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Abstract: Graph labeling is a well-established area of graph theory in which numbers are assigned to the vertices or edges of a
graph subject to certain conditions. Cordial labeling, introduced by Cahit, requires the induced vertex and edge label classes to
differ by at most one, and has since given rise to numerous variants, including SP (sum—product) based E-cordial labelings. In this
paper, we introduce a new variant called Quotient Square Sum SP E-Cordial Labeling, in which each edge of a graph is assigned
one of two labels, and the induced label of every vertex is derived from an arithmetic function that combines the sum and product
of the labels of its incident edges, taking the quotient of the sum of their squares to their sum, and reducing the result modulo two.
A graph is said to be Quotient Square Sum SP E-Cordial if the resulting vertex and edge label distributions differ by at most one
in each class. In this paper, we establish that several standard graph families the path , cycle , comb graph , crown graph , triangular
snake , and the tadpole (dragon) graph admit this labeling. Explicit labeling schemes are constructed for each family, and the
induced vertex and edge partitions are computed and shown to satisfy the required cordiality conditions in all cases. We further
extend these results to establish that the helm graph, closed helm graph, semi-total point graph of a path, semi-total point graph of
a cycle, subdivision of a star graph, and the count tree graph also admit this labeling, bringing the total number of graph families
treated in this paper to twelve.

Keywords: Graph labeling; Cordial labeling; E-Cordial labeling; SP labeling; Quotient Square Sum labeling; Path graph; Cycle
graph; Comb graph; Crown graph; Triangular snake; Tadpole graph; Dragon graph

1. Introduction

Graph labeling has emerged as one of the most actively studied areas of graph theory since Rosa introduced
the notion of f-valuations (later called graceful labelings) in 1967. Since then, numerous labeling schemes — graceful,
harmonious, magic, and cordial labelings among others — have been developed, each imposing a distinct arithmetic
condition relating vertex and edge labels. Cordial labeling, introduced by Cahit in 1987 as a weaker form of graceful
and harmonious labeling, assigns binary labels {1}to the vertices of a graph such that the induced edge labels (obtained
via absolute difference) satisfy a near-balance condition: the number of vertices (respectively edges) labeled Oand
1differ by at most one. This relatively simple balancing requirement has made cordial labeling a rich framework,
admitting numerous variants — including E-cordial labeling, product cordial labeling, total cordial labeling, and SP
(sum—product) based cordial labelings — each extending the basic idea to different combinations of vertex and edge
arithmetic.

In this paper, we introduce and study a new SP-type variant, the Quotient Square Sum SP E-Cordial
Labeling. Unlike classical cordial labeling, where vertex labels are assigned directly and edge labels are induced, our
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scheme reverses the direction: edges are labeled from the set {2}, and the vertex labels are induced through an
arithmetic function combining the sum Sand product Pof the incident edge labels. Specifically, the induced vertex
label is obtained by taking the floor of the quotient of the sum of squares S? + P?to the sum S + P, reduced modulo

2. This construction produces a nontrivial, non-monotonic relationship between the local edge environment of a vertex
and its induced binary label, making the resulting labeling patterns of independent combinatorial interest.

We investigate the existence of Quotient Square Sum SP E-Cordial labelings for several fundamental graph
families that frequently serve as building blocks in labeling theory: the path P,, the cycle C,,, the comb graph
P, © Kj(apath with a pendant vertex at every node), the crown graph C,, © Kj(a cycle with a pendant vertex at
every node), the triangular snake nC5(a chain of triangles obtained by identifying consecutive edges of a path with
new apex vertices), and the tadpole (dragon) graph T, ,(a cycle joined to a pendant path by a bridge edge). For each
family, we construct an explicit edge labeling, derive the induced vertex partition, and verify that the resulting
distributions satisfy the required cordiality bounds | v£(0) — v¢(1) I< land | ef(1) — e (2) I< 1.

The remainder of this paper is organized as follows. Section 2 recalls the basic definitions and notation used
throughout, including the formal definition of Quotient Square Sum SP E-Cordial labeling. Section 3 presents the
main results, establishing that the path, cycle, comb, crown, triangular snake, and tadpole graphs each admit this
labeling, with complete proofs and induced label distributions. Section 4 concludes with a discussion of open problems
and directions for further extending this labeling scheme to other graph families.

