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Abstract: Incorporating quantum mechanical (QM) effects into nMOSFETs with a 100 Si surface orientation is suggested in this 

work through a physics-based analytical model that takes into account the triangular potential well approximation in the valence 

and conduction bands. The model's surface potential is valid for a large range of device parameters, is continuous, and smooth from 

the accumulation area to the strong inversion region; it also does not need fitting parameters or smoothing functions. These model's 

C_G versus V_GB properties, as well as the surface potential, electron density, and hole density in their respective operating zones, 

agree extremely well with the published findings of self-consistent solutions to the Schrödinger and Poisson equations. There is a 

strong agreement between the numerically acquired data from the generated implicit expression and the surface potential values 

calculated using the simplified analytical model and its derivative. 
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1. INTRODUCTION 

In current generation sub-100 nm MOSFETs, quantum confinement is a consequence of the extraordinarily 

strong electric field at the oxide semiconductor interface caused by the very thin gate oxide and very high channel 

doping. In order to correctly understand the physical device features and model the devices, QM effects become very 

critical for both the inversion [1]-[8] and accumulation area [5]-[11]. This is because the usual classical theory is 

inadequate for these devices. Research demonstrating the development of analytical models from a compact modelling 

approach that include QM effects in the inversion area has been extensively documented [8], [12]-[17]. 

Realistic data simulation for modern devices in VLSI and ULSI applications, accurate interpretation of 

experimental data, and capacitance-voltage and current-voltage measurements of sub-100 nm MOSFETs all depend 

on an accurate model of the accumulation area [8, 11, 18, 19]. For the purpose of simulating the electrical performance 

of floating-gate EEPROM cells [9], [18]-[20], and in varactor-based circuits like voltage controlled oscillators [21], it 

is crucial to analyse quantum confinement in the accumulation layer in order to account for source/drain overlapped 

region resistances and tunnel injection of charge carriers.   

Quantum confinement is shown in the accumulation area at low temperatures [22], [23] and at room temperature 

or higher temperatures [4, 18, 19]. The creation of a potential well at the surface can occur even in the absence of an 

external field, as demonstrated by Baraff and Joel [23]. Lower subband energies will be significantly occupied for 
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bigger electric fields at the oxide semiconductor interface higher than 30 MV/m, as later proved by Moglestue [24]. 

The quantisation effect is also present in weak accumulation, as shown by Pacelli et al. [25]. 

While the analysis in the accumulation region is more complicated from a physics perspective owing to the 

distribution of carriers in both bound energy levels and the continuous energy spectrum, it is still possible to obtain 

an analytical solution by approximating this region using a triangle potential well [6, 8]. On the other hand, from a 

compact modelling standpoint, including QM effects in the accumulation area receives surprisingly little attention [6, 

8, 10, 26].  

In the accumulation area, capacitance and surface potential values derived classically vary from those 

determined quantum mechanically by repeatedly solving the Poisson and Schrödinger equations (Villanueva et al., 

[26]). By numerically obtaining the carrier sheet density and surface potential using the triangular potential well 

approximation, Yutao Ma et al. [6] demonstrated the validity of this approach in both the inversion and accumulation 

regions, as compared to the values obtained by solving the Schrödinger and Poisson equations in a self-consistent 

manner. It is computationally costly, as pointed out by [28]-[30], but Marin et al. [27] was able to derive the surface 

potential and charge distribution for asymmetric UTB MOSFETs by solving the Schrödinger and Poisson equations 

in a triangular quantum well.  

The surface potential in the accumulation and inversion area was computed by Pregaldiny et al. [8] taking QM 

effects into account. There are a number of problems with this computation, including the fact that it does not produce 

accurate surface potential values close to the flat band [16]. A QM adjustment to the classical surface potential is 

included in the other models that are based on surface potentials [7], [21], [31]-[35]. Some of these models employ 

fitting parameters; for example, [7], [31]–[33] make use of the van Dort band gap widening technique [36], [21], [34] 

make use of the QM charge sheet model, and [35] incorporates QM effects by using the effective oxide thickness. In 

[16], an analytical model that is better grounded in physics and runs continuously from accumulation to strong 

inversion areas is suggested, with QM effects being taken into account just in the inversion region. Therefore, it is 

possible to create a simpler analytical model to calculate the surface potential that takes into consideration the effects 

of QM in the accumulation and inversion regions, guaranteeing a smooth transition from the accumulation to the 

strong inversion operating regions.   

The goal of this study is to include QM effects in the valence band of the framework, which previously only 

included QM effects in the conduction band [16], using computationally efficient simplified analytical expressions 

that guarantee a smooth transition from the accumulation to the strong inversion region of operation. The first step in 

arriving at the surface potential expression is to derive an implicit expression from the 1-D Poisson equation that takes 

QM effects into account. Then, with the use of elementary mathematical tools, we can derive an exact closed-form 

expression for the surface potential; this expression does not need smoothing functions, and it provides computing 

efficiency, continuity from the accumulation area to the strong inversion region, and so on. Section II delves into the 

explanation of the implicit equation for the surface potential, while Section III lays out the analytical approach. The 

validity of the findings acquired from the presented data and numerical techniques with the results produced from the 

suggested analytical model is described in Section IV. Section V offers the final verdict. 

