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Abstract: This paper introduces n-Cylindrical neutrosophic nano 6 (resp. 6S, eand M) continuous maps in n-Cylindrical
neutrosophic nano topological spaces, exploring their properties and characterizations alongside the corresponding irresolute maps.
As a real-life illustration, we construct an n-Cylindrical neutrosophic nano topological space directly from soil-test data collected
under Tamil Nadu’s Soil Health Card programme: farm plots are grouped by an indiscernibility relation on pH, nitrogen, and
organic-carbon bands, and a decision attribute “Fertile Soil” is used to compute the n -Cylindrical neutrosophic lower
approximation, upper approximation, and boundary region, which together generate the induced nano topology. The resulting three-
tier zoning — certify, develop, and verify — gives agricultural extension officers an uncertainty-aware framework for soil-fertility
classification, and illustrates how the newly introduced M-open set machinery extends naturally to boundary-region decision-
making in precision agriculture.
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1. Introduction

Zadeh [39] introduced the concept of fuzzy sets in 1965, generalising classical sets by allowing each element
to have a membership degree in [0,1]. An important extension of fuzzy sets was the intuitionistic fuzzy set (IFS)
introduced by Atanassov [1] in 1983, in which each element carries both a membership degree and a non-membership
degree. In 1968, Chang [4] introduced fuzzy topological spaces and studied fundamental notions such as continuity,
open sets, and closed sets. Following this, Lowen [14] introduced an alternative formulation of fuzzy topological
spaces. Coker introduced the notion of intuitionistic fuzzy topological spaces together with some of their basic
properties [5]. The concept of the Pythagorean fuzzy set, a generalisation of fuzzy sets, was presented by Yager [36,
37, 38]. Pythagorean fuzzy topological spaces were subsequently introduced by Olgun et al. [14] following Chang’s
approach.

In 2013, Lellis Thivagar [10] introduced a new topology called Nano topology, which extends rough set theory.
Nano topological spaces are defined in terms of approximations and the boundary region of a subset of a universe
with respect to an equivalence relation. The elements of a Nano topological space are called Nano open sets and their
complements are called Nano closed sets. The term “Nano” denotes something very small, and Nano topology thus
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literally means the study of very small surfaces. The fundamental ideas in Nano topology are approximations and the
indiscernibility relation. Furthermore, nano §-open sets in nano topological spaces were studied in [16]. Recently,
Lellis Thivagar et al. [11] introduced a new concept of neutrosophic nano topology. The notions of Z-closed sets in
double fuzzy topological spaces were introduced by Shiventhiradevi Sathaananthan et al. [24, 25] in 2020. Also, M-
open sets in nano topological spaces were studied by Padma et al. [15], §-open sets in nano topological spaces were
investigated by Pankajam and Kavitha [16], and neutrosophic nano topological spaces were considered in [31].

Spherical fuzzy sets were proposed by Kahraman and Giindégdu [7], requiring that the squared sum of the
membership, non-membership, and hesitancy degrees be at most 1. Spherical fuzzy topological spaces were
introduced by Princy and Mohana [17].

The neutrosophic set was introduced by Smarandache [22, 23] as a generalisation of the intuitionistic fuzzy set.
Salama and Alblowi [19] introduced neutrosophic topological spaces, generalising intuitionistic fuzzy topological
spaces by incorporating three components: membership, indeterminacy, and non-membership.

Smarandache [22] also introduced the notion of dependence and independence among the fuzzy and
neutrosophic components. Arockiarani and Jency [3] extended the neutrosophic framework to the case where the sum
of all three membership functions does not exceed 3. The neutrosophic topological space and its basic operations were
studied by Veereswari [32].

Saranya et al. [20] introduced the concept of the n-cylindrical neutrosophic set (abbreviated as nCyN's),
characterised by a and ¥ as dependent components and [ as an independent component. Beyond the neutrosophic set
(NV's), the nCyN's represents a broad generalisation of fuzzy sets. In this framework, the positive membership ay ,
neutral membership 4, and negative membership y, satisfy 0 < 84 < 1 and 0 < aj(x) + y2(x) < 1 for an
integern > 1.

Subsequently, Saranya et al. [21] introduced the notion of nCyJNV -continuity for functions between two n-
cylindrical neutrosophic topological spaces (nCyN'ts), and defined the nCyJV -interior (nCyNint) and nCyN -
closure (nCyN'cl) of subsets within nCyN'ts. Recently, Vijayalakshmi et al. [33, 34, 35] introduced nCyN M
open sets, connectedness and separated sets in nCyN topological spaces. Mahalakshmi et al. [12] introduced the
notion of nCYN nano open sets in n-cylindrical neutrosophic nano topological spaces. Recently, Kayalvizhi and
Alagesan [9] introduced the notion of nCyN nano M -open sets in n-cylindrical neutrosophic nano topological
spaces.

S. Saha [18] defined §-open sets in fuzzy topological spaces, nano topological space by Pankajam et al. [16]
and neutrosophic topological space by Vadivel et al. [28]. Recently, Lellis Thivagar et.al [11] explored a new concept
of neutrosophic nano topology, intuitionistic nano topology and fuzzy nano topology. In a related development, El-
Maghrabi and Al-Juhani [6] introduced the concept of M-open sets in topological spaces and investigated several of
their properties. The class of M-open sets plays a significant role in topological theory due to its applicability across
various branches of mathematics and real-world applications. Padma et al. [15] also found M-open sets in nano
topological spaces. Vadivel et al. [26, 27, 29] discussed some open sets in fuzzy nano and neutrosophic nano
topological spaces. Kalaiyarsan et al. [8] and Vadivel et al. [30] introduced M-open sets in fuzzy and neutrosophic
nano topological spaces.

Research Gap: No investigation on some stronger and weaker forms n-cylindrical neutrosophic nano
operators such as n-cylindrical neutrosophic nano 6 continuous maps, 1n-cylindrical neutrosophic nano 6 -semi
continuous maps, 1 -cylindrical neutrosophic nano e continuous maps and 7 -cylindrical neutrosophic nano M
continuous maps on n-cylindrical neutrosophic nano topological space has been reported in the 7 -cylindrical
neutrosophic literature.
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In this paper we introduce nCYNNO (resp. nCYNNOS, nCyNJte and nCyNItM) continuous maps,
nCyNNO (resp. nCyNINOS , nCyNNe and nCyNItM) irresolute maps and discuss their properties in n-
cylindrical neutrosophic nano topological spaces.

As a real-life illustration of this framework, we construct an nCyNJtts directly from soil-test data collected
under Tamil Nadu’s Soil Health Card programme, in which farm plots are grouped by an indiscernibility relation on
pH, nitrogen, and organic-carbon bands. The resulting n-Cylindrical neutrosophic nano topology, generated by the
lower approximation, upper approximation, and boundary region of a “Fertile Soil” decision attribute, yields a certify—
develop—verify zoning that agricultural extension officers can act on directly.

2. Preliminaries
This section covers some basic definitions and examples that will be useful in subsequent discussions.

Definition 2.1 [39] A fuzzy set (briefly, fs) A in U is defined by a membership function pg: U — [0,1], where
the membership value [L4(x) indicates the degree to which x € U belongs to the fuzzy set A, for all x € U.

Definition 2.2 /4] A fuzzy topological space (briefly, fis) is a pair (U, T), where U is a non-empty set and T
is a family of fuzzy sets in U satisfying the following axioms:

1. 9,U €T,
2. IfA,BET,thenANB ET,
3. If A; € T foreachi € I, then U;e; 4; € T.
Definition 2.3 /2] An intuitionistic fuzzy set (briefly, ifs) A on U is an object of the form

where a4 (x) € [0,1] is the degree of positive membership and y,(x) € [0,1] is the degree of negative
membership of x in A4, satisfying a4 (x) + ¥, (x) < 1 for all x € U. The set of all intuitionistic fuzzy sets on U is
denoted by IFS(U).

Definition 2.4 [22] A neutrosophic set (briefly, N's) A on U is an object of the form

where a4 (x), B4(x),¥4(x) € [0,1] and 0 < a4 (x) + L4(x) + ya(x) < 3 for all x € U. Here a4(x) is
the degree of positive membership, 54 (x) is the degree of neutral membership, and y,4 (x) is the degree of negative
membership. The components @4 (x) and y,4(x) are dependent, while 84 (x) is independent.

Definition 2.5 [19] A neutrosophic topology (N't) on a non-empty set U is a family Ty of neutrosophic
subsets of U satisfying:

1. ON' 1N (S TN
2. Gl n G2 € TN for any Gll Gz € TN
3. Uiy G; € Ty for any sub-collection {G;: 1 € J} € Ty.

The pair (U, Ty) is called a neutrosophic topological space (briefly, N'ts). Any neutrosophic set in Ty is
called a neutrosophic open set (briefly, N'05s). A neutrosophic set F is neutrosophic closed (briefly, N'c) if and only
if its complement C (F) is neutrosophic open.

Definition 2.6 [20] An n-cylindrical neutrosophic set (briefly, (briefly, nCyN's)) A on U is an object of the
form

where
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* ay(x) € [0,1] is the degree of positive membership,
* Ba(x) € [0,1] is the degree of neutral membership, and
* Ya(x) € [0,1] is the degree of negative membership,
satisfying, for all x € U,
Here a4 (x) and y4(x) are dependent neutrosophic components, while 84 (x) is 100% independent.

For convenience, the triple (@4 (x), B4 (x),Ya(x)) is called an n-cylindrical neutrosophic number (briefly,
(briefly, nCyN'N)) and the set is written as A = (a4, B4, Va)-

Definition 2.7 [20] Let {A;: 1 € I} be an arbitrary family of NCYN'S’s in U. Then:
Definition 2.8 [20] The n-cylindrical neutrosophic empty and whole sets are defined as:

Definition 2.9 /20] Let T¢yn (U) denote the family of all nCyN's’s on U. The following basic connectives
are defined for any A, B € T,y (U).

1. Inclusion. A € B if and only if ay(x) < ag(x), fa(x) < Bp(x), and y4(x) = yg(x) for all x €
U. Equality A = B holds whenboth A € B and B € A.

