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Abstract: The framework of soft sets for ordered classification of fuzzy semigroups subsets is initiated in this paper. We define 

two new classes of fuzzy subsets in a semigroup using soft sets operations and investigate the algebraic properties with respect to 

their union and intersection. We also obtain the relatedness of soft set conditions with certain classes of fuzzy subsets in semigroups, 

viz.,fuzzy soft sub(ideals/filters). This exercise gives a common framework for such type of complicated constructions which 

appeared in the context of fuzzy semigroup theory. Key Words: Soft set theory, fuzzy semigroup, fuzzy soft subsets, algebraic 

classification, semigroup theory. 
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1. Introduction 

The fuzzy semigroup, as a set classification, is important in the investigation of algebraic structure under 

uncertain condition. The Soft set theory which was introduced to be a novel methodology in dealing with uncertainties 

and vagueness, is a made flexible and efficient method to study and classify the fuzzy sets in semigroups [2,3]. We 

find it appropriate to investigate soft set techniques for the following reason: they can offer a more systematic and 

general approach than fuzzy sets methods in complex algebraic systems with an optimal accuracy by implementing 

practical applications in decision analysis, information processing and computational mathematics[1,4,7]. 

Although there is plethora of studies for fuzzy semigroups and their algebraic properties see [3,5], but we 

observed on the medium level analysis in system based context as regards the systematic classification by using soft 

set theory as southwest university contact address no source was reported for reference. Although studied in several 

contexts, like fuzzy ideals, filters and related subsets; the machinery of soft set theory has not been used for a 

systematic and hierarchical classification [2, 3]. Most of the existing works concentrate only on particular attributes 

and disjoint classes of fuzzy semigroup subsets while ignoring relations between them and organized systems which 

can be used by soft sets. Attempting to bridge this gap, the present article proposes an in-depth classification system 

based on soft set theory to facilitate a systematic and detailed study regarding fuzzy semigroup subsets. 

The objectives of this study are threefold: first, to define and characterize various classes of fuzzy soft subsets 

within semigroups; second, to develop structured classification methods that incorporate soft set operations such as 

extended intersection and restricted union; and third, to establish criteria and exemplify the relationships between 

these classifications and classical fuzzy semigroup subsets. Through this approach, we intend to provide novel insights 

and tools that can be leveraged in both theoretical investigations and practical applications involving fuzzy 

semigroups. 
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The rest of the paper is structured as follows. Section 2 introduces the essential preliminary concepts and 

definitions related to soft sets and fuzzy semigroups. Section 3 introduces the proposed classification framework and 

details the algebraic properties under soft set operations. Section 4 discusses the relationships between the newly 

defined classes and existing fuzzy semigroup subsets. Finally, Section 5 concludes with a summary of findings and 

directions for future research. 

2. Preliminaries 

Basic Definitions Definition 1 

A semigroup is a pair 

(𝑆, ·),where 𝑆 ≠ ∅ and ∀𝑎, 𝑏, 𝑐∈𝑆, (𝑎 · 𝑏)⋅𝑐 = 𝑎 · (𝑏 · 𝑐) 

Definition 2 

A subset of a semigroup S is denoted as 

𝐴⊆𝑆 

Definition 3 

A fuzzy subset μ of a set 𝑆 is a mapping 

µ: 𝑆 → [0, 1] 

Definition 4 

A fuzzy subsemigroup of (𝑆, ·) is defined as 

 

Definition 5 

A fuzzy left ideal of 𝑆 is defined as 

 

Definition 6 

A fuzzy bi-ideal of 𝑆 is defined as 

 

Definition 7 

A soft set over a universe 𝑈 with parameters 𝐸 is defined as 

 

Definition 8 

A fuzzy soft set over U is a pair (F,A), where 

𝐹: 𝐴 → 𝐹(𝑈), 𝐹(𝑈) = {µ: 𝑈 → [0, 1]}. 

Definition 9 
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An interval-valued fuzzy soft set is defined as 

 

Definition 10 

An intuitionistic fuzzy soft set is defined as 

𝐹: 𝐴 → {(µ(𝑢), ν(𝑢)): 𝑢∈𝑈, µ(𝑢), ν(𝑢) ∈ [0, 1], µ(𝑢) + ν(𝑢) ≤ 1}. 

Definition 11 (Soft Lower Approximation) 

 

Definition 12 (Soft Upper Approximation) 

 

Definition 13 (Soft Relation Approximation) 

For a soft relation 𝑅⊆𝑈 × 𝑉, 

𝑅(𝐹)(𝑎) = {𝑣∈𝑉: ∃𝑢∈𝐹(𝑎), (𝑢, 𝑣)∈𝑅}, ∀𝑎∈𝐴. 

