the CNC machines, its completion, 

and its  

transfer to the next machine. The authors simulated the TCPN by organizing task categories according to two 

well-known dispatching rules: Shortest Processing Time (SPT) and Longest Processing Time (LPT), as detailed in 

[57]. The case study of large-scale ophthalmic lens manufacturing demonstrated that the proposed approach  

increased system throughput by over 23% within a single hour. 

[58] presented a hybrid metaheuristic algorithm that combines a PSO procedure with elements of the TS 

metaheuristic to address the FJSSP.  

Twelve benchmark test examples from various reference sources were experimentally evaluated to demonstrate 

the effectiveness of the proposed approach. The test results were compared with those obtained from a genetic 

algorithm and the results reported in the reference sources. This comparison highlights the strong performance of the 

proposed method. 

[59] described a PSO and LS approach for the multi-objective flexible job-shop scheduling problem (MO-

FJSSP). In this research, each particle in the PSO scheme is represented by two components. Part A encodes the 

routing policy, specifying machine assignments for operations, while Part B represents the sequencing of operations 

on each machine, indicating operation priorities. The priority level of each operation is determined by the value in 

Part A, which corresponds to the machine selected for that operation. In the first stage, the authors arranged the 

machines available for each operation in ascending order of processing time. The priority (random key) influences the 

scheduling and structure of the solution represented in Part B of the particle. Each element in the particle corresponds 

to an operation, and its associated value indicates the operation's priority. This strategy was compared with other 

methods proposed for solving the FJSSP, which were categorized into two groups: Pareto-based approaches and 

weighted sum of objectives. The results demonstrated that, compared to existing MO-FJSSP methods, the proposed 

strategy is both competitive and effective. 

[60] created a Variable Neighborhood Descent (VND) algorithm to solve FJSSP large instances. To validate 

the results of the VND algorithm, the group of data instances published in [23] was used. 

[61] pointed out that generating solutions for the FJSSP is a challenging problem to apply in actual production 

settings because of the numerous presumptions that must be met, particularly when the workload is inconsistent or 

insufficient to sustain the manufacturing process for an extended period, resulting in sporadic idle periods. Therefore, 

the authors developed an EDA-based approach coupled with a simulation model to find a solution and implement it. 

The proposed scheme was implemented in a steel door manufacturing facility. The authors used two types of vectors 

for solution representation. The first type is built to assign the processing sequence of operations to machines, and the 

second for the assignment of operations to machines. Different probabilistic models were employed to estimate the 

relations among the positions of operations in the processing sequence of operations on machines and to estimate the 

interactions among possible assignments of operations on machines. The simulation model provided the necessary 

feedback on the performance metrics in the facility. The results were compared with those of the GA. The authors 

concluded that using the proposed approach (called SEDA), different machines allocated to different schedules can 

significantly increase shop performance. 

[62] highlighted several actual manufacturing and service businesses have been forced to employ different 

equipment or procedures for each operation, and there are alternate process plans available for each job. It is known 

as flexible job shop scheduling problem with process plan flexibility (FJSSP-PPF). To tackle this problem, the authors 

employed an EDA coupled with the generalized Mallows distribution (MEDA), where three different vectors were 

used. The first vector is called the process plan vector; each element displays the associated selected job, and its length 

is equal to the total number of jobs. The second vector is called the operation sequence vector; each element in it has 
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a non-repeated integer value, and its length equals the total number of operations, that is, this vector is a representation 

based on permutations. The machine assignment vector is the third vector, where each element corresponds to the 

machine chosen for each operation. After building the initial population, a Pareto-approach is considered to select the 

best candidates to compute the generalized Mallows distribution. New offspring are produced from the previous 

distribution of the population. This process continues until the number of generations is met. To validate the scientific 

relevance of this study, the authors compared the MEDA results with others in some general and standard 

benchmarking datasets such as the [63] instances, from abz5 to abz9 specifically; the [64] instances, ft06, ft10, and 

ft20; the [65] instances, from la01 to la40; the [66] instances, from orb01 to orb10; the [67] instances, from swv01 to 

swv20; and finally, the [68] instances, called yn, taking four instances from yn1 to yn4. In addition, the multi-objective 

algorithms proposed by [69] called NSGA, and by [52] called NSGA-II, are proposed as a benchmark for comparison 

with the MEDA scheme. Furthermore, a few algorithms were suggested as standards for comparison. with the MEDA 

scheme. The simulation-based genetic algorithm presented by [70], bat algorithm proposed by [71], genetic algorithm 

and tabu search detailed by [72], and genetic algorithm designed by [73]. This study concluded that an accurate 

estimate of the operations is provided by the MEDA at the sequence vector locations for the FJSSP-PPF. 