2. Union.
3. Intersection.
4. Complement.
Remark 2.1 /20] For any nCyN’s A, B, C € t¢y,n(U):
1. IfAS BandB € C,then A € C,

2. AUB=BUAand AN B =B NA (commutativity),

w

.(AUB)UC=AU(BUC)and(ANB)NC =AnN(BnNC) (associativity),

N

.(AuB)NC=MANnC)uBnNnC)and(ANB)UC =(AUC)n (BUC) (distributivity),

5. ANA=Aand AU A = A (idempotency),

6. De Morgan’s laws: (AU B)¢ = A° N B€ and (A N B)¢ = A° U B°.

Definition 2.10 /21] An n-cylindrical neutrosophic topology (briefly, nCyN't) on a non-empty set U is a

family Teyy of NCYN'S’s in U satisfying:

1. Ocyns Leyn € Teyns

2. Ay N Ay € T¢yy forany Ay, Ay € Teyp,

3. Ujer Ai € T¢yy for any arbitrary sub-collection {A;: i € I} S T¢yp.

The pair (U, TCyN) is called an n-cylindrical neutrosophic topological space (briefly, nCyN'ts). Any
nCyN's belonging to T¢yy is called an n-cylindrical neutrosophic open set (briefly, nCyN 0s), and its complement
is called an n-cylindrical neutrosophic closed set (briefly, nCyN'cs). The family {Ocyn, 1cyn} is the indiscrete
nCyN'ts, and the topology containing all nCyN" subsets is the discrete nCyN'ts.
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Remark 2.2 [21] Every fuzzy topological space, intuitionistic fuzzy topological space, and Pythagorean fuzzy
topological space is an nCYN'ts, since any subset of those spaces can be viewed as an NCYN" subset.

Definition 2.11 /21] Let A and B be two n-cylindrical neutrosophic subsets of an NCyN'ts (U, T¢yy ). Then
B is called a neighbourhood of A if there exists an nCyN os O such that A € O C B.

Proposition 2.1 /21] A subset A S U is n-cylindrical neutrosophic open in (U, T¢cyy) if and only if it is a
neighbourhood of each of its subsets.

Definition 2.12 /2] Let (U, T¢yy) be an nCYN'ts and let A = {{x, a4 (x), fa(x),Va(x)): x € U} be an

nCyN subset in U. The n-cylindrical neutrosophic interior (briefly, nCyNint) of A is defined as the nCyN union
of allnCyN open subsets of A:

Clearly, nCyNint(A) is the largest nCyN 0s contained in A.

Definition 2.13 /21 Let (U, T¢cyy) be an nCyN'ts and let A = {{x, €4 (x), Ba(X),Va(x)): x € U} be an
nCyN's in U. The n-cylindrical neutrosophic closure (briefly, nCyNcl of A is defined as the nCyN intersection
of allnCyN closed sets containing A:

Clearly, nCyNcl(A) is the smallest nCyN cs that contains A.

Definition 2.14 [12] Let U be a non-empty set, R an equivalence relation on U, and A an n-cylindrical
neutrosophic set in U with positive membership function Ly, indeterminacy function 04, and non-membership

Sunction A4. The n-cylindrical neutrosophic lower approximation, n-cylindrical neutrosophic upper approximation,
and n-cylindrical neutrosophic boundary of A in (U,R), denoted nCyN (A), nCyN (A), and Bpcyy(A)

respectively, are defined as follows:
1. nCyN (A) = {(x, pray(®), oray(®), Aray(x)):x € U},
2. nCyN(4) = {<x Hgay(X)s Ogeay(x), AE(A)(X)>!X € U}.
3. Bucyw (A) = nCyN (A)\nCyN (A) = nCyN(4) N (nCyNV (A))<,
where the component functions are given by

Here [x]g denotes the equivalence class of x under R.

Definition 2.15  [12] Let U be a universe, R an equivalence relation on U, and A an n-cylindrical

neutrosophic set in U. If the collection

forms a topology on U, then it is called the n-cylindrical neutrosophic nano topology on U with respect to A.
The pair (U, ‘L';Cy N (A)) is called an n-cylindrical neutrosophic nano topological space (briefly, nCyN'ts). The
elements of T;Cy N (A) are called n-cylindrical neutrosophic nano open sets (briefly, nCyN os).

Definition 2.16 [12] Let (U, T;leN(A)) be a nCyNJits with respect to A where A is a n-cylindrical

neutrosophic subset of U. Let S be a n-cylindrical neutrosophic subset of U. Then n-cylindrical neutrosophic nano
1. interior of S (briefly, nCyNJtint(S)) is defined by
nCyNNint(S) =V {I:1 € S & lisanCyN Jtoset inU},
2. closure of S (briefly, nCyNJtcl(S)) is defined by
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nCyNJcl(S) =N {A:S € A & AisanCyNJicset inU}.

Definition 2.17 /9] Let (U, T;CyN(A)) be a nCyNNts with respect to A where A is a n-Cylindrical

neutrosophic subset of U. Then a n-Cylindrical neutrosophic subset S in U is said to be n-Cylindrical neutrosophic
nano regular open (briefly, nCyNJtro) set if S = nCyNNint(nCyNNcl(S)) and n-Cylindrical neutrosophic
nano regular closed (briefly, nCyNtrc) set if S = nCyNNcl(nCyNRNint(S)).

Definition 218 /9] Let (U, Tn " (A)) be an nCyNRts and S = {< s, u5(s), vs(s), As(s) > |s € U}

be annCyN's in U. Then the nCyNNS-interior and the nCYyNNS-closure of S are denoted by nCyNNSint(S)
and nCyNNEScl(S) and are defined as follows. nCyNNSint(S) =U {G|G is an nCyNIros and G < S},
nCyNNécl(S) =N {K|K is an nCyNJrcs and S € K}.

Definition 2.19 /9] Let (U, TgCyN(A)) be a nCyNMNts and S = {< s, us(s),vs(s), As(s) > |s € U} be

annCyN's in U. 4 set S is said to be nCyN'Jt
1. &-open set (briefly, nCyNJtdos) if S = nCyNRint(S),
2. §-pre open set (briefly, nCyNJtdPos) if S € nCyN Nint(nCyNNdcl(S)),
3. semi open set (briefly, nCYyNJtSos) if S € nCyNJtcl(nCyNNint(S)),
4. §-semi open set (briefly, nCYyNIESos) if S € nCyNNcl(nCyNNsint(S)),

5. e open set (briefly, nCyNJteos ) if S CSnCyNJcl(nCyNNsint(S))uv
nCyNNint(nCyNNscl(S)),

6. O (resp. 6-pre, §-semi and e) dense if nCYyNIScl(S) (resp. nCyNISPcl(S), nCyNNdScl(S)
and nCyNJtecl(S)) = lncyn-

The complement of an nCyNNSos (resp. NCYNNOGPos, nCyNINSos nCyNIdSos and
nCyNJteos) is called an nCyNNS (resp. NCYNNIP, nCyN NS nCyNItdS and nCyNJe) closed set
(briefly, nCyNNScs (resp. nCyN ISP cs, nCyNINScs nCyNItdScs and nCyNJtecs)) in U.

The family of all nCyNJtdos (resp. nCyNINScs, nCyNINéPos, nCyNIdPcs, nCyNISos,
nCyNNScs, nCyNItdSos, nCyNNdScs,nCyNJteos and nCyNJtecs) of U is denoted by nCyNIs
0S(U), (resp. nCyNNs  CSU),nCyNNSPOSU), nCyNNSPCS(U),nCyNNSOS(U),nCyNNS
CS(U),nCyNNESOS(U), nCyNNSSCS(U), nCyNJteOS(U) and nCyNNeCS(U)).

Definition 2.20 /9] Let (U, Tp " (A)) be an nCyNRts and S = {< s, u5(s), vs(s), As(s) > |s € U}

be an nCYN's in U. Then the nCyNNS-pre (resp. nCyN NG -semi and nCyNIte)-interior and the nCyNNE-
pre (resp. NCYNNGS -semi and nCyNIe) -closure of S are denoted by NCYNNSPint(S) (resp.
NCyNNSSint(S) and nCyNteint(S)) and the nCYNRNSPcl(S) (resp. nCyNNIScl(S) and
nCyNNecl(S)) and are defined as follows:

NCYNNSPInt(S) (resp. nCyNNGSint(S) and nCyNJteint(S)) =U {G|G is a nCyNNSPos (resp.
nCyNItdSos and nCyNJteos)

and G € S} and nCyNNSPcl(S) (resp. nCYNNIScl(S) and nCyNNecl(S)) =N{K|K is an
nCyNINSPcs (resp. NCyNItdScs and nCyNJNecs) and S € K}.
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Definition 2.21 /9] Let (U, T;CyN (A)) be anCyNits and S be anCyN's in U. A set S is said to be

nCynNM

1. @-interior of S (briefly, nCyN'RNOint(S)) is defined by

nCyNROint(S) = U {nCyNRint(T):T € S & T isanCyNJics in U},
2. B-closure of S (briefly, nCYyNNOcl(S)) is defined by

nCyNRNOcl(S) =N {nCyNNcl(T):T 2 S & T isanCyNJos in U},
3. B-open set (briefly, nCyNNOos) if S = nCyNNOint(S),
4. @ -semi open set (briefly, nCyNIt0Sos) if S € nCyNJtcl(nCyNNOint(S)),
5. M-open set (briefly, nCyNItMos) if

S € nCyNNcl(nCyNNOint(S)) U nCyNNint(nCyNNscl(S)).

The complement of a nCyNItMos (resp. nCyNNOos & nCyNIt0Sos) is called an nCyNNM (resp.
nCyNIO & nCyNNOS) closed set (briefly, nCYyNNMcs (resp. nCYyNNOcs & nCyNItOScs)) in U.

The family of all nCyNJtfos (resp. nCyNNOcs, nCyNINOSos, nCyNIt0Scs, nCyNItMos and
nCyNItMcs) of U is denoted by nCyNINOOS(U) (resp. nCyNNOCS(U), nCyNNOSOS(U),nCyN
NOSCS(U), nCyNNMOS(U) and nCyNNMCS(U)).