2. MODEL 

Using QM effects in the valence and conduction bands, this study aims to generate a single surface potential 

expression that is valid in all three operating zones of nMOSFETs. To do this, we first find the surface potential 

expression in terms of the accumulation and inversion charges per unit area, as well as the applied gate voltage, using 

the 1-D Poisson equation. Using the triangular potential well approximation in the channel, the formulas for Q_a and 

Q_i as functions of surface potential ( _s) and applied gate voltage V_GB are found for nMOSFETs with a 100° Si 

surface orientation. Through the resolution of these equations, a surface potential implicit expression that takes into 

account QM confinement in the valence and conduction bands, omitting the Q_a and Q_i factors, may be derived. 
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But solving the resulting formula numerically is the sole option, and it's a computationally intensive process. 

An analytical approximation of this statement is developed to make it acceptable for compact models. Then, the 

Newton Raphson method's correction stages are applied to provide a more precise estimate of the surface potential. 

Taking into account the structure as a metal, an insulator, or a semiconductor, the following subsections provide a full 

explanation of the aforementioned technique. We follow the notations of that study for continuity, as the formula for 

the inversion layer charge is previously stated in [16], therefore our focus here is on obtaining an expression for hole 

charge. 

2.1 Surface potential  as a function of  and  using 1-D Poisson equation(
𝑠
)𝑄𝑎 , 𝑄𝑖𝑉𝐺𝐵 

Using the one-dimensional Poisson equation, we can get the electrostatic potential energy from the Si-SiO2 

interface to the bulk by 

𝑑2

𝑑𝑥2
=

−𝑞(𝑛𝑝𝑜 − 𝑝𝑝𝑜 + 𝑝𝑝 − 𝑛𝑝)

𝜀𝑠𝑖

(1) 

where   stands for the electrostatic potential, 𝑛𝑝 and 𝑝𝑝 denote the electron and hole concentrations, and 

𝑛𝑝𝑜and 𝑝𝑝𝑜, respectively, denote the equilibrium electron and hole concentrations in the bulk for a p-type substrate 

under charge neutrality conditions. In the accumulation and inversion regions of operation, the concentrations of holes 

and electrons are large, respectively. From say at 𝑥 = 𝑥𝑎 by holes and at 𝑥 = 𝑥𝑖 these regions to the oxide 

semiconductor interface, where the electric field (𝐸) and potential (P) are zero, the concentrations of these particles 

are constrained to a small distance. We can determine that, at the oxide-semiconductor interface, where  = 
𝑠
 and 

𝐸 = 𝐸𝑠, in the respective accumulation and inversion regions of operation, the confinement takes place in a very thin 

layer assuming sheet charge density. Taking into account that 𝑥𝑎 ≈ 𝑥𝑖and integrating (1) from the confinement 

distance to 𝑥 = 0yields this result.  

1

2
𝐸𝑠

2 = [
−𝑞𝑛𝑝𝑜

𝜖𝑠𝑖
+

𝑞𝑝𝑝𝑜

𝜖𝑠𝑖
]

0

𝑠

−
𝑞

𝜖𝑠𝑖
∫ 𝑝𝑝

𝑑

𝑑𝑥
𝑑𝑥

0

𝑥𝑎

+
𝑞

𝜖𝑠𝑖
∫ 𝑛𝑝

𝑑

𝑑𝑥
𝑑𝑥.       

0

𝑥𝑖

                                  (2) 

For inversion, the electric field strength 𝑑/𝑑𝑥 , and (𝐸𝑠 ) for the accumulation zone of operation, 𝐸𝑠 =

−𝑄𝑠 𝜖𝑠𝑖⁄ , where Q_s is the total semiconductor charge per unit area, reaches a maximum (𝐸_𝑠) at the oxide 

semiconductor interface in equation (2) before progressively decreasing to zero in the bulk. The charge per unit area 

of the hole ( 𝑄_𝑎)  and the electron ( 𝑄_𝑖 ) may be written as 𝑄_𝑎 =- 𝑞∫ _(𝑥_𝑎)^0〖𝑝_𝑝 𝑑𝑥』  and 𝑄_𝑖 =

−𝑞∫ _(𝑥_𝑖)^0▒〖𝑛_𝑝 𝑑𝑥〗 , respectively, if the charge confinement distance is very narrow in the area of 

operation in question. At x=0 in the accumulation layer and -𝐸_𝑠 − (𝑄_𝑎 ⁄ (𝜖_𝑠𝑖)) 𝑎𝑡 𝑥 = 𝑥_𝑎, the electric field 

is 〖− 𝐸』_𝑠 . In the inversion layer, it is 𝐸_𝑠  at 𝑥 = 0 and 𝐸_𝑠 + ((𝑄_𝑖) ⁄ 𝜖_𝑠𝑖)) at 𝑥 = 𝑥_𝑖 . The average 

electric field in the accumulation layer is thus given by and in the inversion layer by 

𝐸𝑒𝑓𝑓𝑎 = −𝐸𝑠 −
𝑄𝑎

2𝜖𝑠𝑖

=
−𝑄𝑠

𝜖𝑠𝑖

(1 +
𝑄𝑎

2𝑄𝑠

)                    (3𝑎) 

𝐸𝑒𝑓𝑓 = 𝐸𝑠 +
𝑄𝑖

2𝜖𝑠𝑖

=
−𝑄𝑠

𝜖𝑠𝑖

(1 −
𝑄𝑖

2𝑄𝑠

).                        (3𝑏) 

 Because we're assuming that𝑑/𝑑𝑥 is constant, equal to 𝐸𝑒𝑓𝑓𝑎  in the accumulation layer and 𝐸𝑒𝑓𝑓inside the 

inversion layer causes the triangle potential well in the corresponding operational area, (2) may be reduced to 