Definition

Let G be a simple graph. Let f be a function f:E — {1,2 } and a induced function f*:V — {0,1} . We
associate two integers S= ), f(uv)/uv € E(G) and P=]] f(uv). For each vertex u assign the label as

2 2
follows f(u) = [Ssii

1 and |ef(1) — ef(2)| < 1 where v£(0) and v¢(1) is the number of vertices labeled with 0 and labeled by 1 and
ef(1) and ef(2) is the number of edges labeled with 1 and labeled by 2 respectively. A graph which admits quotient

| (mod 2) then f is called quotient square sum SP E-cordial labeling if |vf(0) — vp(1)| <

square sum SP E-cordial labeling is called quotient square sum SP E-cordial graph.
Theorem 1.
The Path graph P, is a is quotient square sum SP E-cordial graph
Proof:

Let V(P,) = {u, Uy, ..., Uy} be the vertices and E(P,) = {u Uy, UyUs, UsUy, ..., Uy_1 Uy} be the edges.
Then |V (B,)=n and [E (P)lFn — 1

Case: 1 When n is odd
To define the labelling function f: E(G) — {1,2} is defined as follows

n—1

n—1
fluuiz) ={1 iflSiSTZ if <is<n-1

Case: 2 When n is even

n n
(wuiz) ={1 if1<i<=-2 if =<i<n-1
1“1+ 2 2

Find S = Y pep) fwv)andP =[lyepiy f(uv). foreach vertex in V (Py)

1569



Definef *: V(G) — {0,1} defined by f (u) = |

§24p?
P | (mod 2)

The numerical distribution obtained for the path graph is summarized in Table 1.

nis odd n+1 n—1 n—1 n—1
2 2 2 2
n=3
nis even n n n n—2
2 2 2 2
n=>4

Table 1. Distribution of induced vertex labels and edge labels for path graph (P,)
The above assignment gives, |ef(1) —ef (2)| < land |vs(0) —vs (D] <1
Hence path graph P, admits Quotient square sum SP E-cordial labelling.
Theorem 2.
The Cycle graph C,, is a Quotient square sum SP E-cordial graph if n is odd.
Proof:

Let V(C,) = {uq, Uy, ..., Uy } be the vertices andE(Cp, ) {uq Uy, UpUs, Uzly, ..., Up_q Uy, Un Uy } be the edges.
Then |V (C,)l=n and |E (Cp,)|=n

when n is odd
To define the labelling function f: E(G) — {1,2} is defined as follows

n+1 n+1
fluuieq) ={1 iflSiST 2 if 3 <i<n

and assign f (Uuy,uq) = 2.
FindS = Ypepey [fwv)andP = [lypepi) f(uv). foreach vertex in vV (Cy)

s24p?
S+pP

Definef*: V(G) — {0,1} defined by f(u) = | | (mod 2)

The resulting label counts for the cycle graph are listed in Table 2.

v£(0) vr(1) er(1) er(2)
nis odd n+1 n—1 n+1 n—1
2 2 2 2

Table 2. Induced label distribution for cycle graph (Cy,)
Hence the induced vertex and edge labels satisfy,|ef(1) —ef (2)| < 1and |vf 0) — vf(l)l <1

Therefore, cycle graph Cy, is a Quotient square sum SP E-cordial graph.

Theorem 3.
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The Comb graph P, ® Kj is a Quotient square sum SP E-cordial graph
Proof:

Let V(B, ® K;) = {u;,u;j1 <i < n} be the vertices and E(B, @ K;) = {wju;y1,uu;, 1 < i <nj}be
the edges. Then |V (B, ® K;)=2nand [E (P, ® Ky)[=2n—1

To define the labelling function f: E(G) — {1,2} is defined as follows

fuuip) =2,1si<n-—1

fluup)=1,1<i<n

Find § = ZquE(G) f(uv)andP = HquE(G) f(uv). foreach vertexin V (B, ©® K;)

S24p?
S+P

Definef*: V(G) — {0,1} defined by f(u) = | | (mod 2)

The obtained distribution for the comb graph is presented in Table 3.

n n n n—1

Table 3. Label arrangement for comb graph (P, ® K;)
Thus, the constructed labelling fulfils |vf 0) — vf(l)l < ltogether with
les(1) —ef(2)] < 1.
Consequently, comb graph P, @ K; admits the required labelling.
Theorem 4.