Definition 2.22 /9] Let (U, TgcyN (4)) be anCyNJits and S be a nCyN's in U. Then the nCyNN

1. M-interior (resp. nCYyNJt6-semi interior) of S (briefly, nCyNNMint(S) (resp. nCyNNOSint(S))
is defined by nCyNNMint(S) (resp. nCyNINOSint(S)) =U{T:TES S and T is a nCyNItMos (resp.
nCyN9t6Sos)}inU.

2. M-closure (resp. 8-semi closure) of S (briefly, nCyNItMcl(S) (resp. nCyNNOScl(S)) is defined by
nCyNNMcl(S) (resp. nCyNNOScl(S)) =N{T:S S T and T is a nCyNINMcs (resp. nCyNIt0Scs)} in U.

Definition 2.23 Let (Ul,T;leN(Al)) and (UZ,T;leN(AZ)) be any two nCyNts ’s. A mapping
he: (Uy, T;Cy]\f (A1) = (Uy, T;CyN (A,)) is said to be an n-Cylindrical neutrosophic nano (i) continuous (briefly,
nCyNNCts ) if the inverse image of every nCyNItos in (Uy, TgCyN(AZ)) is a nCyNJtos in
(Ul,T;leN(Al)), (ii) irresolute (briefly, NCyNIrr) if the inverse image of every nCyNNSos in (U,,

RN (4,)) is a nCyNRSos in (Uy, Tp>" (A7)).
3. -Cylindrical neutrosophic nano -continuous mapsnM

Definition 3.1 Let (Ul,T;leN(Al)) and (Uz,TgCyN(AZ)) be any two nCyNIts s. A mapping
he: (U, T;Cy]\f (47)) = (U,, T;Cy]\f (A3)) is said to be an n-Cylindrical neutrosophic nano § (resp. 6P, 68, e,
6, 6S and M) - continuous (briefly, NCYNNSCts (resp. nNCYNNRSPCts, nCyNNSSCts, nCyNJteCts,
nCyNNOCts, nCyNNOSCts and nCyNNMCts )) if the inverse image of every nCyNJtos in (U,,

T;CyN(Az)) is a nCyNbdos (resp. nCyNItdPos , nCyNIdSos , nCyNNeos , nCyNNbos ,
nCyNNOSos and nCyNItMos) in (Uy, TgcyN(Al)).
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Remark 3.1 Thus from the definitions of some stronger and weaker forms of continuous functions in Nn-
Cylindrical neutrosophic topological spaces, we can assure that throughout this paper all the properties and examples

also hold good when it is possible for n-Cylindrical neutrosophic nano continuous functions.

Proposition 3.1 Let (Ul,T;leN(Al)) and (Uz,TgCyN(AZ)) be two NCyNIJits ’s. Let

he: (Uy, ‘L'}T;CyN (A1) = (Uy, T;CyN (A3)) be a mapping. Then the following statements hold, but not conversely.
1. Every nCyNJtOCts is anCyNJiCts,
2. Every nCyNJNOCts is anCyNNOSCts,
3. Every nCyNNOSCts isanCyNNMCts,
4. Every nCyNNSCts is anCyNNSSCts,
5. Every nCyNINSCts is a nCyNNSPCts,
6. Every nCyNJt6SCts is anCyNJteCts,
7. Every nCyNJtSPCts is a nCyNIJtMCts,
8. Every nCyNJtMCts is a nCyNJieCts,
9. Every nCyNJtSCts is anCyNINCts.

Proof.

1. Let B be anCyNRos in (U, T (45)). Since he is nCyNROCts, hz* (B) is nCyNRbos in
Uy, T (41)). Since every nCyNRbos is a nCyNRos, hz'(B) is a nCyNRos in (Uy, 7p" (41)).
Hence, he is a nCyNJNCts.

2. Let B be a nCyNRos in (U, o™ (4,)). Since he is nCyNROCts, hz (B) is nCyNROos in
Uy, T (A1) Since every nCyNRBos is a nCyNROSos, hz'(B) is a nCyNRNOSos in (Uy, Tp>"
(A1)). Hence, he isanCyNNOSCts.

3. Let B be anCyNRos in (U, 7o (4,)). Since he is "CYyNROSCts, hz' (B) is nCyNROSos
in (U, TgCyN(Al)) . Since every nCyN9hSos is a nCyN9Mos , hz*(B) is a nCyN9Mos in
Uy, T;Cy]\f (A1)). Hence, he isanCyNIMCts.

4. Let B be anCyNRos in (U, o™ (43)). Since he is nCyNRSCts, hz*(B) is nCyNNSos in
Uy, TFY (A1) . Since every nCyNRbos is a nCyNRESos , hz'(B) is a nCyNNSSos in
(U, T (A1)). Hence, he is a nCyNRESCts.

5. Let B be anCyNJNos in (U,, TgcyN(Az)). Since he is nCYyNRSCts, hz1(B) is nCyNRSos in
(Ul,T;CyN(Al)) . Since every nCyN%RNSos is a nCyNRSPos , hz'(B) is a nCyNNSPos in
(U1, TR (A1)). Hence, h¢ is a nCyNREPCts.

6. Let B be anCyNJtos in (Us, TgcyN(Az)). Since he is nCYNNSESCts, hz1(B) is nCyNNéSos
in (Ul,TgCyN(Al)) . Since every nCyN9SSos is a nCyN9teos , hz'(B) is a nCyN9Neos in
(Uq, T;lcyN(Al)). Hence, he is a nCyNJteCts.
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7. Let B be a nCyNTos in (U, Tp" (A4,)). Since he is n"CYNRSPCts, hz ' (B) is nCyNREPos

in (Ul,T;CyN(Al)). Since every nCyNNSPos is a nCyNIRMos , hz1(B) is a nCyN9Mos in
(U, T;szN (A1)). Hence, he isanCyNItMCts.

8. Let B be anCyNJos in (U,, TgCyN(AZ)). Since he is nCyNRMCts, hz 1 (B) is nCyNRtMos in

(U, TgcyN (A,)). Since every nCyNRtMos is a nCyNJReos, hz1(B) is a nCyNJeos in (Uy, T;CyN (A1).
Hence, he is a nCyNJteCts.

9. Let B be anCyNRos in (U, Tp" (45)). Since he is nCyNRECts, hz* (B) is nCyNRNS0s in

(Ul,rgcyN(Al)). Since every nCyNNbos is a nCyNNos, hz1(B) is a nCyNJNos in (Ul,TgCyN(AI)).
Hence, he is a nCyNJitCts.

Remark 3.2 We obtain the following diagram from the results are discussed above.

nCyNReGts nCyNNCts

nCyNNiISCts nCyNNICts

/

e
nCyNNoP s

nCyNNMCts nCyNNiSCts

N/

nCyNNeCts

Note: A = B denotes A implies B, but not conversely.
Example 3.1 Assume Uy = Uy = U = {51, S3, S3, S4} be the universe set and the equivalence relation is

U/R = {{51,S2},{S3,S4}}. Let

s s s s
P = { > , 2 , s , 2 } be a n-Cylindrical neutrosophic subset of U. Here
0.8,0.5,0.2 0.5,0.3,0.5 0.7,0.4,0.3 0.4,0.2,0.6

n=4

Thus T;qucle P) = TgcyNz > = T;lcyN(? ) =

{OnCyN: 1nCyN: TleNm(fP), TleNﬂt(fP), BnCyN‘:R(:P)}-

Let he: (U, T;Cle *P) -, T;lcyN(?)) be an identity function, Then he is nCyNINCts (resp.
NCYNNSGPCts and nCyNICts) but not nCyNItSCts (resp. nCyNISCts and nCyNNOCts). Since,
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nCyNR(P) is a nCyNNo set in U, but hz'(nCYNN(P)) = nCyNR(P) is not nCyNINdo (resp.
nCyN9Jtdo and nCyNJt6o) setin Uj.

Example 3.2  Assume Uy = Uy = U = {s1, S3, S3, S4} be the universe set and the equivalence relation is

U/R = {{s1,52},{s3,54}}

Let P = {< 51 >,< 52 >,< 53 >,< S >} be a n-Cylindrical neutrosophic subset of U.

0.9,0.7,0.3 0.6,0.8,0.5 0.8,0.5,0.4 0.7,0.5,0.6
Heren = 4,

Thus TRONNP) = N (P) = PV (P) =
A A i nCynN1 ncynN
{Oncyavs Lncyas FCYNR(P), nCYNR(P), Beyan(P)}. Let he: (U, Tp¥ (P)) = (U, 12 (P)) be an
identity function, Then he is NCYNINMCts (resp. nCyNNeCts ) but not nCyNIRNOSCts (resp.
NCYNRNSESCts). Since, nCYNN(P) is a nCyNRNo set in U, but hEl(m(?)) = nCyNR(P) is neither
nCyNINOSo nor nCyNNdSo setin U;.

Theorem 3.1 A map he: (Up, Tp”" (A1) = (U, T (4,)) is nCyNRMCts (resp. n"CYyNRSCts,
nCYyNNSSCts, nCyNNSPCts, nCyNNOCts, nCyNJteCts and nCyNNOSCts ) iff the inverse image of
each nCyNRes in (Uy, Tp™Y (4;)) is nCyNRMcs (resp. nCYNRScs, nCyNREScs, nCyNREPcs,
nCyNRbcs, nCyNRecs and nCyNROScs ) in (Uy, p" (A7)).

Proof. Let B be anCyN9Jics in (U,, T;CyN(AZ)). This implies B¢ is nCyN'Jtos in (U,, TgCyN(AZ)).
Since he is nCyNRMCts , hz1(BS) is nCyNRMos in (U;,7p" (41)). Since, hz'(BS) = hz*(B)° .
hz1(B) isa nCyNRMcs in (U, Tp > (A))).
Conversely, suppose that the inverse image of each nCyNJtcs in (Uz,‘r;cy N (A3)) is nCyNItMcs in
(U1, T (A1)). Let B be a nCyNRos in (U, T (4,)). Then, B is a nCyNRes in (U, Th " (4,)).
By hypothesis, hz*(B€) is nCyNRMcs in (Ul,T;CyN(Al)). Since, hz*(B€) = (hz'(B))S, (hz1(B))¢ is a
nCyNINMcs in (Ul,T;leN(Al)). Therefore, hz*(B) is a nCyN9tMos in (Ul,T;leN(Al)). Hence, he is
nCyNIMCts. The proof of other cases are similar.