1

2
𝐸𝑠

2 =
−𝑞

𝜖𝑠𝑖

[𝑛𝑝𝑜𝑠
− 𝑝𝑝𝑜𝑠

] −
𝑄𝑎

𝜖𝑠𝑖

[𝐸𝑠 +
𝑄𝑎

2𝜖𝑠𝑖

] −
𝑄𝑖

𝜖𝑠𝑖

[𝐸𝑠 +
𝑄𝑖

2𝜖𝑠𝑖

]                                            (4) 

solving the quadratic equation (4) for 𝐸𝑠 
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𝐸𝑠 = − (
𝑄𝑎 + 𝑄𝑖

𝜖𝑠𝑖

) ± √
2

𝜖𝑠𝑖

[
𝑄𝑎𝑄𝑖

𝜖𝑠𝑖

− 𝑞(𝑛𝑝𝑜𝑠
− 𝑝𝑝𝑜𝑠

)].    (5) 

In (5), “+” sign is applicable for positive 
𝑠
 and “” sign is applicable for negative 

𝑠
, ionised impurities in the 

inversion layer are disregarded in the derivation of (5) and in the above and below flat band operation areas, 

respectively [16]. 

Now that we have Gauss law, we may express it as 

𝑄𝑠 = 𝜖𝑠𝑖𝐸𝑠 = 𝐶𝑜𝑥(𝑉𝐺𝐵 − 𝑉𝐹𝐵 − 
𝑠
).                            (6) 

From equation (5) and (6) we can write  

𝐶𝑜𝑥(𝑉𝐺𝐵 − 𝑉𝐹𝐵 − 
𝑠
) = −(𝑄𝑎 + 𝑄𝑖) ± 𝜖𝑠𝑖√

2

𝜖𝑠𝑖

[
𝑄𝑎𝑄𝑖

𝜖𝑠𝑖

+ 𝑞𝑝𝑝𝑜𝑠
(1 −

𝑛𝑝𝑜

𝑝𝑝𝑜

)].      (7) 

Considering 𝑝𝑝𝑜 = 𝑁𝐴 and the electron quasi Fermi potential () in a MOSFET channel is equal to channel to 

bulk potential  𝑉𝐶𝐵(𝑦), which varies from source-to-bulk voltage (𝑉𝑆𝐵) to drain-to-bulk voltage (𝑉𝐷𝐵), at the source 

and drain end respectively, (7) can be written as  

𝑉𝐺𝐵 − 𝑉𝐹𝐵 − 
𝑠

= − (
𝑄𝑎 + 𝑄𝑖

𝐶𝑜𝑥

) ±  𝛾√
𝑄𝑎𝑄𝑖

𝑞𝜖𝑠𝑖𝑁𝐴

+ 
𝑠
(1 − 𝑒−∅𝑛 𝑉𝑡⁄ ).                  (8) 

All areas of operation have a very tiny accumulation and inversion charge product term (< 10-10) under the 

square root (8), since the charge components are negligibly small at any point of operation relative to the other charge 

terms. It is entirely disregarded and has no bearing on the surface potential computation; hence, equation (8) reduces 

to 

𝑉𝐺𝐵 − 𝑉𝐹𝐵 − 
𝑠

= − (
𝑄𝑎 + 𝑄𝑖

𝐶𝑜𝑥

) ±  𝛾√𝑠
(1 − 𝑒−∅𝑛 𝑉𝑡⁄ )                                     (9) 

where 𝛾 = √2𝜖𝑠𝑖𝑞𝑁𝐴 𝐶𝑜𝑥⁄  is the body effect parameter and ∅𝑛 = 2∅𝐵 + , ∅𝐵 = 𝑉𝑡ln (𝑁𝐴 𝑛𝑖⁄ )stands for the 

Fermi potential. In the subthreshold area mentioned before, where the buildup charge(𝑄𝑎) is neglected, (9) deduces, 

without the variables for accumulating charge, the surface potential equation (8) from [16]. When the charges of 

electrons and holes are predominant in the inversion and accumulation areas of operation, equation (9) may be reduced 

as𝐶𝑜𝑥(𝑉𝐺𝐵 − 𝑉𝐹𝐵 − 
𝑠
) ≈ −𝑄𝑖 , 𝐶𝑜𝑥(𝑉𝐺𝐵 − 𝑉𝐹𝐵 − 

𝑠
) ≈ −𝑄𝑎that is, in turn. The QM effects are negligible in the 

weak inversion or depletion area because of the high subband occupancy [7], [37]. 

2.2 Accumulation and Inversion Layer Charge Density Considering QM Effects 

In order to determine the charge density of the accumulation and inversion layers, this model suggests using 

nMOSFETs with a 100 degree Si surface orientation. The method for calculating the charge density of the 

accumulation layer is detailed in the paragraph that follows. This model makes use of the data obtained from the 

method for calculating the inversion layer charge density, which is detailed in [16].   

Because of the complexity of the valence band structure—which must account for the majority of carriers from 

both the bulk of the semiconductor and the quantised energy levels at the Si-SiO2 interface—theoretical treatment of 

the valence band is more difficult than conduction band treatment [5, 8, 19]. On the other hand, triangular potential 

well approximation has been shown to be useful for precise accumulation layer analysis [8, 25, 26]. The valleys are 

partitioned into two subbands (ladders) in the effective mass approximation, and each subband has a degeneracy factor 

of one. A large hole's longitudinal effective mass is present in the bottom subband, which is the unprimed 

ladder𝑚𝑧𝐿𝑎  = 0.5 𝑚0, light-hole transverse effective mass is present in the primed ladder, a higher collection of 
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subbands𝑚𝑧𝐻𝑎 =  0.16 𝑚0[5]. With the suffixes L and H, respectively, these lower and higher subband energy levels 

are shown in Fig. 1. 