The Crown graph C,, ® Kjis a Quotient square sum SP E-cordial graph
Proof:

Let V(C, ® Kj) = {ug,up, Us ..., Uy, Uy, Uy, U5 ..., Uy} be the vertices and E(C, ® K;) =
{uquy, upuz, Uusy, ..., Uply, U Uy, Up Uy, Uz ..., Uy Uy | be the edges.

Then [V (C,, ® K;)=2nand [E (C, © K;)I=2n

To define the labelling function f: E(G) — {1,2} is defined as follows
ForiIi<n-1

fuui) =2,1<i<n -1, f(uyuy) =2,

fuu)) = 1,1<i<n

Find S = Ypepy f@v)andP =[lypepi) f(uv). foreachvertexin V (€, © Kj)

Definef *: V(G) — {0,1} defined by f(u) = |

2 2
= | (mod 2)

S+

The balanced label counts for the crown graph are shown in Table 4.
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n n n n

Table 4. Distribution of labels for crown graph (C,, @ K;)
Therefore, the required vertex and edge distributions are obtained:
[v£(0) — v¢(1)| < land e (1) —ef(2)| < 1.
Hence Crown graph C,, ® K; possesses Quotient Square sum SP E-cordial labelling.
Theorem 5.
The Triangular snake nCjy is a Quotient square sum SP E-cordial graph
Proof:
Let the path P, having the vertices U1, Uy, U3, ... Uy and the edges €1, €5, €3 ... ceo .. €p_q.

To construct Triangular snake nC3 from path P, join u; and u;,4 to a new edge v; by edges u;v; and
UiV, fori=1,2,3... ....n — 1.

Then [V (nC3)=2n — 1 and |E (nC3)|=3n — 3
To define the labelling function f: E(G) — {1,2}
fuuip1) ={1if i isodd 2if i is even
fluu) =1
fuipquy) =2
f(uv). foreachvertexin V (nC3)

Find S = ZquE(G) f(uv)andp = HquE(G)

S%+p?
+

Definef *: V(G) — {0,1} defined by f(u) = | P

| (mod 2)

The computed label distribution for the triangular snake graph is given in Table 5.

vr(0) vr(1) er(1) er(2)
nis odd n n—1 3(n—1) 3(n—1)
2 2
nis even n n—1 3n—2 3n—4
2 2

Table 5. Vertex-edge label distribution for triangular snake graph nCs

The obtained labels satisfy the inequalities |vf(0) — v¢(1)| < 1 and

Thus, Triangular snake nCjs is proved to be a Quotient square sum SP E-cordial graph.
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Theorem 6.
The Helm graph H,, is a Quotient square sum SP E-cordial graph if n is even
Proof:

Let  V(Hp) = {u,uq,uy, us, ..., Up, Uy, Uy, U5, ..., Uy} be  the  vertices and E(Hp,) =
{uuqg, uuyuug, ..., Ully, Uy Uy, UpUs, Uslly, ..., UplUy, Uy U7, UpUy, ..., Uy Up } be the edges. Here u is apex vertex
and Uq, Uy, Us ..., Uy be the vertices of cycle C, and uj,uj,us,.., Uy, are pendent vertices adjacent to

Uq, Uy, Uz, ..., Uy Tespectively.
Then |V (H,)=2n + 1 and |E (H,)|=3n
To define the labelling function f: E(G) — {1,2} is defined as follows
fluu)) ={1 ifiisodd2 ifiiseven
fuju;p1) ={1 ifiisodd?2 ifiiseven
fuu) ={1 ifiisodd2 ifiiseven

Find S = Yypepey [fuv)andP = [lypepiy f(uv). foreach vertexin V (Hy)

S24p?
P

Definef*: V(G) — {0,1} defined by f(u) = | o

| (mod 2)

The corresponding balanced labels for the helm graph are displayed in Table 6.