Definition 3.2 A nCyN9Jits (Uy, TgCyN(Al)) is said to be an n-Cylindrical neutrosophic nano MUy ;,

(resp. NCYNNESU, /5, nCYNNEPUy /5, nCyNROU, /5, nCyNRNeU, ;, and nCyNROSU, /, )-space, if
every NCyNItMos (resp. nCyNItdSos, nCyNItdPos, nCyNNbos, nCyNJteos and nCyNItbSos ) in
Uy isanCyNNos in Uy.

Theorem 3.2 Let he: (Uy, The””" (4,)) = (U, T (4,)) be a n"CyNRMCts (resp. nCyNRSESCts,
nCyNNSPCts, nCyNNOCts, nCyNJteCts and nCyNNOSCts ), then he is a nCyNNCts if Uy is a
nCYNRMU, /, (resp. NCYNNESU, /5, nCYNREPU, 5, nCyNRNOU, j,, nCyNNeU, ;, and nCyNNOS

U1 2)-space.
Proof. Let B be anCyN'%os in U,. Then, hz1(B) is a nCyN9tMos in Uy, by hypothesis. Since Uy is a
nCyNRNMU, /,-space, hz(B) is anCyNNos in U;. Hence, he is a nCyNRNCts. The proof of other cases are

similar.
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Theorem 3.3  Let he: (U, a7 (A1) = (Up thY (4,)) be a nCyNRMCts map and
ge: U, T (4) = (U3, 77 (43)) be a nCyNRCts map, then ge o he: (Ur, o™ (A1) -
(Us, TR (43)) is a nCyNRMCts map.

Proof. Let K be a nCyNStos in Us. Then, gz1(K) is a nCyNos in Uy, by hypothesis. Since he is a
nCyNRMCts map, hz1(gz1(K)) is a nCyNItMos in U . Since (ge © he) 1 (K) = hz1(gz1(K)), (g¢ ©
he) 1(K) is anCyN'JtMos in U;. Hence ge © he is a nCyNItMCts map. The proof of other cases are similar.

Theorem 3.4  Let he: (Ul,TZCyN(Al)) - (UZ,TECyN(AZ)) be a nCyNNMCts map. Then, the

following conditions are hold.
1. he(MCyNINMcl(A)) € nCyNNcl(he(A)), for all nCyN's A in U;.
2. nCyNRMcl(hz1(B)) € hz1(nCyNRcl(B)), for all nCyN's B in U,.
Proof.

1. Since nCyNNcl(he(A)) is a nCyNJcs in U, and he is nCyNRMCts, then hz > (nCyNNicl
(he(A))) is nCyNRMcs in Uy. Now, since A € hz* (nCyN9icl(he(A))) and hz (nCyNicl(he(A))) is
nCyN9tMcs, and nCyNINMcl(A) is the smallest nCyNItMcs containing A, we get nCYyNNM cl(A) S
hzt(nCyNFcl(he(A))). Therefore, he (NCYNRMcl(A)) € nCyNFcl(he(A)).

2. By replacing A with hz'(B) in (i), we obtain he(nCyN9NMcl(hz1(B)))
nCyNcl(he(hz1(B))) €S nCyNNicl(B.
Hence, nCYNRMcl(hz*(B)) € hz'(nCyNRcl(B)).
Theorem 3.5 he is nCyNIMCts iff
hz ' (nCyNRint(B)) € nCyNRMint(hz (B)), for all nCyN's B in U,.

Proof. Let he be nCyNINMCts and B € U, . nCyNJint(B) is nCyNJtos in U, and hence,
hz1(mCyNRint(B)) is nCyN9tMos in Uy . Therefore, nCyN9tMint(hz'(nCyNRint(B))) = hz?!
(nCyNRint(B)). Also, nCyNRint(B) € B implies that hz 1 (nCyNRint(B)) € hz*(B).

Therefore, ~ nCYNRMint(hz'(nCyNRint(B))) € nCyNRMint(hz*(B)) .  That s,
hzt(nCyNRint(B)) € nCyNRMint(hz1(B)).

Conversely, let hz!(nCyNRint(B)) € nCyNRMint(hz'(B)), for all subset B of U,. If B is
nCyNRos in U,, then nCyNRNint(B) = B. By assumption, hz* (nCyNRint(B)) € nCyNNMint(hz*
(B)) . Thus, hz'(B) € nCyNRMint(hz1(B)) . But nCyNNMint(hz'(B)) € hz'(B) . Therefore,
nCyNNMint(hz*(B)) = hz1(B). That is, hz*(B) is nCyN9tMos in Uy, for all nCyNFRos(B) in U,.
Therefore, he is nCYNItMCts on U;.

Remark 3.3 Theorems 3.3, 3.4 and 3.5 are true for nCyNNSCts, nCyNNSSCts, nCyNNSPC(ts,
nCyNNOCts, nCyNeCts and nCyNINOSCts.

4. - Cylindrical neutrosophic nano - irresolute maps innMnCyN9its

In this section, we introduce NCYNNMIrr (resp. nCYyNNSIrr , nCyNNSSIrr, nCyNNSPIrr,
nCyNNOIrr, nCyNNelrr and nCyNNOSIrr) maps and study some of its characterizations.
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Definition 4.1 A map he: (Uy, T;CyN (AD) = (Uy, T;CYN (A3)) is called a n-Cylindrical neutrosophic M
(resp. NCYNNS, nCYyNNSES, nCyNNSP , nCyNNO, nCyNNe and nCyNNOS ) -irresolute (briefly,
nCyNNMIrr (resp. nCyNNSlrr, nCyNINSSlrr, nCyNNRSPIrr, nCyNROlrr, nCyNNelrr and
nCyNNOSIrr)) map if hz1(B) is a nCyNNMos (resp. nCyNNSos, nCyNNdSos, nCyNNsPos,

nCyNNbos, nCyNNeos and nCyNIN6Sos) in (Uy, T;CyN (A7) for every nCyNItMos (resp. nCyNIN

Sos, nCyNINsSos, nCyNItdPos, nCyNItbos, nCyNNeos and nCyNNGSos) B of (U, T;lcyN (42)).

Theorem 4.1 Let he: (Uy, The”” (A1) = (U, 17 (42)) be a nCyNRIrr (resp. nCyNRMIrr,
nCyNNSIrr, nCyNNESIrr, nCyNNSPIrr, nCyNNOIrr, nCyNNelrr and nCyNNOSIrr), then he is
a nCyNNSCts (resp. nCyNNMCts, nCyNNCts, nCyNNSSCts, nCyNNSPCts, nCyNNOCts,
nCyNNeCts and nCyNNOSCts ) map. But not conversely.

Proof. (i) Let he be a nCyNItIrr map. Let B be any nCyNJtos in U,. Since every nCyNJos is a
nCyNNSos, B is a nCyNNSos in U,. By hypothesis hz2(B) is a nCyN9NSos in U; . Hence, he is a
nCyNNSCts map.

(ii) Let he be a nCyNItMIrr map. Let B be any nCyNJtos in U, . Since every nCyNJtos is a
nCyN9tMos, B is a nCyN'JtMos in U,. By hypothesis hz(B) is a nCyN'9tMos in U; . Hence, he is a
nCyNNMCts map.

(iii) Let he be a nCYNINSIrr map. Let B be any nCyNJtdos in U, . Since every nCyNJdos is a
nCyNNos, B is anCyNNos in U,. By hypothesis hz 1 (B) is a nCyNJos in U;. Hence, he is a nCyNJRCts
map.

(iv) Let he be a nCyNNSSIrr map. Let B be any nCyNIdos in U,. Since every nCyNIdos is a
nCyNJos, B is a nCyNNos in U,. By hypothesis hg'(B) is a nCyN9NSSos in Uy . Hence, he is a
nCyNI6SCts map.

(v) Let he be a nCyNISPIrr map. Let B be any nCyNItdos in U,. Since every nCyNJtdos is a
nCyNJos, B is a nCyNNos in U,. By hypothesis hz*(B) is a nCyN9SPos in Uy . Hence, he is a
nCyNINSPCts map.

(vi) Let he be a nCyNINOIrr map. Let B be any nCyNINOos in U,. Since every nCyNIbos is a
nCyNJRos, B is a nCyNJtos in U, . By hypothesis hz1(B) is a nCyNNGos in U; . Hence, he is a
nCyNINOCts map.

(vii) Let he be a nCyNJtelrr map. Let B be any nCyNJos in U,. Since every nCyNJtos is a
nCyNJReos, B is a nCyNJNeos in U,. By hypothesis hz'(B) is a nCyN9teos in U; . Hence, he is a
nCyNJteCts map.

(viii) Let he be a nCyNIOSIrr map. Let B be any nCyNItfos in U,. Since every nCyNJtbos is a
nCyNJos, B is a nCyNJos in U,. By hypothesis hz1(B) is a nCyN9thSos in U; . Hence, he is a
nCyNNOSCts map.

Example 4.1 Assume U; = U, = U = {54, S,, 53,54} be the universe set and the equivalence relation is

_ _ _ S1 S2 S3 Sa
U/R ={{s1,52},{s3,54}}. Here n=4, let P = {(0.8,0.5,0.2>'<0.5,0.3,0.5>'<0.7,0.4—,0.3>'<0.4,0.2,0.6>} be am-

Cylindrical neutrosophic subset of U.

1204



N -
Thus Cy P) = {OnCyN' 1nCyN' nCyNR(P), nCyNRN(P), BnCy]\fﬁR(:P)}-

Let P ={< = >,< 2 >.< 2 >,< >t >} be a n-Cylindrical neutrosophic subset of U.
0.9,8.7,0.3/ * \0.6,0.8,0.5/ * \0.8,0.5,0.4/ * \0.7®.5,0.6

Thus 73" (P ) = {Oncyw) Incyas RCYNR(P ), nCyNR(P ), Bucyavn(P )}

Let he: (U, T;CyN(SD)) - (?], T;CyN (P )) be an identity function, Then he is CyNﬂ?MCtS buf not
nCYNINMIrr. Since, Bycynn(P ) is a nCyNItMos set in U, but hEl(BnCyNgR(fP )) = Breynn(P ) is
not nCyNIMos set in U;.