[Image could not be embedded — unsupported format] 

Fig. 1. Energy band diagram of metal/SiO2/p-Si structure showing four lowest subbands in accumulation region. 

The charge density in the accumulation layer may be calculated with QM effects taken into consideration using 

the triangular potential well approximation [11], as 

𝑄𝑎 = ∑ 𝐴𝑖𝑎

𝑖

∑ ln (1 + exp (
𝐸𝐹𝑝 − 𝐸𝑖𝑗𝑎

𝑘𝑇
))

𝑗 𝑖=𝐿,𝐻 𝑗=0,1,2…

  (10) 

where 𝐸𝐹𝑝 is the hole quasi Fermi energy with respect to the top of valence band at Si-SiO2 interface as shown 

in Fig. 1. 𝐴𝑖𝑎 = (𝑞𝑛𝑣𝑖𝑎𝑚𝑑𝑖𝑎𝑘𝑇)/(𝜋ℏ2)  is a constant for a particular valley, ℏ is the reduced Planck’s constant, 

𝑚𝑑𝑖𝑎has the same value as the density of states' effective mass per valley for holes, which is0.5 𝑚0 and 0.16 𝑚0 for 

lower (𝑚𝑑𝐿𝑎)  and higher (𝑚𝑑𝐻𝑎)  valleys respectively, 𝑛𝑣𝑖𝑎 = 1 for both valleys, as the energy subband in 

accumulation is not degenerate, and𝐸𝑖𝑗𝑎is the potential energy that matches the𝑗𝑡ℎ subband of the 𝑖𝑡ℎ valley [4], [6], 

given as 

𝐸𝑖𝑗𝑎 = (
ℏ2

2𝑚𝑧𝑖𝑎

)

1 3⁄

[(
3𝜋𝑞

2
) 𝐸𝑒𝑓𝑓𝑎(𝑗 + 3 4⁄ )]

𝑖=𝐿,𝐻  𝑗=0,1,2…

2 3⁄

(11) 

where 𝑚𝑧𝑖𝑎 is the accumulation layer quantization effective mass, 𝐸𝑒𝑓𝑓𝑎  is the effective electric field, expressed 

as  

𝐸𝑒𝑓𝑓𝑎 = −𝑄𝑠 𝜖𝑠𝑖⁄ .                                                        (12) 

In order to simplify things even further and avoid implicitly calculating 𝑄𝑎., (12) is used in (11) instead of (3a). 

The subbands near the top of the valence band, where the electric field which is very close to 𝐸𝑠 will have higher 

charge concentration and play an important role. The results obtained from suggested model using the aforesaid 

approximations, = 1.3 exhibits good fit with the self-consistent solution of Schrödinger and Poisson equations, with 

, = 1.3 and is utilised as a constant. The expected difference between the inversion layer and this section is that the 

value of  is 1.1 [16], but the values used here are slightly different from [6]. We obtain by inserting (12) and (6) into 

equation (11): 

𝐸𝑖𝑗𝑎 = (
ℏ2

2𝑚𝑧𝑖𝑎

)

1 3⁄

[(
3𝜋𝑞

2
) (

−𝐶𝑜𝑥(𝑉𝐺𝐵 − 𝑉𝐹𝐵 − 
𝑠
)

 𝜖𝑠𝑖

) (𝑗 + 3 4⁄ )]
𝑖=𝐿,𝐻  𝑗=0,1,2…

2 3⁄

                                 (13) 

From Fig. 1, 
𝑠
 can be written as 

−
𝑠

= (𝐸𝐹𝑃 𝑞)⁄ + (𝐸𝑔 2𝑞)⁄ − ∅𝐵 +  .                    (14) 

In (14), 
𝑠
meaning it's negative because, in this case, the energy bands are bending downwards relative to the 

reference point, rather than upwards, as they are in an inversion. Using instead𝐸𝐹𝑃  from equation (14) in (10), the 

expression for accumulation charge density 𝑄𝑎 can be obtained as  

𝑄𝑎 = ∑ 𝐴𝑖𝑎

𝑖

∑ ln [1 + exp (
−

𝑠
− 𝐸𝑔 2𝑞⁄ + ∅𝐵 −  − 𝐸𝑖𝑗𝑎 𝑞⁄

𝑉𝑡

)]

𝑗 𝑖=𝐿,𝐻  𝑗=0,1,2…

(15) 

Now substituting 𝑄𝑎 from (15) and 𝑄𝑖Equation (9) integrates QM effects in the valence and conduction bands, 

and the implicit expression of the surface potential, which is continuous from the accumulation zone to the strong 

inversion region, is derived from equation (14) of [16]. 
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2.3 Normalisation and Conditioning 

After normalising Equation (9) to make all variables dimensionalless quantities, we get 

𝑈𝐺𝐹𝐵 − 𝑢𝑠 = −(𝑞𝑎𝑛 − 𝑞𝑛) ± 𝛾1√𝑢𝑠(1 − 𝑒−𝑢𝑛)                 (16) 

where 𝑈𝐺𝐹𝐵 = (𝑉𝐺𝐵 − 𝑉𝐹𝐵) 𝑉𝑡⁄ ,    𝑢𝑠 = 
𝑠

𝑉𝑡⁄ ,    𝛾1 = 𝛾 √𝑉𝑡⁄ ,    𝑢𝑛 = ∅𝑛 𝑉𝑡⁄  

from (15) 