[74] presented a comprehensive literature review of swarm intelligence (SI) and evolutionary algorithms (EA) 

for solving the FJSSP. The authors indicated that the effectiveness of encoding and decoding, as well as the ease of 

integrating SI and EA with local search operators, are all affected by the design of high-quality encoding and decoding 

schemes. The authors highlighted four popular methods for encoding and decoding. In addition, the authors explained 

two main improvement strategies in SI and EA, namely, Initializing Strategies and local search operators. Based on 

their literature review, GA was the most popular and appeared in 46 journal papers. The second most popular was 

PSO, with more than 10 journal papers. The authors highlighted emerging algorithms, such as the Migrating Birds 

Optimizer (MBO), Imperialist Competitive Algorithm (ICA), Shuffled Frog-Leaping algorithm (SFLA), Social Spider 

Optimization (SSO), Virus Optimization Algorithm (VOA), CRO, and FA scheme. 

This review highlights the shortcomings of the state-of-the-art. Specifically, the EDA scheme has been utilized 

as a proposed solution for optimization problems such as the FJSSP. In the EDA, a probabilistic model must be built 

to obtain offspring. The EDA performance is directly related to the quality of the model used to generate the offspring. 

A more accurate probabilistic model is the goal of developing any EDA. One approach is to compute different 

estimates of the relationships between variables to create dependency graphs by considering specific statistical 

metrics. The Univariate Marginal Distribution Algorithm (UMDA) depicted by [75], the Mutual Information 

Maximizing Input Clustering algorithm (MIMIC) detailed by [76], the Combining Optimizers with Mutual 

Information Trees algorithm (COMIT) discussed in [77], and the Bayesian Optimization Algorithm (BOA) detailed 

in [78] are examples in this category.  

Another way to establish relationships between variables is through distance-based ranking models.  These 

models fall into a new category of models. The generalized Mallows distribution (GMD) explained by [79] is the most 

representative distribution. In general, in the EDA for the FJSSP, a solution contains a permutation-based 

representation of integers for the processing sequence of operations on the machines. Then, using the GMD to solve 

the FJSSP, each sequence will produce a ranking. If ranking 𝑘 operations is required, the GMD can be used according 

to certain criteria. 

The second category is the radial distribution models. The radial distribution of hydrogen shown in [80] appears 

to be the most prevalent. The offspring were created using an atomic orbital generation algorithm. This function is 

analytically well-defined hydrogen. 

There is a need to enhance EDA based on prior classification. Researchers and practitioners are still drawn to 

creating novel probability models. Consequently, the suggested EDA produces solutions based on the Dirichlet 

distribution. Table 1 summarizes the current research 

Table 1. Current research. 
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Research Problem Approach Objective Instances Comparison 

with 

      

[8] FJSSP ABC makespan [9] [10], [11], [12] 

[13] FJSSP with 

dynamic issues 
ABC makespan [9] [14], [15], [16], 

[17], [18], [19] 

[20] FJSSP Hybrid, Ant 

colony & LS 
makespan [23] [21], [22] 

[24] DFJSSP CRO makespan [9], [23], [25] [26], [27] 

[28] FJSSP CS makespan [23] Standard CS 

[29] FJSSP Hybrid, CS & 

simulation  
makespan [9] Mathematical 

model 

[30] FJSSP HDE makespan [9], [23], [33] [16] 

[32] FJSSP DE makespan [9], [33], [34]  

[35] DFJSSP Hybrid, DRL & 

simulation  
makespan   

[36] JSSP FA makespan [37] [38], [39] 

[40] FJSSP GA makespan [9], [23]  

[41] MO-DFJSSP GP Hypervolume 

ratio, Inverted 

generational 

distance, & 

Spacing 

indicator 

[45], [46]  

[47] FJSSP CP makespan Random 

instances 
CPLEX 

[48] FJSSP Heuristics  Defected parts Industrial data  

[49] FJSSP TS Hypervolume 

ratio 
[9] [53] 