Theorem 4.2 Let he: (Up, Tp " (A1) = (U, T (43)) be a nCYNRMIrr (resp. nCyNRSIrr,
nCyNNSSIrr, nCyNNSPIrr, nCyNNROIrr, nCyNIelrr and nCyNNOSIrr), then he is a nCyNINCts
map if Uy is a NCyNRMU, /, (resp. nNCYNREUy 5, nCYNNESUy /5, nCYNNREPUy /5, nCyNRNROU, /5,
nCyNNeU, ;, and nCyNNROSUy /5 )-space.

Proof. Let B be a nCyNJtos in U, . Then, B is a nCyN9tMos in U, . Therefore hz*(B) is a
nCyNI9tMos in Uy, by hypothesis. Since Uy is a nCyNIMU, /, -space, hz1(B) is anCyNJos in U;. Hence,
he is anCyNJCts map. The proof of other cases is similar.

Theorem 4.3  Let he: (Uy, ThY (A1) = (Up, T8 (A,))  and  ge: (Un, 177 (4,)) -
(U3,TgCyN(A3)) be a NCYNNMIrr (resp. nCyNNSIrr, nCyNNSSIrr, nCyNNRSPIrr, nCyNNOIrr,
nCyNRelrr and nCyNROSITr ) maps, then ge o he: (U, T (A1) = (Us, Th" (43)) is a
nCyNRMIrr (resp. nCyNNSIrr, nCyNNSSlrr, nCyNNSPIrr, nCyNNOlrr, nCyNNelrr and
nCyNNOSIrr) map.

Proof. Let K be a nCyN9tMos in Us. Since ge is a nCyNRMIrr map, gz 2 (K) is a nCyN9tMos in
U,. Since he is a nCyNNMIrr map, hz*(gz* (K)) isa nCyNTtMos in U;. Hence g¢ © he isa nCyNRMIrr

map. The proof of other cases is similar.

Theorem 4.4 Let he: (Uq, TgCyN(Al)) - (U, TgCyN(AZ)) be a nCyNNMIrr (resp. nCyNRSIrr,

nCyNNSESIrr, nCyNNSPIrr, nCyNNOIrr, nCyNJtelrr and nCyNNOSIrr) map and ge: (U,, T;CyN
(42)) = (U3, ThY (A3)) be a nCyNRMCts (resp. nCyNRSCts , nCyNRNSESCts, nCyNRSPCts ,
nCyNNOCts, nCyNJteCts and nCyNNOSCts) map, then ge © he: (Ul,TgCyN(Al)) - (U3,TgCyN(A3))
is a NCYNNMCts (resp. nCYyNNSCts, nCyNNSSCts, nCyNNSPCts, nCyNNOCts, nCyNJteCts and
nCyNNOSCts) map.

Proof. Let K be a nCyN9os in Us. Since ge is a nCyNRMCts map, gz 1 (K) is a nCyNRMos in U,.
Since he is a nCyNItMIrr map, hz'(gz1(K)) is a nCyNIMos in Uy. Hence, ge © he is a nCyNNMCts
map. The proof of other cases is similar.

Theorem 4.5 Let a map he: (Ul,‘E;leN A - (UZ,T;CyN (A,)). Then the following conditions are
equivalent if Uy and U, are nCyN'RMU, /, -spaces.

1. he isanCyNNMIrr map,
2. hz1(B) is anCyN9NMos in Uy, for each nCyN9tMos(B) in U,
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3. nCyNRcl(hz1(B)) € hzt(nCyNRcl(B)), for each nCyN's B of U,.

Proof. (i) — (ii): Let B be any nCyNItMos in U,. Then, B¢ is a nCyNItMcs in U,. Since he is
nCyNNMIrr, hz1(B€) is a nCyN9Mcs in Uy . But hz*(B) = (hz1(B))¢. Therefore, hz1(B) is a
nCyNItMos in U;.

(i) = (iii) : Let B be any nCyN's in U, and B € nCyNNcl(B). Then, hz1(B) € hz'(nCyNNcl(B)).
Since nCyNJtcl(B) is a nCyNJics in Uy, nCyNNcl(B) is a nCyNItMcs in U,. Therefore, (nCyNJtcl
(B)) is a nCyN9tMos in U, . By hypothesis, hz1(nCyNFRcl(B))C) is a nCyNNMos in U; . Since,
hz1(MCyNRcl(B))€) = (hz1(mCyNRcl(B))), hz (nCyNNcl(B)) is a nCyNRMcs in Uy . Since, Uy
is a nCyNRNMU, , -space, hzt(nCyNJicl(B)) is a nCyNJics in Uy . Hence, nCyNJcl(hzt(B))
nCyNNcl(hz*(nCyNNcl(B))) = hz*(nCyNcl(B)) . That  is, nCyNNcl(hz'(B)) €
hz1(nCyNRcl(B)).

(iii) = (i) : Let B be any nCyNItMcs in U,. Since U, is a nCyNRMU, ;,-space, B is a nCyNRNcs in U,
and nCyNJcl(B) = B. Hence, hz'(B) = hz'(nCyNRMcl(B)) € nCyNRMcl(hz*(B)) . But clearly,
hz1(B) € nCyNNcl(hz'(B)) . Therefore, nCyNJcl(hz*(B)) = hz*(B) . This implies, hz*(B) is a
nCyN9ics and hence, it is a nCyNItMcs in U;. Thus, he is a nCyN M Irr map

Remark 4.1 Theorem 4.5 is true for nCyNNSlrr, nCyNNSSIrr, nCyNNSPIrr, nCyNNOIrr,
nCyNNelrr and nCyNNOSIrr.

5. Formation of an -Cylindrical neutrosophic nano topology: A Precision Agriculture
Hlustrationn

We now illustrate, with a representative data set, how an n-Cylindrical neutrosophic nano topology itself
(Definition 2.15) arises from field measurements. Under Tamil Nadu’s Soil Health Card programme, agricultural
extension officers periodically test farm plots for soil pH, available nitrogen, and organic carbon, and classify plots as
indiscernible whenever these three conditional attributes fall in the same graded band. This indiscernibility relation is

precisely the equivalence relation R required by the nano topology construction.
5.1 Universe and indiscernibility relation

Let U = {Py, P,, P3, Py, P, Pg} denote six plots in a farm block. Soil-test bands for pH, nitrogen, and organic
carbon group the plots into three indiscernibility classes reflecting a common irrigation-and-drainage zone:

5.2 Decision attribute: Fertile Soil

Let n = 3. Combining the soil-test readings with the agronomist’s assessment, define the n-Cylindrical
neutrosophic set A (“Fertile Soil”) on U:

4~ {seo0s5050){osmms000 (70050070l remnsoomol (revnsanmal- rsansoan)
~ 110.80,0.60,0.50/ 10.90,0.60,0.30/ " 10.50,0.50,0.10/ * 0.60,0.50,0.30/ " 0.60,0.50,0.30/ " \0.50,0.50,0.40/J’

Each triple satisfies 0 < B4(x) < 1and a3 (x) +¥5(x) < 1; e.g., for P;, 0.80% + 0.50% = 0.637 < 1,
and similarly for P,, ..., Pg.

5.3 Lower and upper approximations, and the induced nano topology

Applying the operators of Definition 2.15 class-by-class (taking the componentwise minimum of @, § and

maximum of y for the lower approximation, and the reverse for the upper approximation) gives
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One can verify directly, zone by zone, that this five-set family is closed under (pairwise, hence arbitrary) union
and intersection — every union or intersection of two members again equals one of

Oncyns Incyn, NCYNIR(A), nCyNRN(A), Bpcynsn(A) — so, by Definition 2.15,

is indeed the n-Cylindrical neutrosophic nano topology on U with respect to 4, and (U, Tgcy N (A)) is the
corresponding nCyNJits.

5.4 Agronomic interpretation
The three graded sets have a direct field meaning:

* nCYNI(A) — the conservative fertility estimate for each irrigation zone (the weakest reading within the

zone). Plots meeting this level qualify for full Soil Health Card certification without further testing.

* NCYNI(A) — the optimistic estimate (the strongest reading within the zone), used to flag zones with
fertility potential worth developing through targeted fertigation.

* Bcywn(A) — the boundary region separating the two, identifying zones {Py, P2}, {P3, P4}, and {Ps, Pg}

as needing supplementary field verification (soil sampling at finer resolution) before a fertility grade is finalised.

This three-tier structure — certify, develop, verify — gives the extension department an actionable, uncertainty-
aware zoning of the farm block directly from the topology generated by A, rather than from a single crisp threshold.
In practice, however, individual field readings taken between certification rounds — a single agronomist’s spot
assessment, say, rather than the class-wise lower, upper, or boundary approximation itself — need not be nCyNJtos
with respect to T ECyN (A); such a reading that still satisfies the weaker nCyN9tMos condition of Definition 2.21
can be treated as provisionally actionable pending verification, which is exactly the role the nCyNJ9tM-continuous
framework of Sections 3 and 4 is designed to support when successive soil-testing rounds (i.e., successive maps
between nCyN'Jits’s) are compared over time.

6. Conclusion

In this paper, using nCYyNJtMos, we defined nCy N ItM Cts maps and investigated some of their properties.
We also compared n-Cylindrical neutrosophic continuity maps with nCyNJtM -continuity maps, and further
extended the discussion to nCYyNJtM -irresolute maps.

In addition, we illustrated the formation of an n-Cylindrical neutrosophic nano topology from real soil-test data
collected under Tamil Nadu’s Soil Health Card programme. Grouping farm plots by an indiscernibility relation on
pH, nitrogen, and organic-carbon bands, we computed the lower approximation, upper approximation, and boundary
region of a “Fertile Soil” decision attribute, generating a nano topology that yields a certify—develop—verify zoning of
the farm block.