𝑞𝑎𝑛 =
𝑄𝑎

𝑉𝑡𝐶𝑜𝑥

= ∑ 𝑎𝑖𝑛𝑎

𝑖

∑ ln[1 + 𝑒−𝑢𝑠−𝑢𝑢𝑎−𝑒𝑖𝑗𝑎]

𝑗 𝑖=𝐿,𝐻  𝑗=0,1,2…

                 (17) 

where 𝑎𝑖𝑛𝑎 = (𝐴𝑖𝑎 𝐶𝑜𝑥𝑉𝑡)⁄ = (𝑞2𝑛𝑣𝑖𝑎𝑚𝑑𝑖𝑎) (𝜋ℏ2𝐶𝑜𝑥)⁄ , 𝑢𝑢𝑎 = ((𝐸𝑔 2𝑞)⁄ − ∅𝐵 + ) 𝑉𝑡⁄  

𝑒𝑖𝑗𝑎 =
𝐸𝑖𝑗𝑎

𝑞𝑉𝑡

= (
ℏ2

2𝑚𝑧𝑖𝑎𝑞𝑉𝑡

)

1 3⁄

[(
3𝜋𝐶𝑜𝑥

2𝜖𝑠𝑖

) (−(𝑈𝐺𝐹𝐵 − 𝑢𝑠))(𝑗 + 3 4⁄ )]
𝑖=𝐿,𝐻  𝑗=0,1,2…

2 3⁄

                                 (18) 

Equations (17) and (18b) of [16] provide the expressions for energy levels and normalised inversion layer 

charge density, respectively. 

All operating zones are well-served by the surface potential expression (16), with the exception of the flat 

band.(𝑈𝐺𝐹𝐵 = 0), when mathematical conditioning is necessary. Otherwise, surface potential based compact models 

have difficulties when calculating from the accumulation zone to the strong inversion or vice versa [38]. For equation 

(16), at the flat band point, 𝑈𝐺𝐹𝐵 = 𝑢𝑠 = 0, 𝑒𝑖𝑗 = 0, 𝑒𝑖𝑗𝑎 = 0, except 𝑞𝑛, 𝑞𝑎𝑛whereas the phrase is defined as square 

root. Terms' conditioning subject to square root and𝑞𝑛is handled in accordance with the explanation provided in [16], 

and the equation (16) is replaced with as 

𝑈𝐺𝐹𝐵 − 𝑢𝑠 = − (𝑞𝑎𝑛 − 𝑞𝑛) ± 𝛾1√𝑢𝑠.                        (19) 

Now to condition accumulation layer charge 𝑞𝑎𝑛 = 0 at flat band, (17) is modified as  

𝑞𝑎𝑛 = ∑ 𝑎𝑖𝑛𝑎

𝑖

∑ ln[1 + 𝑒−𝑢𝑠−𝑢𝑢𝑎−𝑒𝑖𝑗𝑎 −𝑒−𝑢𝑢𝑎𝑒]𝑖=𝐿,𝐻  𝑗=0,1,2…

𝑗

 (20) 

where 𝑒−𝑢𝑢𝑎𝑒  is added in (20) instead of 𝑒−𝑢𝑢𝑎 , since  𝑢𝑢𝑎 is not very large quantity and the term 𝑒−𝑢𝑢𝑎 cannot 

be neglected as it is. If neglected it affects specifically the surface potential and charge density in depletion region. 

Hence the term 𝑢𝑢𝑎 is modified to depend on electric field, based on van Dort model [36], as 

𝑢𝑢𝑎𝑒 = ((𝐸𝑔 2𝑞)⁄ − (1 − ∆𝜖)∅𝐵 + ) 𝑉𝑡⁄ .              (21) 

In other cases, the surface potential will be negligible, but at the flat band it will be zero. The idea of∆𝜖=

(1 𝑞⁄ )[(9𝜋 ℏ𝑞𝐸𝑓)/(8√2𝑚𝑧𝐿𝑎𝜖𝑠𝑖)]2 3⁄  do not contain any fitting parameter, where 𝐸𝑓 is the effective electric field 

and is equal to 𝐸𝑒𝑓𝑓𝑎  in accumulation region and 𝐸𝑒𝑓𝑓  in depletion/inversion regions of operation. 

2.4 Analytical Approximation for the Surface Potential 

When numerically calculated for a given value of, the physics-based, physically consistent, and parameter-free 

formula (19) yields accurate surface potential values throughout all nMOSFET operating regions.𝑉𝐺𝐵. In order to get 

the precise value of the continuous surface potential needed in compact models, we will now detail the process of 

developing an analytical expression as a function of gate voltage. There are three separate areas of activity that we 

take into account for this: (i) the accumulation region, where𝑈𝐺𝐹𝐵 ≤ 0, (ii) depletion region where 0 < 𝑈𝐺𝐹𝐵 < 𝑈𝐺𝐹𝐵
∗ , 

and (iii) inversion region where 𝑈𝐺𝐹𝐵 ≥ 𝑈𝐺𝐹𝐵
∗ . Here 𝑈𝐺𝐹𝐵

∗ is predicted to happen at a certain point, and the assumption 

is made that the concentration of electrons and holes is negligibly tiny in comparison to the concentration of depletion 
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charges.𝑢𝑠 =  𝑢𝑢 = ((𝐸𝑔 2𝑞)⁄ + ∅𝐵 + ) 𝑉𝑡⁄ , which implies that the strong inversion occurs at 
𝑠