[54] FJSSP ME makespan [33]  

[55] FJSSP Hybrid, TCPN 

& PSO 
throughput Industrial data  

[58] FJSSP Hybrid, PSO & 

TS 
makespan Diverse sources GA 

[59] MO-FJSSP Hybrid, PSO & 

LS 
Pareto approach 

& weighting 

summation 

  

[60] FJSSP VND makespan [23]  

[61] FJSSP Hybrid, EDA & 

simulation 
throughput Industrial data GA 

[62] FJSSP-PPF EDA Pareto approach [63], [64], [65], 

[66], [67], [68] 
[52], [69], [70], 

[71], [72], [73]  
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As we can see, the development of new EDAs is expected to make them competitive in problems such as the 

FJSSP. In addition, there is insufficient literature on EDAs to address problems such as the FJSSP. In addition, there 

is a gap between continuous EDAs for addressing combinatorial problems. There are studies that use continuous 

values in the solution representation. In [30], solutions were created by uniform distribution and subsequently decoded. 

The study by [31] is another example, where the initial population is randomized from a number between [0,1]. The 

contribution of [61] is also present, where the operation sequence vectors are built using continuous values between 

[0,1]. The aim of this study was to identify mechanisms that improve the performance of EDAs by using parameters 

with continuous values in the generation of offspring. 

3. DEDA — for the FJSSP 

3.1 Solution representation 

Any solution to the production process should involve both machine assignment and scheduling decisions. 

Therefore, the assignment of operations to machines and the processing order of jobs can be used to represent 

solutions. 

The total number of elements in the job sequence vector is equal to the number of jobs. For the machine 

assignment vector, the number of elements is equal to the total number of operations. For each operation, each element 

corresponds to the selected machine. 

3.2 Generation of the population 

The job sequence members are generated randomly to enable a wide range of solutions [81]. Machine 

assignment members are also built randomly. For each operation, one of the feasible machines is randomly selected. 

Pseudocode 3.2.1. Generation of job sequence members 

 

Do 

𝐼 ←  Create an identity permutation of jobs 

Do 

𝑢 ←  Choose randomly a position from 𝐼 

𝑣 ← Choose randomly a position from 𝐼 

𝐼 ← Swap job[u] and job[v] in 𝐼 

Until five exchanges 

𝐷 ← Set the member 𝐼 in the population 

Until all members have been generated 

Output: job sequence members 𝐷 

Pseudocode 3.2.2. Generation of machine assignment members 

Input: job sequence members 𝐷 

𝑂 ← Identify the total of operations per job 

𝐿 ← Create a list with the initial and final number of operations per job  
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Do 

𝑗 ← Read each job of the corresponding member in 𝐷 

𝑎 ← Identify the initial number of operations for 𝑗 in 𝐿 

𝑏 ← Identify the final number of operations for 𝑗 in 𝐿 

For 𝑐 = 𝑎 to 𝑏  

𝑃 ← Identify what machines are feasible for the operation 𝑐  

𝑚 ← Choose randomly a feasible machine from 𝑃   

𝑀 ← Set the selected machine 𝑚 into the machine member  

𝑃 ← Clear 𝑃 

Endfor 

Until all jobs from each member in 𝐷 have been read 

Output: machine assignment members 𝑀 

3.3 Fitness 

The makespan is computed by DEDA to offer feedback regarding the search progress for the ideal solution. To 

obtain the makespan for each member of the population, some preliminary steps are taken. First, we identified the 

total number of operations per job. Second, a consecutive list is created with the initial and final numbers of operations 

per job. Third, we read each job from the sequence vector and identify the machine selected from the machine 

assignment vector for each number of operations obtained from the previous list. 

Owing to the consecutive list mentioned above, it is possible to track the machine selected for each operation. 

Subsequenlty, four cases are analyzed to guarantee that the operations of the same job must be processed in their 

predefined order. Case 1 occurs when the operation of the job is the first operation to be assigned in the schedule, and 

such an operation is the first operation to be processed in the corresponding machine. Case 2 occurs when the operation 

of the job is the first operation assigned in the schedule, and such an operation is not the first operation to be processed 

in the corresponding machine. Case 3 occurs when the operation of the job is not the first operation to be assigned in 

the schedule, and such an operation is the first operation to be processed in the corresponding machine. Case 4 occurs 

when the operation of the job is not the first operation to be assigned in the schedule, and such an operation is not the 

first operation to be processed in the corresponding machine. With the previous conditions, it is feasible to guarantee 

that the operations of the same job must be processed in their predefined order and to compute the finish time per job. 