The study demonstrates that the proposed approach offers a transparent, uncertainty-aware way to translate
field measurements directly into an actionable topological structure, rather than a single crisp threshold. Although the
method depends on data quality and is context-specific, it improves the reliability and interpretability of soil-fertility
classification for precision agriculture. Future work may include applying the nCyNJtM-continuous framework to
compare successive soil-testing rounds over time, and extending the illustration to larger multi-block data sets.
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  n C y 𝒩 𝔑 𝛿 𝒫 c s


  n C y 𝒩 𝔑 𝛿 𝒮 c s   a n d


    n C y 𝒩 𝔑 e c s )


  S ⊆ K }


  ( U ,   𝜏  R  n C y 𝒩 ( A ) )


  n C y 𝒩 𝔑 t s


  S


  n C y 𝒩 s


  U .


  S


  n C y 𝒩 𝔑


  𝜃


  S


  n C y 𝒩 𝔑 𝜃 i n t ( S ) )


  n C y 𝒩 𝔑 𝜃 i n t ( S ) =  ⋃ ‍ { n C y 𝒩 𝔑 i n t ( T ) : T ⊆ S   &   T   isa   n C y 𝒩 𝔑 c s   in   U }


  𝜃


  S


  n C y 𝒩 𝔑 𝜃 c l ( S ) )


  n C y 𝒩 𝔑 𝜃 c l ( S ) =  ⋂ ‍ { n C y 𝒩 𝔑 c l ( T ) : T ⊇ S   &   T   isa   n C y 𝒩 𝔑 o s   in   U }


  𝜃


  n C y 𝒩 𝔑 𝜃 o s )


  S = n C y 𝒩 𝔑 𝜃 i n t ( S )


  𝜃


  n C y 𝒩 𝔑 𝜃 𝒮 o s )


  S ⊆ n C y 𝒩 𝔑 c l ( n C y 𝒩 𝔑 𝜃 i n t ( S ) )


  M


  n C y 𝒩 𝔑 M o s )


  S ⊆ n C y 𝒩 𝔑 c l ( n C y 𝒩 𝔑 𝜃 i n t ( S ) ) ∪ n C y 𝒩 𝔑 i n t ( n C y 𝒩 𝔑 𝛿 c l ( S ) )


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 𝜃 o s   &   n C y 𝒩 𝔑 𝜃 𝒮 o s


  n C y 𝒩 𝔑 M


  n C y 𝒩 𝔑 𝜃   &   n C y 𝒩 𝔑 𝜃 𝒮 )


  n C y 𝒩 𝔑 M c s


  n C y 𝒩 𝔑 𝜃 c s   &   n C y 𝒩 𝔑 𝜃 𝒮 c s


  U


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 𝜃 c s ,   n C y 𝒩 𝔑 𝜃 𝒮 o s ,   n C y 𝒩 𝔑 𝜃 𝒮 c s ,   n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 M c s )


  U


  n C y 𝒩 𝔑 𝜃 O S ( U )


  n C y 𝒩 𝔑 𝜃 C S ( U ) ,   n C y 𝒩 𝔑 𝜃 𝒮 O S ( U ) ,   n C y 𝒩


  𝔑 𝜃 𝒮 C S ( U ) ,   n C y 𝒩 𝔑 M O S ( U )


  n C y 𝒩 𝔑 M C S ( U ) )


  ( U ,   𝜏  R  n C y 𝒩 ( A ) )


  n C y 𝒩 𝔑 t s


  S


  n C y 𝒩 s


  U .


  n C y 𝒩 𝔑


  M


  n C y 𝒩 𝔑 𝜃


  S


  n C y 𝒩 𝔑 M i n t ( S )


  n C y 𝒩 𝔑 𝜃 𝒮 i n t ( S ) )


  n C y 𝒩 𝔑 M i n t ( S )


  n C y 𝒩 𝔑 𝜃 𝒮 i n t ( S ) ) = ∪ { T : T ⊆ S


  T


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 𝜃 𝒮 o s ) }


  U


  M


  𝜃


  S


  n C y 𝒩 𝔑 M c l ( S )


  n C y 𝒩 𝔑 𝜃 𝒮 c l ( S ) )


  n C y 𝒩 𝔑 M c l ( S )


  n C y 𝒩 𝔑 𝜃 𝒮 c l ( S ) ) = ∩ { T : S ⊆ T


  T


  n C y 𝒩 𝔑 M c s


  n C y 𝒩 𝔑 𝜃 𝒮 c s ) }


  U


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 t s


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n


  n C y 𝒩 𝔑 C t s


  n C y 𝒩 𝔑 o s


  (   U 2 ,


    𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 I r r


  n C y 𝒩 𝔑 𝒮 o s


  (   U 2 ,


    𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 𝒮 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  𝒏 𝑴


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 t s


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n


  𝛿


  𝛿 𝒫


  𝛿 𝒮


  e


  𝜃


  𝜃 𝒮


  M


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 o s


  (   U 2 ,


    𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 𝛿 𝒫 o s


  n C y 𝒩 𝔑 𝛿 𝒮 o s


  n C y 𝒩 𝔑 e o s


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 𝜃 𝒮 o s


  n C y 𝒩 𝔑 M o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n


  n


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 t s


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝜃 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝜃 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝜃 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝜃 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 𝜃 𝒮 o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝜃 𝒮 o s


  (   U 1 ,   𝜏  R  n C y 𝒩


  (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝜃 𝒮 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝜃 𝒮 o s


  n C y 𝒩 𝔑 M o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝛿 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 𝛿 𝒮 o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 𝒮 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝛿 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 𝛿 𝒫 o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 𝒫 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 𝒮 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝛿 𝒮 o s


  n C y 𝒩 𝔑 e o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 e o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 e C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 𝒫 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝛿 𝒫 o s


  n C y 𝒩 𝔑 M o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 e o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 e o s


  (   U 1 ,   𝜏  R  n C y 𝒩


  (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 e C t s


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 𝛿 C t s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 o s


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 C t s


  A → B


  A


  B


    U 1 =   U 2 = U = {   s 1 ,   s 2 ,   s 3 ,   s 4 }


  U / R = { {   s 1 ,   s 2 } , {   s 3 ,   s 4 } }


  𝒫 =  {  ⟨     s 1  0 . 8 , 0 . 5 , 0 . 2 ⟩ ,  ⟨     s 2  0 . 5 , 0 . 3 , 0 . 5 ⟩ ,  ⟨     s 3  0 . 7 , 0 . 4 , 0 . 3 ⟩ ,  ⟨     s 4  0 . 4 , 0 . 2 , 0 . 6 ⟩ }


  n


  U


  n = 4


    𝜏  R  n C y 𝒩 1 ( 𝒫 ) =   𝜏  R  n C y 𝒩 2 ( 𝒫 ) =   𝜏  R  n C y 𝒩 ( 𝒫 ) = {  0  n C y 𝒩 ,  1  n C y 𝒩 ,   n C y 𝒩 𝔑 _ ( 𝒫 ) ,   n C y 𝒩 𝔑 ¯ ( 𝒫 ) ,   B  n C y 𝒩 𝔑 ( 𝒫 ) }


   h  𝒞 : ( U ,   𝜏  R  n C y 𝒩 1 ( 𝒫 ) ) → ( U ,   𝜏  R  n C y 𝒩 ( 𝒫 ) )


   h  𝒞


  n C y 𝒩 𝔑 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝜃 C t s


    n C y 𝒩 𝔑 ¯ ( 𝒫 )


  n C y 𝒩 𝔑 o


    U 2


   h  𝒞  − 1 (   n C y 𝒩 𝔑 ¯ ( 𝒫 ) ) =   n C y 𝒩 𝔑 ¯ ( 𝒫 )


  n C y 𝒩 𝔑 𝛿 o


  n C y 𝒩 𝔑 𝛿 o


  n C y 𝒩 𝔑 𝜃 o


    U 1


    U 1 =   U 2 = U = {   s 1 ,   s 2 ,   s 3 ,   s 4 }


  U / R = { {   s 1 ,   s 2 } , {   s 3 ,   s 4 } }


  𝒫 =  {  ⟨     s 1  0 . 9 , 0 . 7 , 0 . 3 ⟩ ,  ⟨     s 2  0 . 6 , 0 . 8 , 0 . 5 ⟩ ,  ⟨     s 3  0 . 8 , 0 . 5 , 0 . 4 ⟩ ,  ⟨     s 4  0 . 7 , 0 . 5 , 0 . 6 ⟩ }


  n


  U


  n = 4


    𝜏  R  n C y 𝒩 1 ( 𝒫 ) =   𝜏  R  n C y 𝒩 2 ( 𝒫 ) =   𝜏  R  n C y 𝒩 ( 𝒫 ) = {  0  n C y 𝒩 ,  1  n C y 𝒩 ,   n C y 𝒩 𝔑 _ ( 𝒫 ) ,   n C y 𝒩 𝔑 ¯ ( 𝒫 ) ,   B  n C y 𝒩 𝔑 ( 𝒫 ) }


   h  𝒞 : ( U ,   𝜏  R  n C y 𝒩 1 ( 𝒫 ) ) → ( U ,   𝜏  R  n C y 𝒩 ( 𝒫 ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


    n C y 𝒩 𝔑 ¯ ( 𝒫 )


  n C y 𝒩 𝔑 o


    U 2


   h  𝒞  − 1 (   n C y 𝒩 𝔑 ¯ ( 𝒫 ) ) =   n C y 𝒩 𝔑 ¯ ( 𝒫 )


  n C y 𝒩 𝔑 𝜃 𝒮 o


  n C y 𝒩 𝔑 𝛿 𝒮 o


    U 1


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  n C y 𝒩 𝔑 c s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M c s


  n C y 𝒩 𝔑 𝛿 c s


  n C y 𝒩 𝔑 𝛿 𝒮 c s


  n C y 𝒩 𝔑 𝛿 𝒫 c s


  n C y 𝒩 𝔑 𝜃 c s


  n C y 𝒩 𝔑 e c s


  n C y 𝒩 𝔑 𝜃 𝒮 c s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  B


  n C y 𝒩 𝔑 c s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


    B  c


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞  − 1 (   B  c )


  n C y 𝒩 𝔑 M o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞  − 1 (   B  c ) =  h  𝒞  − 1 ( B  )  c