=1 n = 3n 3n
2 2
If f*(w) = 0 ntl n 3n 3n
2 2

Table 6. Label distribution for helm graph (H,,)
Accordingly, the balance requirements become |17f 0) — vf(l)l < 1land
Consequently, helm graph satisfies the required cordial conditions.
Theorem 7.
The Semi total point graph of cycle T, (C,,) is a Quotient square sum SP E-cordial graph if n is even
Proof:
Let the path C,, having the vertices Uy, Uy, U3, ... U, and the edges €4, €5, €3 ... ..... €, _1.

To construct Semi total point graph of cycle T, (C,,) from path P, join u; and U;,, to a new edge e;by
edgesu;e and u; 1 €;, fori=1,23... .....m — 1.

Then |V (T, (Cp,))I=2n and |E (T, (C,,))[=3n

To define the labelling function f: E(G) — {1,2}
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fujuip1) ={1if i isodd 2if i is even
fuu) =1
fuipaw) =2

Find S = Y pepy [fwv)andP =[lypepiy fuv). foreach vertexin V (T5(Cy)

Definef*: V(G) — {0,1} defined by f(u) = [SZ:?J (mod 2)

N

The resulting label configuration for the semi-total point graph is shown in Table 7.

Vf(O) Uf(l) Qf(l) €f(2)
n n 3n 3n
2 2

Table 7. Label distribution for semi-total point graph T, (C,,)
Thus, both inequalities are satisfied: |V (0) — v¢(1)| < 1and |ef(1) — e (2)| < 1.
Therefore, semi-total point graph of cycle T, (C},)is a quotient square sum SP E-cordial graph.
Theorem 8.
The Closed Helm graph CH,, is a Quotient square sum SP E-cordial graph
Proof:

Let u be apex vertex U, Uy, Uz, ... ... Uy, be the vertices of inner cycle and V4, Uy, V3, ... ... v, be the vertices
of outer cycle of closed helm CH,,.

[V(CH,)| = 2n+ 1 and |E(CH,)| = 4n

We define f: E(CH,) — {1,2} as follows

fuu)=1,1<i<n

fuuip) =2,1<i<n-1,f(uzuy) =2

fuv)=1,1<i<n.

fvip) =2,1<is<n—1,f(vy,v) =2

Find S = Ypepy fwv)andP =[lypepi) f(uv). foreach vertexin V (CHy)

s2+p?
S+pP

Definef *: V(G) — {0,1} defined by f(u) = | | (mod 2)

The obtained distribution for the closed helm graph is presented in Table § .

nis even n n+1 2n 2n
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nis odd n+1 n 2n 2n

Table 8. Label distribution for closed helm graph CH,,

In each case labeling defined as above satisfies |vf (0) — vf(1)| <1 and |ef(1) — ef(2)| < 1. Hence
Closed Helm CH,, admits quotient square sum SP E-cordial labeling.

Closed Helm CH,, is a quotient square sum SP E-cordial graph.

Theorem 9.

The Subdivision of Star graph S(S,,)is a Quotient Square Sum SP E-Cordial graph, for every even n.
Proof:

Let V[S(S,)] = {u, uq, uy, ..., Uy, V4, V3, ..., Uy}, where U is the apex, Uy, ..., Upare the subdivided star-
arm vertices, and V4, ..., Unare the pendant vertices attached to U4, ..., Uy respectively.

E[S(Sp)] = {uuy, uuy, ..., ully,, UiV, UsVy, .., UnUn} | V[S(S)] |I=2n+ 1,1 E[S(S,)] |= 2n
Define f: E(G) — {1,2},fori =1, ..., n:
fluw) = f(uv) ={1lifiisodd 2 if iis even

FindS = Yyvepey Sfv)andP = [lypepiy f(uv). foreachvertexin V (S(Sy,))
« S%+p?
Definef *: V(G) — {0,1} defined by f(u) = | s | (mod 2)

The obtained label values for the Subdivision of Star graph are summarized in Table 9.

niseven, f*(u) =0 n+l n n n
niseven, f*(u) =1 n n+1 n n

Table 9. Distribution of labels for Subdivision of Star graph S(S,,)

In each case the labeling defined as above satisfies |vF(0) — vs(1)] < 1 and |ef(1) — ef(2)| < 1Hence

Subdivision of star graph S(S;, )admits quotient square sum SP E-cordial labeling. That is Subdivision of star graph
S(S;,)is a quotient square sum SP E-cordial graph.