In addition, with the previous conditions, the DEDA scheme allows interleaving of operations from different jobs 

subjects to precedence and machine availability constraints. 

Pseudocode 3.3. Fitness computing 

Input: job sequence members 𝐷 

Input: machine assigment members 𝑀 

𝑂 ← Identify the total of operations per job 

𝐿 ← Create a list with the initial and final number of operations per job  

Do 

𝑡 ← Set the current time to zero for each job 

𝑤 ← Set the current time to zero for each machine 
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Do 

𝑗 ← Read each job of the corresponding member in 𝐷 

𝑎 ← Identify the initial number of operations for 𝑗 in 𝐿 

𝑏 ← Identify the final number of operations for 𝑗 in 𝐿 

For 𝑐 = 𝑎 to 𝑏  

𝑚 ← Read the selected machine for the operation 𝑐 in 𝑀 

𝑓 ← Identify the applicable case  

𝑡, 𝑤 ← update 𝑡 and 𝑤 depending on 𝑓 

Endfor 

Until all jobs have been read 

F ← Identify the longer time between the jobs in 𝑡 

Until all members have been read 

Output: Fitness  F 

An example is provided to show fitness computing. Table 2 lists the alternative machines for each operation in 

the case of four jobs.  

Table 2. An example of FJSSP. 

Operations Processing time machines 

Job,Precedence 𝑀1 𝑀2 𝑀3 𝑀4 

𝑂1,1 2 4 3 5 

𝑂1,2 4 4 - 3 

𝑂1,3 3 - - - 

𝑂2,1 3 - 3 3 

𝑂2,2 - 5 6 2 

𝑂2,3 2 - - - 

𝑂3,1 - 2 3 3 

𝑂3,2 1 - - - 

𝑂3,3 - 3 3 - 

𝑂4,1 6 4 5 5 

𝑂4,2 2 4 3 5 

𝑂4,3 4 4 - 3 

     

A consecutive list is created with the initial and final numbers of operations per job. 

Job,Precedence Job # Operation  

𝑂1,1 1 1  
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𝑂1,2 1 2 1 ≺ 2 

𝑂1,3 1 3 2 ≺ 3 

𝑂2,1 2 4  

𝑂2,2 2 5 4 ≺ 5 

𝑂2,3 2 6 5 ≺ 6 

𝑂3,1 3 7  

𝑂3,2 3 8 7 ≺ 8 

𝑂3,3 3 9 8 ≺ 9 

𝑂4,1 4 10  

𝑂4,2 4 11 10 ≺ 11 

𝑂4,3 4 12 11 ≺ 12 

    

Let the job sequence 𝐽 = {1,2,3,4}, and the machine assignment 𝑀 = {1,4,1,3,4,1,3,1,2,2,2,4}, that is, machine 

1 will be used to process operation 1, machine 4 will be used to process operation 2, and so on. Then, reading the job 

sequence vector, the first job is 1, and the selected machine for operation 1 is machine 1. The applicable case is Case 

1, where the operation of the job is the first operation to be assigned to the schedule, and such an operation is the first 

operation to be processed in the corresponding machine.  

 

We continue in job 1, and the selected machine for operation 2 is machine 4. Case 3 is applicable because the 

operation of the job is not the first operation to be assigned in the schedule, and such an operation is the first operation 

to be processed in the corresponding machine.  
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We continue in job 1, and the selected machine for operation 3 is machine 1. The applicable case is Case 4 

because the operation of the job is not the first operation to be assigned in the schedule, and such an operation is not 

the first operation to be processed in the corresponding machine.  

 

Reading the job sequence vector, the next job is job 2, and the selected machine for operation 4 (see the 

consecutive list above) is machine 3 (see the machine assignment above). Case 1 is applicable. 

 

We continue in job 2, and the selected machine for operation 5 is machine 4. Case 3 is applicable.  

 

This process continues until all operations are incorporated into the procedure. 

3.4 Offspring 

A new generation is built using a probability model. In this sense, the Dirichlet distribution acts as a mechanism 

for generating new job-sequence vectors. 