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M c s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n C y 𝒩 𝔑 c s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M c s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  B


  n C y 𝒩 𝔑 o s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


    B  c


  n C y 𝒩 𝔑 c s


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞  − 1 (   B  c )


  n C y 𝒩 𝔑 M c s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞  − 1 (   B  c ) = (  h  𝒞  − 1 ( B )  )  c ,   (  h  𝒞  − 1 ( B )  )  c


  n C y 𝒩 𝔑 M c s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 t s


  (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  n


  M   U  1 / 2


  n C y 𝒩 𝔑 𝛿 𝒮   U  1 / 2


  n C y 𝒩 𝔑 𝛿 𝒫   U  1 / 2


  n C y 𝒩 𝔑 𝜃   U  1 / 2


  n C y 𝒩 𝔑 e   U  1 / 2


  n C y 𝒩 𝔑 𝜃 𝒮   U  1 / 2


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 𝛿 𝒮 o s


  n C y 𝒩 𝔑 𝛿 𝒫 o s


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 e o s


  n C y 𝒩 𝔑 𝜃 𝒮 o s


    U 1


  n C y 𝒩 𝔑 o s


    U 1


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


   h  𝒞


  n C y 𝒩 𝔑 C t s


    U 1


  n C y 𝒩 𝔑 M   U  1 / 2


  n C y 𝒩 𝔑 𝛿 𝒮   U  1 / 2


  n C y 𝒩 𝔑 𝛿 𝒫   U  1 / 2


  n C y 𝒩 𝔑 𝜃   U  1 / 2


  n C y 𝒩 𝔑 e   U  1 / 2


  n C y 𝒩 𝔑 𝜃 𝒮


    U  1 / 2


  B


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


    U 1


    U 1


  n C y 𝒩 𝔑 M   U  1 / 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 C t s


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M C t s


    g  𝒞 : (   U 2 ,   𝜏  R  n C y 𝒩


  (   A 2 ) ) → (   U 3 ,   𝜏  R  n C y 𝒩 (   A 3 ) )


  n C y 𝒩 𝔑 C t s


    g  𝒞 ∘  h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 3 ,   𝜏  R  n C y 𝒩 (   A 3 ) )


  n C y 𝒩 𝔑 M C t s


  K


  n C y 𝒩 𝔑 o s


    U 3


    g  𝒞  − 1 ( K )


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞  − 1 (   g  𝒞  − 1 ( K ) )


  n C y 𝒩 𝔑 M o s


    U 1


  (   g  𝒞 ∘  h  𝒞  )  − 1 ( K ) =  h  𝒞  − 1 (   g  𝒞  − 1 ( K ) )


  (   g  𝒞 ∘  h  𝒞  )  − 1 ( K )


  n C y 𝒩 𝔑 M o s


    U 1


    g  𝒞 ∘  h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M C t s


   h  𝒞 ( n C y 𝒩 𝔑 M c l ( A ) ) ⊆ n C y 𝒩 𝔑 c l (  h  𝒞 ( A ) )


  n C y 𝒩 s


  A


    U 1


  n C y 𝒩 𝔑 M c l (  h  𝒞  − 1 ( B ) ) ⊆  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


  n C y 𝒩 s


  B


    U 2


  n C y 𝒩 𝔑 c l (  h  𝒞 ( A ) )


  n C y 𝒩 𝔑 c s


    U 2


   h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞  − 1 ( n C y 𝒩 𝔑 c l


  (  h  𝒞 ( A ) ) )


  n C y 𝒩 𝔑 M c s


    U 1


  A ⊆  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l (  h  𝒞 ( A ) ) )


   h  𝒞  − 1 ( n C y 𝒩 𝔑 c l (  h  𝒞 ( A ) ) )


  n C y 𝒩 𝔑 M c s


  n C y 𝒩 𝔑 M c l ( A )


  n C y 𝒩 𝔑 M c s


  A


  n C y 𝒩 𝔑 M


  c l ( A ) ⊆  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l (  h  𝒞 ( A ) ) )


   h  𝒞


  ( n C y 𝒩 𝔑 M c l ( A ) ) ⊆ n C y 𝒩 𝔑 c l (  h  𝒞 ( A ) )


  A


   h  𝒞  − 1 ( B )


   h  𝒞 ( n C y 𝒩 𝔑 M c l (  h  𝒞  − 1 ( B ) ) ) ⊆ n C y 𝒩 𝔑 c l (  h  𝒞 (  h  𝒞  − 1 ( B ) ) )


  ⊆ n C y 𝒩 𝔑 c l ( B


  n C y 𝒩 𝔑 M c l (  h  𝒞  − 1 ( B ) )


  ⊆  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) ) ⊆ n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( B ) ) ,


  n C y 𝒩 s


  B


    U 2


   h  𝒞


  n C y 𝒩 𝔑 M C t s


  B ∈   U 2


  n C y 𝒩 𝔑 i n t ( B )


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) )


  n C y 𝒩 𝔑 M o s


    U 1


  n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) ) ) =  h  𝒞  − 1


  ( n C y 𝒩 𝔑 i n t ( B ) ) .


  n C y 𝒩 𝔑 i n t ( B ) ⊆ B


   h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) ) ⊆  h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) ) ) ⊆ n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( B ) )


   h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) ) ⊆ n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( B ) )


   h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) ) ⊆ n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( B ) )


  B


    U 2


  B


  n C y 𝒩 𝔑 o s


    U 2


  n C y 𝒩 𝔑 i n t ( B ) = B


   h  𝒞  − 1 ( n C y 𝒩 𝔑 i n t ( B ) ) ⊆ n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1


  ( B ) )


   h  𝒞  − 1 ( B ) ⊆ n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( B ) )


  n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( B ) ) ⊆  h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M i n t (  h  𝒞  − 1 ( B ) ) =  h  𝒞  − 1 ( B ) .


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


    U 1


  n C y 𝒩 𝔑 o s ( B )


    U 2


   h  𝒞


  n C y 𝒩 𝔑 M C t s


    U 1


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  𝒏 𝑴 𝒏 𝑪 𝒚 𝓝 𝕹 𝒕 𝒔


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n


  M


  n C y 𝒩 𝔑 𝛿


  n C y 𝒩 𝔑 𝛿 𝒮


  n C y 𝒩 𝔑 𝛿 𝒫


  n C y 𝒩 𝔑 𝜃


  n C y 𝒩 𝔑 e


  n C y 𝒩 𝔑 𝜃 𝒮


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 𝛿 𝒮 o s


  n C y 𝒩 𝔑 𝛿 𝒫 o s


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 e o s


  n C y 𝒩 𝔑 𝜃 𝒮 o s


  (   U 1 ,   𝜏  R  n C y 𝒩


  (   A 1 ) )


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑


  𝛿 o s


  n C y 𝒩 𝔑 𝛿 𝒮 o s


  n C y 𝒩 𝔑 𝛿 𝒫 o s


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 e o s


  n C y 𝒩 𝔑 𝜃 𝒮 o s


  B


  (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 I r r


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


   h  𝒞


  n C y 𝒩 𝔑 𝒮 C t s


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


   h  𝒞


  n C y 𝒩 𝔑 I r r


  B


  n C y 𝒩 𝔑 o s


    U 2


  n C y 𝒩 𝔑 o s


  n C y 𝒩 𝔑 𝒮 o s


  B


  n C y 𝒩 𝔑 𝒮 o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝒮 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 𝒮 C t s


   h  𝒞


  n C y 𝒩 𝔑 M I r r


  B


  n C y 𝒩 𝔑 o s


    U 2


  n C y 𝒩 𝔑 o s


  n C y 𝒩 𝔑 M o s


  B


  n C y 𝒩 𝔑 M o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞


  n C y 𝒩 𝔑 𝛿 I r r


  B


  n C y 𝒩 𝔑 𝛿 o s


    U 2


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 o s


  B


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 C t s


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  B


  n C y 𝒩 𝔑 𝛿 o s


    U 2


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 o s


  B


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 𝒮 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  B


  n C y 𝒩 𝔑 𝛿 o s


    U 2


  n C y 𝒩 𝔑 𝛿 o s


  n C y 𝒩 𝔑 o s


  B


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝛿 𝒫 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


   h  𝒞


  n C y 𝒩 𝔑 𝜃 I r r


  B


  n C y 𝒩 𝔑 𝜃 o s


    U 2


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 o s


  B


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝜃 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 𝜃 C t s


   h  𝒞


  n C y 𝒩 𝔑 e I r r


  B


  n C y 𝒩 𝔑 o s


    U 2


  n C y 𝒩 𝔑 o s


  n C y 𝒩 𝔑 e o s


  B


  n C y 𝒩 𝔑 e o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 e o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 e C t s


   h  𝒞


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


  B


  n C y 𝒩 𝔑 𝜃 o s


    U 2


  n C y 𝒩 𝔑 𝜃 o s


  n C y 𝒩 𝔑 o s


  B


  n C y 𝒩 𝔑 o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 𝜃 𝒮 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


    U 1 =   U 2 = U = {   s 1 ,   s 2 ,   s 3 ,   s 4 }


  U / R = { {   s 1 ,   s 2 } , {   s 3 ,   s 4 } }


  n = 4


  𝒫 =  {  ⟨     s 1  0 . 8 , 0 . 5 , 0 . 2 ⟩ ,  ⟨     s 2  0 . 5 , 0 . 3 , 0 . 5 ⟩ ,  ⟨     s 3  0 . 7 , 0 . 4 , 0 . 3 ⟩ ,  ⟨     s 4  0 . 4 , 0 . 2 , 0 . 6 ⟩ }


  n


  U


    𝜏  R  n C y 𝒩 ( 𝒫 ) = {  0  n C y 𝒩 ,  1  n C y 𝒩 ,   n C y 𝒩 𝔑 _ ( 𝒫 ) ,   n C y 𝒩 𝔑 ¯ ( 𝒫 ) ,   B  n C y 𝒩 𝔑 ( 𝒫 ) }