= (𝐸𝑔 2𝑞)⁄ +

∅𝐵 + ,  which is slightly greater than 
𝑠

= 2∅𝐵 +  taken in classical models as expected. Now, defining 𝑈𝐺𝐹𝐵 =

𝑈𝐺𝐹𝐵
∗  when 𝑢𝑠 =  𝑢𝑢, from (19), we get 

𝑈𝐺𝐹𝐵
∗ = 𝑢𝑢 + 𝛾1√𝑢𝑢.                                                     (22) 

A change in threshold voltage as a result of quantum mechanical processes, doping concentration, or applied 

drain voltage is intrinsically taken into consideration in Equation (22). 

In the first phase, we derive three distinct analytical expressions by properly approximating (18b) of [16], (19), 

and (20) to acquire a relatively accurate value of the surface potential.(𝑢𝑠1 ), for various operational areas. A correction 

term is necessary to get a surface potential value that is precise enough𝑟(𝑢𝑠1, 𝑈𝐺𝐹𝐵), obtained using Newton Raphson 

expansion [39], [40], is added 

𝑢𝑠 = 𝑢𝑠1 + 𝑟(𝑢𝑠1, 𝑈𝐺𝐹𝐵).                                              (23) 

If you want your surface potential to be more precise, you may perform the correction step again.(𝑢𝑠)in 

sophisticated models. Below is a detailed description of the technique that may be followed to acquire an analytical 

equation for 𝑢𝑠. 

2.5 1) Step-1: First Approximation 

Just as previously stated, the next sections provide the approximate equation for the surface potential 〖(u〗

_s1) for the accumulation, depletion, and inversion zones of operation. 

2.6 a) Accumulation region(𝑈𝐺𝐹𝐵 ≤ 0) 

When we only take into account the hole charge component in equation (19), we find that the contributions of 

depletion and inversion layer charges are so insignificant that they are not even noticeable in the accumulation region 

of operation. 

𝑈𝐺𝐹𝐵 = −𝑞𝑎𝑛 .                                                                  (24) 

Despite the fact that a highly accurate surface potential value requires considering a huge number of subbands 

in the valence and conduction bands. It is enough to get a rough estimate of the surface potential in the first 

approximation, however.(𝑢𝑠1), think about only the lowest energy subband in the lower valley and just replacing𝑢𝑠 =

𝑢𝑎 in the accumulation charge term in (24) and simplifying    

𝑢𝑎 = −𝑢𝑢𝑎−𝑒𝐿0𝑎
𝑢𝑢𝑎 − ln[𝑒−𝑍 +𝑒−𝑢𝑢𝑎𝑒 − 1]               (25) 

where 𝑍 = 𝑈𝐺𝐹𝐵 𝑎𝐿𝑛𝑎⁄ . The accuracy attained using (25) is adequate in accumulation area, yet in the 

accumulation to depletion transition region, the linear term𝑢𝑠 in (19) and the accumulating term are similar.(𝑞𝑎𝑛). 

Hence to lessen the inaccuracy in the transition region, substituting𝑢𝑠 by 𝑢𝑎 in both linear and depletion terms, and 

substituting𝑢𝑠 = 𝑢𝑠1 in accumulation charge density term in (19), we get 

𝑢𝑠1 = −𝑢𝑢𝑎 − 𝑒𝐿0𝑎
𝑢𝑢𝑎 − ln[𝑒𝑍𝑎 +𝑒−𝑢𝑢𝑎𝑒 − 1]            (26) 

where 𝑍𝑎 = (−𝑈𝐺𝐹𝐵 + 𝑢𝑎 − 𝛾1√𝑢𝑎) 𝑎𝐿𝑛𝑎⁄ . 

2.7 b) Depletion region(0 < 𝑈𝐺𝐹𝐵 < 𝑈𝐺𝐹𝐵
∗ ) 

An approximation of the surface potential is obtained by using the simplification method borrowed from [16] 

and ignoring the roles played by electron and hole charges in (19). 

𝑢𝑠1 =
𝑘1 − √𝑘1

2 − 4𝑘2

2
                                               (27) 
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where  𝑘1 = 2(𝑈𝐺𝐹𝐵 + 𝑞𝑡) + 𝛾1
2,  𝑘2 = (𝑈𝐺𝐹𝐵 + 𝑞𝑡)2, 𝑞𝑡 = 𝑞𝑎𝑛

𝐿0 − 𝑞𝑛
𝐿0, 𝑞𝑛

𝐿0 = 𝑎𝐿ln [1 + 𝑒𝑢𝑑−𝑢𝑢−𝑒𝐿0

𝑢𝑑
−𝑒−𝑢𝑢] 

𝑞𝑎𝑛
𝐿0 = 𝑎𝐿𝑛𝑎ln [1 + 𝑒−𝑢𝑑−𝑢𝑢𝑎−𝑒𝐿0𝑎

𝑢𝑑
−𝑒−𝑢𝑢𝑎𝑒] and 

𝑢𝑑 = 0.5[2𝑈𝐺𝐹𝐵 + 𝛾1
2 − 𝛾1√4𝑈𝐺𝐹𝐵 + 𝛾1

2]. The equations 𝑞𝑛
𝐿0 and 𝑞𝑎𝑛

𝐿0 are acquired by focusing just on the 

lowest subband from equation (18b) in references [16] and (20). Two of the equations in the referenced work, (26) 

and (27) are identical in form. Having said that, the cumulative term in𝑘1 and 𝑘2are now altered since the accumulation 

region's quantum confinement is being considered. It makes no difference whether the accumulation terms are 

calculated classically or quantum mechanically; in the depletion region of operation, their contribution is tiny and 

insignificant. 