3.4.1 The Dirichlet distribution computing 
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Let a vector contain the probabilities of each possible event outcome 𝜃 = (𝜃1, 𝜃2, … 𝜃𝑘). 𝜃 has two crucial 

characteristics: first, none of the probabilities can be negative, and the total of each entry's probability must equal one. 

When these requirements are satisfied, the results associated with the events can be described using multinomial 

distribution. We now determine the probability density of every potential value of 𝜃 for a particular process. To do 

this, we examine every component of 𝜃 as a separate variable. The Dirichlet distribution can then be used as the prior 

distribution of the multinomial distribution. 

Based on [82], the probability density is defined by the Dirichlet distribution for a multinomial vector 𝜃. The 

form of its probability density function is as follows 

Dir(𝜃|𝛼) =  
Γ(∑ 𝛼𝑖)𝑘

𝑖=1

∏ Γ(𝛼𝑖)𝑘
𝑖=1

∏ 𝜃𝑖
𝛼𝑖−1𝑘

𝑖=1              where 𝜃                       = (𝜃1, … 𝜃𝑘) and 𝛼 = (𝛼1, … , 𝛼𝑘) (1) 

vector 𝛼, which has the same number of elements as 𝜃, parameterizes the Dirichlet distribution. Therefore, 

𝑝(𝜃|𝛼)  can be interpreted as the answer to the question “what is the probability density associated with the 

multinomial distribution 𝜃, given that our Dirichlet distribution has parameter 𝛼?” 

For 𝑘 =  2, Dirichlet distribution becomes the beta distribution with parameters 𝛼1 and 𝛼2. 

In this study, the starting population of job sequence members is considered an input parameter for calculating 

the initial parameter vector. This population is viewed as a matrix, with each column indicating the respective position 

in the job processing sequence. Subsequently, we determine the average for each column and assign these averages to 

each element of the parameter vector. 𝛼. 

The rationale for employing the Dirichlet distribution for categorical values stems from Bayesian statistics, 

where the Dirichlet does not represent the data directly, but rather the occurrence probabilities (proportions) for each 

category. Even though the data is discrete, the variables that determine the likelihood of that data are continuous, 

aligning perfectly with Dirichlet's definition. The benefit of employing the Dirichlet distribution is that it enables us 

to revise beliefs (parameter vector 𝛼) in a straightforward and analytical manner by merely summing the observed 

counts. Dirichlet distribution is recognized for not modeling the categories themselves, but instead for representing 

the strength of belief regarding the occurrence of those categories. Thus, it is essential to determine which job has the 

highest likelihood of being assigned to a specific position within a series of jobs utilizing the Dirichlet distribution. 

The intensity of our belief regarding the occurrence of those categories was of interest. The estimation method that is 

label-invariant and more closely associated with categorical frequencies will certainly be regarded as future research. 

With the obtained estimate of 𝛼, we move forward to create 𝑚 vectors, each consisting of 𝑘 independent 

samples. For every vector, these samples are created utilizing gamma distribution. Employing gamma distribution is 

a highly effective and widely used approach for producing independent samples from a Dirichlet distribution. This 

approach relies on the connection between gamma random variables and the properties of the Dirichlet distribution 

[83]. This approach is favored over other rejection techniques as it is more straightforward and quicker, particularly 

when numerous samples must be produced [84]. 

To obtain the offspring, assign job 1 to the location with the lowest value in each vector derived from the 

preceding step. Job 2 is allocated to the second least sized position in each vector, and so forth. The procedure persists 

until every task has been completed in all the new vectors. Ties are resolved randomly. The procedure of generating 

offspring allows us to establish a viable job order. Allocating roles to their respective positions allows us to determine 

the highest likelihood of being assigned to specific roles within a series of jobs through the Dirichlet distribution.  