Definition 14 (Soft Covering Approximation) 

 

Definition 15 [Classification criteria] [4,2] 

 

 

 

 

 

Definition 16 [Soft-relation based structured methods] [7,2] 
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Definition 17 [Soft coverings, parameterized partitions & classification maps] [7,2] 

For ε∈(0, 1]define support-sets and coverings: 

 

Definition 18 [Classes of fuzzy semigroup subsets (parameterized) and indices] [3,5] 
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Definition 19[Combined classification operator & decision rule] [7,3] 

Define a combined score for 𝑝 at 𝑔∈𝐺: 

 

3. Properties and Theorems 

Theorem 1 [Inclusion — soft-protected ⇒ subsemigroup] [3] 
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Proof 

 

Proposition 1 [Left+Right ideals ⇒ bi-ideal] [1,5] 

 

Proof 

 

Theorem 2 [Parameter-protection threshold equivalence] [3] 

 

Theorem 3 [Level-set characterization — necessary & sufficient] [4,2] 
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 Proof 

 

 

Corollary 1 [Analogous level-set characterizations] [4,2] 

 

Theorem 4 [Intersection closure — 𝑇 =min case [7,1] 

 

Theorem 5 [Decision-score monotonicity and dominance] [7,3] 

Let∑ α be the combined score operator used in the framework. If 
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then 

Proof 

 

Examples 

1. Subsemigroup [4] 

 

 

2. Left-ideal [2,4] 

Use same 𝑆 as Example 1. Define 

 

 

3. Left+Right ⇒ Bi-ideal [1,5]  
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With the same 𝑆, let 

 

By Proposition 1 

 

4. Finite Semigroup with Fuzzy Subsets [4,2] 

Let 𝑆1  = {𝑒, 𝑎, 𝑏} be a semigroup with binary operation ◦1 given by the Cayley table: 

 

 

5. Bi-ideal and Left/Right Ideal Classification [1,5] 
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6. Soft-Parameterized Classification [3] 

 

 

7. Semi-Real Case — Inventory Control Fuzzy Sets [7,4] 
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This demonstrates practical usefulness of the structured classification in decision-making scenarios 

4. Comparison with Existing Methods 

1. Partition refinement (finer distinction) [7,1] 

 

2. Discrimination index (reduced ambiguity) [3,2] 

 

3. Approximation tightness (lower/upper gap reduction) [7,4] 
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4. Representational capacity (expressive dimension) [2] 

 

5. Class separation index (proposed score vs. classical thresholding) [3,5] 

 

6. Closure & stability comparisons [7,1] 

Let 𝑂 denote an operator class (intersection, infimum, composition). For 𝑂∈ 𝑂: 

 

7. Error / approximation bound (worst-case) [4,7] 

 

8. Computational complexity (symbolic comparison) [7,3] 
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9. Summary inequalities (compact) [2,7,4] 

 

5. Discussion 

1. Interpretation of Classification Results [1,4,7] 

Let 𝐶𝑆𝑆,𝐶𝑃𝐿,𝐶𝑃𝑅,𝐶𝐵𝐼,𝐶𝑆𝑃 denote the classes of fuzzy semigroup subsets defined via the proposed soft-set 

framework. 

For any parameter α ∈ Π and element 𝑥 ∈ 𝑆, membership evaluation: 

 

Hence, the structured classification reveals: 

 

This indicates hierarchical inclusion and parameter-driven discrimination among fuzzy subsets. 

2. Limitations of the Method [2,3] 

 



 

865 

only; cannot directly handle interval or intuitionistic extensions without redefinition Hence, scalability and type 

generalization are potential limitations. 

3. Potential Generalizations [3] 

 

 

These generalizations allow scalable, hierarchical, and multi-dimensional fuzzy subset analysis across more 

complex algebraic frameworks. 

6. Conclusion 

This research developed a structured soft set theoretic framework for classifying fuzzy semigroup subsets, 

providing a systematic and parameter-sensitive approach. Classes such as soft subsemigroups, left/right ideals, bi-

ideals, and soft protected fuzzy subsets were defined, with inclusion, equivalence, and closure properties established. 

Examples on finite semigroups and semi-real scenarios demonstrated the framework’s practical applicability and 

precision. Compared to existing methods, it offers finer distinctions, tighter approximations, and better class 

separation. Limitations include computational complexity for large or infinite semigroups and standard fuzzy 

membership constraints. The framework can be extended to other algebraic structures and advanced fuzzy soft types, 

supporting multi-parameter classifications and real-world applications like inventory control and decision support. 
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