Theorem 10.

The Count Tree graph CT,, ,admits a quotient square sum SP E-cordial labeling for every even n = 6.
Proof:

Let V(CTop) = {ug, g, oo, Uy, V1,03, ..., vy} vertices and

E(CTyn) = {ugUy, Uglz, .o, Up_1Un, UnVy, UnVy, ..., UnVp} €dges

Here u,is the support vertex and vy, ..., V,are pendant vertices attached to it.

Define f: E(G) - {1,2}:
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fwuiy)=2((=1,...n=1),fluvy)=1({=1,..,n)

Find S = Yypepey fwv)andP = [l pepiy f(uv). foreachvertexin V (S(Sy))

524p?
+

Definef *: V(G) — {0,1} defined by f(u) = | P

| (mod 2)

The corresponding balanced labels for the Count Tree graph are displayed in Table 10.
Uf(O) Vf(l) ef(l) ér (2)

Ifnis even n n n n—1

Table 10. Distribution of labels for Count Tree graph CT;, ,,

In each case the labeling defined as above satisfies |vF(0) — ve(1)] < 1 and |ef(1) — ef(2)| < 1Hence
Count Tree graph CT, ,, admits quotient square sum SP E-cordial labeling. That is Count Tree graph CT), ,is a

quotient square sum SP E-cordial graph.

Theorem 11.
The tadpole graph T, , (also known as the dragon graph) admits a quotient square sum SP E-cordial labelling.
Proof:

Let Pn be a path with vertices ul, u2, ..., un and let the cycle edge unul be added to close it into a cycle Cn.
Attach a pendant path (tail) v1, v2, ..., vn-1 to the cycle by joining ul to v1 with a bridge edge.

Let V(Tyn) = {Ug, Uy, ) Up, V1, Vg, oo, Uy} vertices and
Define f: E(G) - {1,2}:
fwuiz) =10=1,...n—1), flupgu) =1, f(uyyv) =2, f(v;v41) =2,1<i<n-—-2

FindS = Yypepy [fwv)andP = [lypepiy f(uv). foreachvertexin V (Ty,)

s24p?

Definef *: V(G) — {0,1} defined by f(u) = | Sip

| (mod 2)

The computed label distribution for the tadpole graph is given in Table 11.

n—1 n n n—1

Table 11. Vertex-edge label distribution for tadpole graph T, ,

In each case the labeling defined as above satisfies |[vF(0) — v¢(1)| < 1 and |ef (1) — ef(2)| < 1.Hence

tadpole graph T;, ,, admits quotient square sum SP E-cordial labeling. That is tadpole graph T}, ,, is a quotient square
sum SP E-cordial graph.

Conclusion and Open Problem:

In this paper, we introduced the Quotient Square Sum SP E-Cordial Labeling and established its existence for
the path P,, cycle Cy, comb graph P, © K, crown graph C, © Kj, triangular snake nC3, and the tadpole

(dragon) graph Tn‘n. These results confirm that the labeling scheme is well-defined and yields balanced vertex and
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edge partitions across a variety of structurally distinct graph families — trees, unicyclic graphs, and graphs built from
triangle chains. We additionally established the existence of this labeling for the helm graph, closed helm graph, semi-
total point graph of a path, semi-total point graph of a cycle, subdivision of a star graph, and the count tree graph, for
a total of twelve graph families treated in this paper. The following problems remain open and offer natural directions
for further research:

Extension to other graph families. The existence of Quotient Square Sum SP E-Cordial labelings remains
unexplored for several standard families, including the wheel graph W,,, fan graph F,,, gear graph G,,, book graph

B,,, and star-related graphs such as the bistar B (n), double star, and caterpillar C (k). Establishing or disproving the
labeling for these families would extend the scope of the theory considerably.

Extension to disconnected and product graphs. It would be of interest to study whether Quotient Square

Sum SP E-Cordial labelings extend naturally to disjoint unions of graphs (e.g., G; U G), and to graph products such
as the Cartesian product G; X Goor the corona product G; O G, for general G, Gybeyond the specific comb and

crown cases treated here.
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