Pseudocode 3.4. Offspring 

Input: job sequence members 𝐷 

𝑛 ← Identify the number of jobs 
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𝑠 ← Identify the number of members 

 

𝛼 ← 0 

For 𝑗 = 1 to 𝑛 

𝑞 ← 0 

For 𝑖 = 1 to 𝑠  

Update 𝑞 = 𝑞 + 𝐷[𝑖][𝑗] 

Endfor 

Update 𝛼[𝑗] = 𝑞/𝑠 

Endfor 

 

Do 

𝑠𝑢𝑚 ← 0 

𝑦 ← 0 

For 𝑗 = 1 to 𝑛 

Read each value 𝛼[𝑗] from 𝛼  

𝑦[𝑗]  ← Generate an independent sample using 𝐺𝑎𝑚𝑚𝑎(𝛼[𝑗], 1) 

Update 𝑠𝑢𝑚 = 𝑠𝑢𝑚 + 𝑦[𝑗] 

Endfor 

 

𝑥 ← 0 

For 𝑗 = 1 to 𝑛 

Update 𝑥[𝑗] = 𝑦[𝑗]/𝑠𝑢𝑚 

Endfor 

 

Read each member from 𝑥 

For 𝑗 = 1 to 𝑛 

𝑢 ← Identify the position of the smallest element in 𝑥 

𝑆1 ← Assing 𝑗 to position 𝑢 in the offspring 

𝑥 ← Set a value too large in position 𝑢 in 𝑥 

Endfor 

Until all members have been generated 
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Do 

Read each member from 𝑆1 

𝑆2 ← Apply code 3.2.2. for building machine asgmt. offspring 

Until all members have been generated 

 

Output: Offspring members 𝑆1, 𝑆2 

3.5 Replacement 

The educational aspect of the DEDA scheme focuses on the job sequencing element. The machine assignment 

element is not involved in the learning framework. The DEDA design does not influence the fairness of comparisons 

with methods that optimize both sequencing and machine allocation, as the key objective function is minimizing the 

total time taken to finish all tasks (makespan). Enhancing machine allocation primarily targets minimizing alternative 

objective functions like idle time. 

The substitution is conducted through tournament selection. Initially, the entire original population and the 

offspring are viewed as competitors among themselves. Next, two individuals are selected randomly, and we pick the 

better one based on the relevant fitness. Third, the selected member is placed into the subsequent generation. 

Pseudocode 3.5. Replacement 

Input: Parents population 𝐷 

Input: Offspring members 𝑆 

Input: Fitness 𝐹 

 

Do 

𝑢 ←  Choose randomly a member from 𝐷 

𝑣 ← Choose randomly a position from 𝑆 

If Fitness[u] < Fitness[v] then 

𝐷 ← Preserve the member from 𝐷 and its fitness 

Else 

𝐷 ← Preserve the member from 𝑆 and its fitness 

Endif 

Until all available positions have been filled 

Output: new generation 𝐷 

The main DEDA framework is depicted below 

Overall Pseudocode. DEDA framework 

𝐷0  ←  Generate 𝑀 sequencing vectors and machine assignment vectors  

𝐹0  ← Compute the fitness for each member from 𝐷0 

Best ← Store the best from 𝐷0 
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t ≔ 1 

Do 

𝜶𝑡  ←  Compute the parameter 𝛂 from 𝐷𝑡−1 

𝑆𝑡
1  ← Sample offspring sequence vectors from 𝜶𝑡  

𝑆𝑡
2  ← Sample offspring machine assignment vectors from 𝑆𝑡

1 

𝑆𝑡  ← Set the offspring population 𝑆𝑡
1  ∪  𝑆𝑡

2 

𝐹𝑡  ← Compute the fitness for each member from 𝑆𝑡  

Best ← if apply, update the best from 𝐹𝑡 

𝐷𝑡 ← Replace the population from 𝑆𝑡  & 𝐷𝑡−1 

t ≔ t + 1 

Until (stopping criterion is met) 

Output: Best 

4. Results and comparison 

The comparison uses the typical benchmarking datasets as input data. The datasets used in this research are the 

fifteen [9] instances: MK01–MK15. The eighteen [34] instances: 01a–18a. The ten [85] instances: MFJS01–MFJS10. 

The four [33] instances: K1–K4. All the instances contain the information below  

<number of jobs> <number of machines> is the first line. 

Next, one line for each job: <number of operations>, followed by <number of machines for this operation> and 

a pair <machine> <processing time> for each machine. 

The machine index begins at 0. 

To verify the scientific significance of this work, a few algorithms are suggested as standards to compare with 

the DEDA scheme. The algorithms are as follows: 

The UMDA depicted by [75],  

The MIMIC detailed by [76], 

The COMIT discussed in [77],  

The BOA presented in [78], 

The MEDA shown in [62], and 

The HEDAMMF explained in [86].  