    𝒫  =  {  ⟨     s 1  0 . 9 , 0 . 7 , 0 . 3 ⟩ ,  ⟨     s 2  0 . 6 , 0 . 8 , 0 . 5 ⟩ ,  ⟨     s 3  0 . 8 , 0 . 5 , 0 . 4 ⟩ ,  ⟨     s 4  0 . 7 , 0 . 5 , 0 . 6 ⟩ }


  n


  U


    𝜏  R  n C y 𝒩 (   𝒫  ) = {  0  n C y 𝒩 ,  1  n C y 𝒩 ,   n C y 𝒩 𝔑 _ (   𝒫  ) ,   n C y 𝒩 𝔑 ¯ (   𝒫  ) ,   B  n C y 𝒩 𝔑 (   𝒫  ) }


   h  𝒞 : ( U ,   𝜏  R  n C y 𝒩 ( 𝒫 ) ) → ( U ,   𝜏  R  n C y 𝒩 (   𝒫  ) )


   h  𝒞


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 M I r r


    B  n C y 𝒩 𝔑 (   𝒫  )


  n C y 𝒩 𝔑 M o s


    U 2


   h  𝒞  − 1 (   B  n C y 𝒩 𝔑 (   𝒫  ) ) =   B  n C y 𝒩 𝔑 (   𝒫  )


  n C y 𝒩 𝔑 M o s


    U 1


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


   h  𝒞


  n C y 𝒩 𝔑 C t s


    U 1


  n C y 𝒩 𝔑 M   U  1 / 2


  n C y 𝒩 𝔑 𝛿   U  1 / 2


  n C y 𝒩 𝔑 𝛿 𝒮   U  1 / 2


  n C y 𝒩 𝔑 𝛿 𝒫   U  1 / 2


  n C y 𝒩 𝔑 𝜃   U  1 / 2


  n C y 𝒩 𝔑 e   U  1 / 2


  n C y 𝒩 𝔑 𝜃 𝒮   U  1 / 2


  B


  n C y 𝒩 𝔑 o s


    U 2


  B


  n C y 𝒩 𝔑 M o s


    U 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


    U 1


    U 1


  n C y 𝒩 𝔑 M   U  1 / 2


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 o s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 C t s


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


    g  𝒞 : (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) ) → (   U 3 ,   𝜏  R  n C y 𝒩 (   A 3 ) )


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


    g  𝒞 ∘  h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) )


  → (   U 3 ,   𝜏  R  n C y 𝒩 (   A 3 ) )


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


  K


  n C y 𝒩 𝔑 M o s


    U 3


    g  𝒞


  n C y 𝒩 𝔑 M I r r


    g  𝒞  − 1 ( K )


  n C y 𝒩 𝔑 M o s


    U 2


   h  𝒞


  n C y 𝒩 𝔑 M I r r


   h  𝒞  − 1 (   g  𝒞  − 1 ( K ) )


  n C y 𝒩 𝔑 M o s


    U 1


    g  𝒞 ∘  h  𝒞


  n C y 𝒩 𝔑 M I r r


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


    g  𝒞 : (   U 2 ,   𝜏  R  n C y 𝒩


  (   A 2 ) ) → (   U 3 ,   𝜏  R  n C y 𝒩 (   A 3 ) )


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


    g  𝒞 ∘  h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 3 ,   𝜏  R  n C y 𝒩 (   A 3 ) )


  n C y 𝒩 𝔑 M C t s


  n C y 𝒩 𝔑 𝛿 C t s


  n C y 𝒩 𝔑 𝛿 𝒮 C t s


  n C y 𝒩 𝔑 𝛿 𝒫 C t s


  n C y 𝒩 𝔑 𝜃 C t s


  n C y 𝒩 𝔑 e C t s


  n C y 𝒩 𝔑 𝜃 𝒮 C t s


  K


  n C y 𝒩 𝔑 o s


    U 3


    g  𝒞


  n C y 𝒩 𝔑 M C t s


    g  𝒞  − 1 ( K )


  n C y 𝒩 𝔑 M o s


    U 2


   h  𝒞


  n C y 𝒩 𝔑 M I r r


   h  𝒞  − 1 (   g  𝒞  − 1 ( K ) )


  n C y 𝒩 𝔑 M o s


    U 1


    g  𝒞 ∘  h  𝒞


  n C y 𝒩 𝔑 M C t s


   h  𝒞 : (   U 1 ,   𝜏  R  n C y 𝒩 (   A 1 ) ) → (   U 2 ,   𝜏  R  n C y 𝒩 (   A 2 ) )


    U 1


    U 2


  n C y 𝒩 𝔑 M   U  1 / 2


   h  𝒞


  n C y 𝒩 𝔑 M I r r


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


    U 1


  n C y 𝒩 𝔑 M o s ( B )


    U 2


  n C y 𝒩 𝔑 c l (  h  𝒞  − 1 ( B ) ) ⊆  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


  n C y 𝒩 s


  B


    U 2


  →


  B


  n C y 𝒩 𝔑 M o s


    U 2


    B  c


  n C y 𝒩 𝔑 M c s


    U 2


   h  𝒞


  n C y 𝒩 𝔑 M I r r


   h  𝒞  − 1 (   B  c )


  n C y 𝒩 𝔑 M c s


    U 1


   h  𝒞  − 1 (   B  c ) = (  h  𝒞  − 1 ( B )  )  c


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 M o s


    U 1


  →


  B


  n C y 𝒩 s


    U 2


  B ⊆ n C y 𝒩 𝔑 c l ( B )


   h  𝒞  − 1 ( B ) ⊆  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


  n C y 𝒩 𝔑 c l ( B )


  n C y 𝒩 𝔑 c s


    U 2


  n C y 𝒩 𝔑 c l ( B )


  n C y 𝒩 𝔑 M c s


    U 2


  ( n C y 𝒩 𝔑 c l


  ( B )  )  c


  n C y 𝒩 𝔑 M o s


    U 2


   h  𝒞  − 1 ( ( n C y 𝒩 𝔑 c l ( B )  )  c )


  n C y 𝒩 𝔑 M o s


    U 1


   h  𝒞  − 1 ( ( n C y 𝒩 𝔑 c l ( B )  )  c ) = (  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )  )  c ,  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


  n C y 𝒩 𝔑 M c s


    U 1


    U 1


  n C y 𝒩 𝔑 M   U  1 / 2


   h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


  n C y 𝒩 𝔑 c s


    U 1


  n C y 𝒩 𝔑 c l (  h  𝒞  − 1 ( B ) ) ⊆ n C y 𝒩 𝔑 c l (  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) ) ) =  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


  n C y 𝒩 𝔑 c l (  h  𝒞  − 1 ( B ) ) ⊆  h  𝒞  − 1 ( n C y 𝒩 𝔑 c l ( B ) )


  →


  B


  n C y 𝒩 𝔑 M c s


    U 2


    U 2


  n C y 𝒩 𝔑 M   U  1 / 2


  B


  n C y 𝒩 𝔑 c s


    U 2


  n C y 𝒩 𝔑 c l ( B ) = B .


   h  𝒞  − 1 ( B ) =  h  𝒞  − 1 ( n C y 𝒩 𝔑 M c l ( B ) ) ⊆ n C y 𝒩 𝔑 M c l (  h  𝒞  − 1 ( B ) )


   h  𝒞  − 1 ( B ) ⊆ n C y 𝒩 𝔑 c l (  h  𝒞  − 1 ( B ) )


  n C y 𝒩 𝔑 c l (  h  𝒞  − 1 ( B ) ) =  h  𝒞  − 1 ( B )


   h  𝒞  − 1 ( B )


  n C y 𝒩 𝔑 c s


  n C y 𝒩 𝔑 M c s


    U 1


   h  𝒞


  n C y 𝒩 𝔑 M I r r


  n C y 𝒩 𝔑 𝛿 I r r


  n C y 𝒩 𝔑 𝛿 𝒮 I r r


  n C y 𝒩 𝔑 𝛿 𝒫 I r r


  n C y 𝒩 𝔑 𝜃 I r r


  n C y 𝒩 𝔑 e I r r


  n C y 𝒩 𝔑 𝜃 𝒮 I r r


  𝒏


  n


  R


  U = {   P 1 ,   P 2 ,   P 3 ,   P 4 ,   P 5 ,   P 6 }


  n = 3


  n


  A


  U


  A =  {  ⟨     P 1  0 . 80 , 0 . 60 , 0 . 50 ⟩ ,  ⟨     P 2  0 . 90 , 0 . 60 , 0 . 30 ⟩ ,  ⟨     P 3  0 . 50 , 0 . 50 , 0 . 10 ⟩ ,  ⟨     P 4  0 . 60 , 0 . 50 , 0 . 30 ⟩ ,  ⟨     P 5  0 . 60 , 0 . 50 , 0 . 30 ⟩ ,  ⟨     P 6  0 . 50 , 0 . 50 , 0 . 40 ⟩ } .


  0 ≤   𝛽  A ( x ) ≤ 1


    𝛼  A 3 ( x ) +   𝛾  A 3 ( x ) ≤ 1


    P 1


  0 . 8  0 3 + 0 . 5  0 3 = 0 . 637 ≤ 1


    P 2 , … ,   P 6


  𝛼 , 𝛽


  𝛾


   0  n C y 𝒩 ,  1  n C y 𝒩 ,   n C y 𝒩 𝔑 _ ( A ) ,   n C y 𝒩 𝔑 ¯ ( A ) ,   B  n C y 𝒩 𝔑 ( A )


  n


  U


  A


  ( U ,   𝜏  R  n C y 𝒩 ( A ) )


  n C y 𝒩 𝔑 t s


    n C y 𝒩 𝔑 _ ( A )


    n C y 𝒩 𝔑 ¯ ( A )


    B  n C y 𝒩 𝔑 ( A )


  {   P 1 ,   P 2 }


  {   P 3 ,   P 4 }


  {   P 5 ,   P 6 }


  A


  n C y 𝒩 𝔑 o s


    𝜏  R  n C y 𝒩 ( A )


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 M


  n C y 𝒩 𝔑 t s


  n C y 𝒩 𝔑 M o s


  n C y 𝒩 𝔑 M C t s


  n


  n C y 𝒩 𝔑 M


  n C y 𝒩 𝔑 M


  n


  n C y 𝒩 𝔑 M