2.8 c) Inversion region(𝑈𝐺𝐹𝐵 ≥ 𝑈𝐺𝐹𝐵
∗ ) 

Since the contributions of the accumulation and depletion layers are negligible in the inversion zone of 

operation, we may isolate the electron charge component in equation (19) and get 

𝑈𝐺𝐹𝐵 = 𝑞𝑛.                                                                       (28) 

To simplify the formula for the surface potential (u_s1) in the accumulation area, we may use the electron 

charge in the lowest subband of the lower valley and replace u_s=u_i in the inversion charge term (q_n) in equation 

(28) as previously mentioned. 

𝑢𝑖 = 𝑢𝑢 + 𝑒𝐿0
𝑢𝑢 + ln[𝑒𝑍1 +𝑒−𝑢𝑢 − 1]                         (29) 

where 𝑍1 = 𝑈𝐺𝐹𝐵 𝑎𝐿⁄ . Within the area spanning the transition from depletion to inversion, the precision 

attained using equation (29) is adequate, with the exception of the linear factor𝑢𝑠 in (19) is comparable with the 

inversion term (𝑞𝑛). Hence to obtain smooth transition from depletion to inversion region, replacing 𝑢𝑠 by 𝑢𝑖 in both 

linear and depletion terms, and substituting 𝑢𝑠 = 𝑢𝑠1 in inversion charge density term in (19), we get the approximate 

value of surface potential in the inversion region as  

𝑢𝑠1 = 𝑢𝑢 + 𝑒𝐿0
𝑢𝑢 + ln[𝑒𝑍𝑖 +𝑒−𝑢𝑢 − 1)                       (30) 

where 𝑍𝑖 = (𝑈𝐺𝐹𝐵 − 𝑢𝑖 − 𝛾1√𝑢𝑖) 𝑎𝐿⁄ . 

2.9 2) Step-2: Accurate surface potential with higher order correction 

The initial approximations of the surface potential in the accumulation, depletion, and inversion areas, as 

determined by equations (26), (27), and (30), respectively, are quite correct. The precision needed by current surface 

potential based models, however, is far higher. Therefore, a phrase for rectification𝑢𝑠 = 𝑢𝑠1 + ℎis included in order 

to achieve the necessary precision, as previously stated. The tiny value of h here corresponds to the surface potential, 

which is calculated using the second-order correction term of Newton-Raphson. With reference to (19), we may 

deduce that 

𝑓(𝑢𝑠) = 𝑈𝐺𝐹𝐵 − 𝑢𝑠 + 𝑞𝑎𝑛 − 𝑞𝑛 − 𝛾1√𝑢𝑠 = 0.        (31) 

The value of "ℎ"is calculated by referring to equations (31) and (33) from [16]. While assessing the rectification 

step, eight subbands were taken into account𝑞𝑛, 𝑞𝑎𝑛in addition to its variations. Comparing the analytical value of 

the surface potential with the numerical findings of (19) confirms the correctness of considering eight subbands, and 

it reveals that the error is on the order of pV when the corrective process is performed three times. 

3. RESULTS AND DISCUSSION 

This simplified analytical model matches the reported data obtained by solving the Schrödinger and Poisson 

equations self-consistently over a wide range of substrate doping concentration and oxide thickness in all regions of 
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operation very well with respect to the surface potential, accumulation and inversion layer charge densities, and C_G 

vs V_GB characteristics, taking into account quantum confinement in both the conduction and valence bands.  

Figure 2 shows a comparison between the surface potential from this analytical model and the published results 

[6] from the self-consistent solution of the Schrödinger and Poisson equations. The image clearly shows that the 

suggested model provides a good fit over a broad range of doping concentrations. The surface potential values in the 

depletion and inversion regions, as calculated analytically in [16], were unaffected by the incorporation of QM effects 

in the accumulation region. Consequently, the inversion layer charge and drain current, as shown in Figures 7 and 9 

of [16], are identical when calculated using the surface potential values from the proposed model. 

 

Fig. 2. Comparison of the surface potential obtained from proposed model (solid line) with the reported data 

[6] obtained by self-consistent solution of Schrödinger and Poisson equations (symbols). 

For three distinct doping concentrations with tox = 3 nm, the results obtained from the self-consistent solution 

of the Schrödinger and Poisson equations [6] and the accumulation layer charge density per unit area obtained using 

this analytical model correspond quite well (Fig. 3). The self-consistent findings in all three domains of operation 

demonstrate the validity of the proposed model (Figs. 2 and 3). 

 

Fig. 3. Comparison of hole density in accumulation layer obtained from proposed model (solid line) with the 

reported data [6] obtained from self-consistent solution of Schrödinger and Poisson equations (symbols). 

Figure 4 displays a comparison of surface potential values derived by several sources, including the suggested 

analytical model, [8], [34], and the self-consistent solution of the Schrödinger and Poisson equations by Ma et al. [6]. 