To compare each algorithm's performance, the Relative Percentage Increase (RPI) is calculated. The details for 

implementing each algorithm in the comparison were taken from the literature. Specifically, the probabilistic models 

used for each algorithm were coded based on the available theory. However, the population size, the number of 

generations, the stopping criterion, the number of independent runs per instance, and the seeds were the same for the 

comparison process. 

The population size was set at 1000 members per generation for all the algorithms. The number of generations 

was set at 100 for all the algorithms. The stopping criterion was set as the number of generations. The number of 

independent runs per instance was set at 30 for all the algorithms. The seeds were set randomly for all the algorithms. 

The reason for using 1000 members, as the population size, is that it ensures diversity in evolutionary progress. One 
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hundred generations are enough to guarantee an efficient search during evolutionary progress, and 30 independent 

runs are required to execute statistical tests. 

Figure 1 shows the distribution of the experimental outcomes for the [9] cases. Many of the DEDA results are 

centered between 0.10 and 0.60, and most of the results from the other algorithms are situated somewhat apart from 

the DEDA results. This indicates that compared to the other algorithms used in the comparison, the DEDA is typically 

closer to the best reported results. 

 

Figure 1. Performance of the DEDA for the [9] instances. 

Figure 2 displays the experimental results' distribution for the [34] cases. The results of the other algorithms 

are positioned very close to 0.10 and 0.40, while the majority of the DEDA results are clustered between 0.05 and 

0.25. 

 

Figure 2. Performance of the DEDA for the [34] instances. 



 

151 

The distribution of the experimental results for the [85] instances is presented in Figure 3. The figure makes it 

evident that the DEDA approach and the BOA scheme outperform the other methods. 

 

Figure 3. Performance of the DEDA for the [85] instances. 

Figure 4 shows the distribution of the experimental outcomes for the [33] cases. Every algorithm used in the 

comparison performs essentially the same. 

 

Figure 4. Performance of the DEDA for the [33] instances. 

Figure 5 contains the overall performance of all the algorithms. As we can see the DEDA outperforms the 

comparison. 
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Figure 5. Global performance. 

To illustrate the DEDA performance, a full Dunnett statistical test is shown. A Dunnett test for the [9] cases is 

shown in Figure 6. A statistically significant distinction exists between the DEDA and the BOA, the DEDA and the 

HEDAMMF, and the DEDA and the UMDA. 

 

Figure 6. Dunnett test for [9] instances. 

A Dunnett test for the [34] cases is shown in Figure 7. The DEDA and the other algorithms differ statistically 

significantly. 
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Figure 7. Dunnett test for the [34] instances. 

Figure 8 presents a Dunnett test, for the [85] instances. Again, the DEDA and the other algorithms differ 

statistically significantly. 

 

Figure 8. Dunnett test for the [85] instances. 

Figure 9 shows a Dunnett test, for the [33] instances. There is no statistically significant distinction between 

the other algorithms and the DEDA. 
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Figure 9. Dunnett test for the [33] instances. 

Finally, Figure 10 contains the overall Dunnett test. A statistically significant distinction exists between the 

DEDA and the other remaining algorithms. 

 

Figure 10. Overall Dunnett test. 

5. Conclusions 

The FJSSP can be addressed with the DEDA scheme mentioned above. It is a well-known NP-hard issue. The 

DEDA scheme is competitive, according to the findings presented in Section 4. Since the solution representation for 

other scheduling problems may be the same, through permutations, a potential future research direction for the DEDA 

is to apply it to other types of scheduling problems. Other scheduling issues can be considered such as flow shops, 

open shops, etc. Other combinatorial problems, including vehicle routing scenarios, can also be solved with the DEDA 
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as a potential future research direction. Thus, to verify its effectiveness, the DEDA scheme should tackle other 

optimization issues. 

Benchmarking refers to the collection of examples utilized in the comparisons. As a result, the application of 

the Dunnett test is persuasive and well-founded.  

The literature should take the DEDA scheme's performance into account.  

The DEDA's suggestion to improve offspring performance by utilizing the Dirichlet distribution is significant. 

Other greedy methods should be used in subsequent studies to assist the DEDA in identifying better sequencing 

solutions. To improve the DEDA's performance, more distributions should be considered to produce new offspring. 

Lastly, this approach should be used to create application tools for users in real-world scenarios and in practice. 
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