Figure 4 shows that in the inversion and accumulation regions, the findings from [8] differ from [6], and contrary to 

what is stated in [16], the surface potential is not zero at the flat band. Figure 4 further shows that in the inversion 

area, the surface potential values from [34] don't match up with the self-consistent findings. It is possible that these 

differences arise from the fact that in [34] the surface potential values are acquired by applying QM correction on the 

semi-classical surface potential, while in [8] the QM surface potential is acquired by taking into account just one 

subband. Surface potential values calculated analytically using the suggested model's triangle potential well 

approximation with eight subbands, on the other hand, agree extremely well throughout all three operational areas 

with [6]. 
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Fig. 4. Comparison of the surface potential values obtained from self-consistent solution of Schrödinger and 

Poisson equations [6] with reported data [8], [34] and the proposed model. 

 

Fig. 5. Comparison of the surface potential obtained from analytical approximation (solid line) with 

numerical results (symbols) for different values of tox, along with absolute error plot when step-2 is repeated thrice. 

 

Fig. 6. Comparison of the surface potential obtained from analytical approximation (solid line) with 

numerical results (symbols) for different values of substrate doping concentration, along with absolute error plot 

when step-2 is repeated thrice. 

For various values of oxide thickness, doping concentration, Figures 5, 6, and 7 show the comparison between 

the surface potential values calculated using the proposed model and the numerical data derived from (19). For a large 

variety of device settings, we find that the analytical model's predictions agree well with numerical predictions over 

all three continuous operating areas. In the area where the accumulation to depletion transition occurs, the absolute 

error between analytical and numerical findings is around 4 pV; however, in other places, the error is less, as seen in 

the figures, when step-2 is performed three times. But when step-2 was done again, the inaccuracy was around 2 nV, 

and it didn't change regardless of the doping concentration, oxide thickness, or  . This demonstrates that the suggested 

model is correct according to the numerical findings and that the error converges quickly using the Newton Raphson 

approach. 
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Fig. 7. Comparison of surface potential obtained from the analytical approximation (solid line) with 

numerically obtained results (symbols) for different values of , along with absolute error plot when step-2 is 

repeated thrice. 

The suitability of proposed analytical model in the compact modeling perspective is further demonstrated by 

comparing the 𝐶𝐺 vs 𝑉𝐺𝐵 characteristics obtained from the proposed model with the published results, obtained from 

the self-consistent solution of Schrödinger and Poisson equations, for metal/SiO2/p-Si gate structure [6] as in Fig. 8. 

We see from the figure, that there is an excellent agreement between the proposed model and the published results 

from accumulation to inversion region of operation [6]. Whereas results obtained from [16] overestimates capacitance 

values in accumulation region, since QM effects are not accounted. 

 

Fig. 8. Comparison of gate capacitance obtained from the proposed model (solid line) with the reported data 

(symbols) for metal/SiO2/p-Si semiconductor [6], [16]. 

Figure 9 displays a comparison between the analytical model's third and fourth order derivatives of the surface 

potential and the findings from the numerical solution of (19), with regard to V_GFB. From the graph, it is clear that 

the derivatives are smooth and continuous. This guarantees that the surface potential, which takes into account QM 

effects in the conduction and valence bands, is continuous from the accumulation region to the strong inversion region, 

even with a fourth-order derivative, and does not show any discontinuity. Therefore, compact models based on surface 

potential are the best fit for the suggested model. 

Figure 10 displays a comparison of the subthreshold current measured from the MEDICI device simulator with 

data published elsewhere [41] and surface potential values calculated using the suggested model for two distinct drain 

voltage values. These surface potential values were calculated at the source using quantum mechanics(
𝑠0

)and drain 

(
𝑠𝐿

)In order to determine the drain current, which is applicable across all operational areas, the suggested model is 

used in the quantum charge sheet model (7) of [17]. The Id vs Vd curve for the above-threshold region of operation, 

as shown in Fig. 9 of [16], is applicable to both the proposed model and the published paper. This is because the 

surface potential values used to find the Id vs Vd curve in both cases are identical. 
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Fig. 9. Third and fourth derivative of the surface potential with respect to VGFBobtained from analytical 

approximation (solid line) and numerical simulation (symbols). 

 

Fig. 10. Comparison of drain current in the subthreshold region obtained from proposed model (solid line) 

with the reported data [41] (symbols) for two values of drain voltages. 

4. Conclusion 

An analytical model for surface potential that is based on physics and provides continuity from the accumulation 

to the strong inversion zone of nMOSFETs is introduced. This model takes into account QM effects in both the 

accumulation and inversion regions of operation. Without resorting to any corrective procedure, the model 

incorporates QM effects intrinsically via the use of the triangular potential well approximation. Furthermore, no fitting 

parameters nor smoothing functions are included in the model. For a large variety of doping densities and oxide 

thicknesses, the model's surface potential, charge densities, and C_G versus V_GB features agree well with the self-

consistent solution of the Schrödinger and Poisson equations. Drain current and derivatives of surface potential shown 

from a compact modelling viewpoint confirm the model's appropriateness and smoothness. Because it incorporates 

QM effects intrinsically in both the conduction and valence bands, the simplified analytical model is beneficial for 

building compact models suited for circuit simulators based on physics. Applying this concept of analytical modelling 

to multiple-gate MOSFET devices is as simple as decoupling the Schrödinger and Poisson equations, modelling the 

electrical confinement as a perturbation to the geometrically confined subband energies, and then using the energy 

band diagram to express the charge density and quasi Fermi potential in terms of surface potential and other physical 

parameters. 
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